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e Q C R is a convex set

e f(w) is a convex function:
]

Goal: For a sufficiently small ¢ > 0, find a solution w such that
flw)—f<e
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Introduction and Background

Applications

Machine Learning

o Classification and Regression

min — » {( w'x; Vi) + AR

i 3w x)-+ AR(w)

e training examples (x;,y;),i = 1,...,n, where x; € R?, y; € {1, -1}
(classification) or y; € R (regression)

@ /(z,y) convex loss function w.r.t z

@ R(w) is a regularizer
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Introduction and Background

Applications in Machine Learning

o Classification and Regression

min *ZEW Xi, ¥i) + AR(w)

weRd N

@ Examples: SVM

T A
, . 2
némd E max(0,1 — y;w x,)+2||w||2
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Introduction and Background

Applications in Machine Learning

o Classification and Regression

min *ZEW Xi, ¥i) + AR(w)

weRd N

@ Examples: SVM

T A
, . 2
némd E max(0,1 — y;w x,)+2||w||2

@ Examples: LASSO

1 &
min fZ(y —w x,) + Allw||1

d
wcRa N -1

e Many others (examples given later)
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Concern: Running Time (RT)

Wi = Wy + Awg

RT = #of Iterations * per-iteration RT

Iteration Complexity

How many iterations T (€) are needed in order to have f(wy) — f. <€
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Concern: Running Time (RT)

Wi = Wy + Awg

How many iterations T (€) are needed in order to have f(wr) — f, <€ l
«O>» «Fr «E» « > Q>
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Introduction and Background

Iteration Complexity of Convex Optimization

The properties of the objective function
@ smooth function: function is upper bounded by a quadratic function

@ strongly convex: function is lower bounded by a quadratic function
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Introduction and Background

Iteration Complexity of Convex Optimization

The properties of the objective function

@ smooth function: function is upper bounded by a quadratic function
@ strongly convex: function is lower bounded by a quadratic function

Minimax Iteration Complexity
@ smooth and strongly convex: O(log(1/€)): Accel. Gradient Method
@ smooth: O(1/y/€): Accel. Gradient Method
@ strongly convex: O(1/¢): SubGradient (5G) Method

@ non-smooth and non-strongly convex: O(1/¢?): SG
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Introduction and Background

Non-smooth and Non-Strongly Convex Optimization

Robust Regression:

1
min EZ w'x; — yilP, pelL,2)
i=1

Sparse Classification:

1
min — m 0,1—y; i A
|nni§1 ax(0, yiw ' X;) + Allwl1

Yang (CS@Uiowa) Accelerate Subgradient Methods

8 / 49



Introduction and Background
Deep Learning
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=T

wei1 = Molwe — 7:0f (wy)]
@ Of(wy) is a subgradient

@ 1) step size: m: o< 1/1/t

e iteration complexity O(1/¢?): very slow (e.g., ¢ = 107° = 10'°
iterations)
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Introduction and Background

Accelerate Subgradient Method

" = g )

Special structure/condition of the objective function

One example is explicit max-strucutre

f(w) = max u' Aw — ¢(w)

Nesterov's Smoothing technique (Nesterov, 2005)

1
Fiu(w) = max u' Aw — g(w) — 2 lul3

AG for the smoothed problem: (1/¢) for the original problem
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Introduction and Background

Our Methodology for Accelerating SG

= i)

@ Explore local structure around the optimal solution (local error bound)
[w— w2 < c(f(w)—£), 6e(0,1], YwesS.

@ This family is broad enough

@ Improved lteration Complexity 0 (62(11,9))

e With explicit max-structure: O (5(11—9>>
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A Key Error Inequality

Some Notations

Notations

Optimal Set Q. = {w e Q: f(w) =f.}

@ clevel set L ={weQ:f(w)—fi=¢}

@ c-sublevel set S = {w e Q: f(w) — £, < ¢}
°

w*: the closest optimal solution to w

w

* . .
w* = arg min [lu— w2

w]: the closest solution to w in the e-sublevel set

wl =arg min [lu—wl, f(w)—f <e
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A Key Error Inequality

Assumptions

Assumptions

@ there exists wo, €p such that f(wp) — £, < ¢
@ there exists G such that ||0f(w)|2 < G

e (2, is a non-empty compact set
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We

l[wl — w2

i

) = flwg)

o = wll

Fw) — f(wl)

P




[[wf — w2

Flwh) = fw))

[w — w2

flw) = fwl)

lwd — w2 [[w — wl2
F(wd) = F(we) ~ F(w) — F(wd)
Key Error Inequality (Yang & Lin, 2016)

w — i < o = wella
Al <

(F(w) — f(w]))

«O)>» < Fr «=>r «=)» DA



flwi — w?ls
fw!

) = f(wg)

lw — wi|2
fw) — f(wl)
||WeT— e*||2 >

Fwd) — F(wz) — F(w) — F(wd)

lw — wil2

€
lwd — well2
lw = wlla < =2 (F(w) — £(w))
4:»45»4:5»«:5» E A
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Restarted Subgradient Method

SG Method
wr = SG(wg,7, T)
1: Input: the number of iterations T, and the initial solution wg € €,
2: Let w; = wyg
3:fort=1,...,T do
4:  Compute a subgradient Of (w;)
5. Update wii1 = Molw: — nof(wy)]
6: end for
7: Output: wt = Zthl "

Convergence Guarantee

For any w € Q @ | 2
N n wo — w||5
f — f(w) <

(r) — F(w) < T3 4 G

G2 w12 2 -
T:7||w22w ”2,7;:%:>f(wr)—f*§6
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Restarted Subgradient Method

RSG Method

Wy = RSG(W(), t, K)
1: Input: the number of stages K and the number of iterations t per-stage,
wo € Q

2: Set 11 = €0/(2G?), where ¢ is from our assumption
3:fork=1,...,Kdo

4:  Call subroutine SG to obtain wy = SG(wg_1, 7, t)
5 Set Muy1 = Nk/2

6: end for

7: Output: wg
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Restarted Subgradient Method

A General Convergence of RSG

Distance between the e-level set and the optimal set

B. = —w
e = max [lw — w2

If t > 4G228§ and K = [logy(<2)], then f(wk) — fx < 2¢

€

Convergence of RSG J

e Iteration Complexity of RSG: O (G;Bg log (%0))
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Restarted Subgradient Method

Comparison with SG

Iteration Complexity of RSG: O (% log (%’))
2 w12
Iteration Complexity of SG: O (W)

@ SG: dependence on the distance from the initial solution to the
optimal set

@ RSG: dependence on the distance from the e-level set to the optimal
set

@ RSG: log-dependence on the quality of the initial solution (eg)
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Restarted Subgradient Method

Improved Convergence under Local Error Bound Condition

Gifg log (%’)) where B, = maxyer, ||lw — w*||2

Iteration Complexity: O(
Local Error Bound:

w—w*|2 < c(f(w)—£)?, 6e(0,1], YwesS.

G2C2 €0
B. < cé’ —— | —
< ce’, and O<62(1_6) og<6>)

Implies:

—Ix, =1
0.08 —x"S, 0=2/
—x? 6=05
0.06]
=
frig
004
002
0.1 0.05 0 005 0.1
X
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Examples:

Linear Convergence: epigraph is a polyhedron: 6 =1
@ Robust Regression

n

o1
min — Z \wa,- — yil

i=1
@ Sparse Classification:

1 T
mv\lln;iz::lmax(o,l — yiw ' X;) + Aljw||1
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Restarted Subgradient Method

Polyhedral Convex Optimization

Linear Convergence: epigraph is a polyhedron: 6 =1
Examples:

@ Robust Regression
1 T
min ;Zl lw'x; — yi|
=

@ Sparse Classification:

1 T
mulln;;max(o,l —yiw x;) + Aljwl[1
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Restarted Subgradient Method

Locally Semi-Strongly Convex Function

|w — w2 < c(f(w) — £)Y2, vweS.

2G2
cE )

Iteration Complexity: 6(
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Restarted Subgradient Method

Locally Semi-Strongly Convex Function
|w — w2 < c(f(w) — £)Y2, vweS.
Iteration Complexity: O( 6252)

Examples:
@ Robust Regression

mlan]w Xj — €(1,2)

@ (1 regularized problems: h(-) is strongly convex on any compact set

f(w) = h(Aw) + Afw];1

@ Huber Loss:

1.2 i

05(2) = 5Z X |f]z\§(5
6(|z| — 50) otherwise

25 / 49
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o Warm-start

@ Step size is decreasing in a stage-wise manner (sounds familar?)
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Restarted Subgradient Method
Proof of RSG

Proof is very simple given the key inequality

@ ¢ — thusnk——k2

2kv
@ By induction: assume f(wg_1) — fi < €x_1+¢€

@ Apply the convergence result of SG for the k-th stage

2 ol 2
«G [wi—1 —w,_q 5
Flwi) — F(wl_, )< 7 4 <

2 20kt
and our key error inequality
B B B
Wiy =Wyl <~ (F(wier) = F(Wj_y ) < —“ermr = — 26
o Get
2 4G22

€k
fwi) = F(wi_y,) < 5 + 555,
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Homotopy Smoothing

Nesterov's smoothing improves SG

Explicit-max structure
f(w) = maxu' Aw — ¢(w)
uc

Nesterov's Smoothing technique
o2
F, = T Aw — _ P
u(w) = maxu’ Aw — ¢(w) — Zlull3

IAl?
°w

whichisa L, = -smooth function.

Assume: maxyeq, |ull2 < D
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Homotopy Smoothing

Nesterov's smoothing improves SG

Explicit-max structure

uc
parameter

f(w) = max u' Aw — Cf)(\{ Smoothing

Nesterov's Smoothing technique
Ho 2

F, = T Aw — _ P
u(w) = maxu’ Aw — ¢(w) — Zlull3

IAl?
°w

whichisa L, = -smooth function.

Assume: maxyeq, |ull2 < D
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Homotopy Smoothing

Accelerated Gradient Method for Smooth Function

wr = AG(wo, t, L)

1:
2
3:
4
5
6:

7:
8:

Input: the number of iterations ¢, and the initial solution wg € Q

clettp =t 1=1, w_1 =wg
for k=0,...,t do
Compute yx = wy + tk%lk_l(wk — Wg_1)
. L
Compute w1 = arg minwea{w ' VF,(yk) + % [lw — yi[5}
/ 2
Compute txy1 = w
end for
Output: w;i

Convergence of AG

For any w € Q

nD? . 2] A flwo — wi3

fwr) —f(w) < 5 E
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Homotopy Smoothing

Accelerated Gradient Method for Smooth Function

Wt = AG(WO-/ t, Ll")

1: Input: the number of iterations t, and the initial solution wg € Q2
2 lettp=t1=1, w_1 =wg
3: for k=0,...,tdo
ty_1—1
4.  Compute yx = wy + T(wk — Wg_1)
. L
5. Compute wiy1 = arg minweo{w ' VF,(yx) + % [lw — y«/3}
1+4/1+482
6: Compute ty 1 = %
7: end for
8: Output: w; 3
Convergence of AG approximation
error

For any w € Q

nD? /2] Al flwo — w3

fwr) —f(w) < 5 E
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Homotopy Smoothing

Homotopy Smoothing (HOPS)

HOPS (Xu et al., 2016b)

e T

and the initial solution wg € Q4
Let p1 = €o/(2D?)
fors=1,...,Kdo
Let ws = AG(ws_1,t, L)
Update jis41 = ps/2
end for
Output: wg

1: Input: the number of stages K and the number of iterations t per-stage,

Yang (CS@Uiowa) Accelerate Subgradient Methods
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Homotopy Smoothing

Improved Convergence under Local Error Bound Condition

Local Error Bound:
w—w*|2 < c(f(w) —£)?, 6€(0,1], YweS.

Implies:

DJ||A 3
Iteration Complexity: O DA log ©
e(1-0) €
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Accelerated Stochastic Subgradient Method

Stochastic Subgradient (SSG) Method

min F(w) £ E¢[f(w; )]

weQ

SSG Method

w1 = Molw: — 7:0f (we; &)

o N x1/\/t
@ More scalable for large-scale problems

@ Examples: Empirical Risk Minimization

1 n
in=S 4w'x;,y)+ AR
”u”,,; (W xi,yi) + AR(w)
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Accelerated Stochastic Subgradient Method

Accelerated Stochastic Subgradient (ASSG) Method

Do the same tricks suffice?
@ Step size is decreasing in a stage-wise manner

o Warm-start
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Accelerated Stochastic Subgradient Method

Accelerated Stochastic Subgradient (ASSG) Method

Do the same tricks suffice?
@ Step size is decreasing in a stage-wise manner

o Warm-start

Not enough in theory

16 , Eljwo —wl3

Eff(wr) - f(w)] < = T

@ Expectation bound does not work
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Accelerated Stochastic Subgradient Method

Accelerated Stochastic Subgradient (ASSG) Method

Use high-probability analysis

f(VAVT) _ f(W) < 7762 + [[wo — WH% + Zz_:l (Var of SSG)t”Wt —wl2

- 2 2nT T

@ Another Trick: Domain Shrinking (Xu et al., 2016a)
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Accelerated Stochastic Subgradient Method

Accelerated Stochastic Subgradient (ASSG) Method

in the k-stage of SSG

we 1 = Nonsw,_,,00 [WE — nk0f (wi; )]

@ B(w, D) is a ball centered at w with radius D
@ D is decreasing by half every stage

@ In a high probability 1 — ¢, iteration complexity is 0 <M>

21—0)
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Mitigates variance in stochastic subgradient

—————
e N

ASSG Vs SSG

«Or «Fr o«
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Experiments

RSG: Convergence

robust regression

n

1 T
min — w x; — yi|?, =1, =15
weRdn;l i—yilP, P p

robust regression (p=1)
0

robust regression (p=1.5)
- = 201, 5 =
o ==et=10 ' == e1=10
-0 3 e 0= 3
,: a " _‘. .." ° t=104 18 '_‘ a 0‘;‘ ° 1:104
O af g 10 © 1 > 9 \ t=10
z i P10 2 ’
Q © O
5] '.‘ D QM
Q Q© -15 o
O 354 TTEEmEmsssss = O 12
. 3 .
LOCOCOTOTOTOTON000e —
> 20 10
% 10 20 X 10 20 8

#of staces

#of stages

Yang (CS@Uiowa) Accelerate Subgradient Methods 40 / 49



Experiments

RSG vs SG

robust regression

n

. 1 T p _ —
min =Y |w'x;—yl?, p=1, p=15
weRd n 4
i=1
robust regression (p=1) robust regression (p=1.5)
—--SG h )
o M3 ——RSG (t=10°% = ——RSG (t=10°%
© \*RZSG (t1=10% S ""k - R25G (t1=10%)
-8
S == RSG (1=10%) o =+=RSG (1=10%
o Q5
= -10] 2
3 3
o 12 a2
o o
8-14 8-25
% 4 6 8 10 12 ) 05 N 15 2
#of iterations x10° #of iterations x10°
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Experiments

RSG vs SG

Graph-lasso regularized SVM

min — Zmax — yiw ' x;) + || Fwl|y

weRd N
1.02 1.3
-SG o ~e-SG (initial 1)
1.01 o= ADMM 1,250 % - :SG (initial 2)
\
=-R%SG . -=-RSG (initial 1)
12 ‘_ = R%SG (initial 2)
[ (]
> 099 S5 R
© ° Y
_Qo.gs 8 1.1 .
o) i) b
8 097, S 105 ®ie.l.
Er S e
0.9 1 \*g °
0.95 0.95 i
0.94 0

o
o
=)
n

. 1 ) 1.5 ) 0.5 . 1 . 1.5
#of iterations x10° #of iterations x10°
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HOPS vs Smoothing

Experiments

Table: Comparison of different optimization algorithms by the number of
iterations and running time for achieving a solution that satisfies F(x) — F, <e.

Sparse Classification

Matrix Decomposition

e=10"%

e=10""° e=103

e=10"%

PD 526 (4.48s)

1777 (13.91s) 2523 (7.57s)

3441 (9.82s)

APG-D 501 (5.63s)

1122 (10.61s) 1967 (10.30s)

8622 (44.90s)

(
APG-F 573 (5.12s) 943 (8.51s) 1115 (3.25s) 4151 (11.82s)
HOPS-D 501 (4.39s) 873 (8.35s) 224 (1.54s) 313 (2.16s)
HOPS-F 490 (4.38s) 868 (7.81s) 230 (0.90s) 312 (1.23s)
PD-HOPS 427 (3.41s) 609 (4.87s) 124 (0.48s) 162 (0.66s)
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Experiments

ASSG vs SSG

Million songs data (n = 463,715)

robust regression (p=1) robust regression (p=1.5)
0.13
0.22 0.12
0.2 0.11
018 o
> > 0.09
'-oa 0.16 -8 0.08
Do.14 Qo

£00.07
O o0.12 0.06
0.1 0.05
0.08 0.04
0.06 0.03

0 1 2 3 4 0 2 4 6 8

#of iterations x10° #of iterations x10°
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Experiments

ASSG vs SSG

Hinge loss + ¢; regularizer, Covtype data (n = 581,012)

5 10 i5
#of iterations x10°
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Conclusion

Conclusion

Developed a key error inequality
that can accelerate many algorithms

include stochastic momentum methods, stochastic Nesterov's
accelerated gradient methods (Yang et al., 2016)

Developed a restarted subgradient (RSG) method that has faster
convergence than SG

Developed a homotopy smoothing (HOPS) algorithm with even faster
convergence

Developed an accelerated stochastic subgradient (ASSG) method

Preliminary Experiments show very promising results
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THANK YOU!

(QUESTIONS?
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Conclusion
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