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Abstract

Using a dominating set as a coordinator in wireless networks has been proposedin many papers
as an energy consenation technique. Since the nodesin a dominating set have the extra burden of
coordination, energy resourcesin such nodes will drain out more quickly than in other nodes. To
maximize the lifetime of nodesin the network, it has beenproposedthat the role of coordinators be
rotated among the nodesin the network. One abstraction that has been consideredfor the problem
of picking a collection of coordinators and cycling through them, is the domatic partition problem.
This is the problem of partitioning the set of the nodes of the network into dominating sets with
the aim of maximizing the number of dominating sets. In this paper, we consider the k-domatic
partition problem. A k-dominating set is a subsetD of nodessuch that every node in the network is
at distance at most k from D. The k-domatic partition problem seeksto partition the network into
maximum number of k-dominating sets. We point out that from the point of view of saving energy,
it may be better to construct a k-domatic partition for k > 1.

We presert three deterministic, distributed algorithms for nding large k-domatic partitions.
Each of our algorithms constructs a k-domatic partition of size at least a constant fraction of the
largest possible (k  1)-domatic partition. Our rst algorithm runs in constant time on unit ball
graphs (UBGSs) in Euclidean spaceassumingthat all nhodesknow their positions in a global coordinate
system. Our second algorithm drops knowledge of global coordinates and instead assumesthat
pairwise distances between neighboring nodes are known. This algorithm runs in O(log n) time on
unit ball graphs in a metric space with constant doubling dimension. Our third algorithm drops
all reliance on geometric information, using connectivity information only. This algorithm runs in
O(log log n) time on growth-b ounded graphs. Eulidean UBGs, UBGs in metric spaceswith
constant doubling dimension, and growth-b ounded graphs are successiely more general models of
wireless networks and all three models include the well-known, but somewhat simplistic wireless
network models such as unit disk graphs.

1 Intro duction

A wirelesssensornetwork consistsof individual nodesthat are able to sensetheir ervironment (sensor),
communicate with nearby nodesvia radio broadcast (network), and perform local computations based
on information gatheredfrom the surroundings. Once deployed, a sensornetwork may not permit regular
maintenance. This may be due to a variety of reasons:the network may consist of a very large number
of nodesor the nodesmay be in an environment in which regular human intervertion is either impossible
or undesirable [12, 7]. Nodesin a sensornetwork come equipped with battery and from the point of
deployment, this battery resene becomesa valuable resourcesince it cannot be replenished. Hence,
maximizing the lifetime of the network by minimizing the energy consumption is an important challenge
in wirelesssensornetworks.
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A standard approac for reducing energy consumption is to carefully schedule node activity. As has
been obsened in [2], whenewer there are su cien tly many nodesin a region, only a small fraction of
nodesneedbe active for forwarding messagesetc. The rest of the nodescan enter a sleep mode, thereby
conservingenergy The problem of maximizing the number of nodesthat are asleepat any given time
while maintaining su cien t activity in the network is usually modeled as the problem of nding a small
dominating set in the network. Once a small dominating set is found, the nodesin the dominating set
collectively act as \coordinators" for the network and the rest of the nodesgo to sleep. To maximize
the lifetime of the network it is critical that the role of coordinators be rotated amongthe nodesin the
network, sothat every node gets a chanceto sleep. This issuehas been consideredin [2, 15. In [2], a
distributed, randomized algorithm called span is preseried, in which nodesmake local decisionsto sleep
or to join the set of coordinators and nodesin the network take turns at being coordinators. In [15],
the problem of rotating the responsibility of being a coordinator has been abstracted as the domatic
partition problem

We model the network as a graph G = (V; E) where the vertex set represerts the nodes and eadc
edgein the edgeset represerts two nodesthat are within ead other's transmissionrange. A dominating
setD V of G is a subsetof vertices such that each v 2 V is either in D or hasa neighboru2 D. A

nodeswould be for the nodesin D; to be active for some xed period of time T, during which the rest
of the nodesare asleep,followed by a period of time T in which nodesin D, are active, while the rest of
the nodesare asleep,and soon. Sud a schedule would imply that in the long run, eat node is active
for roughly 1=t of the time. Therefore maximizing t leadsto minimizing this fraction. The scedule
suggestedabove may be somewhatsimplistic becauseit doesnot pay attention to possibledi erences in
the amount of energy available at di erent nodes. However, the more general problem in which nodes
start of with dierent battery supply doesnot seemmuch harder than the \uniform" version of the
problem in which nodesare assumedto be identical (see[15] for example). We only considerthe uniform
version of the problem here.

1.1 Results

In this paper we presert fast, deterministic, distributed algorithms for nding large k-domatic partitions
in various graph models of wirelesssensornetworks. Let d(u; v) denote the length of a shortest uv-path
in G measuredby courting the number of edgesin the path. For any integerk 1, let Ny(v) = fu:
0< d(u;v) kg. Wecall Ng(v) the k-neightorhood of v and any vertex u 2 Ny (v) is called a k-neighlor
of v. A k{dominating set D(X)  V of G is a vertex set such that ea v 2 V is either in D), or has

block D; of D is a k-dominating set of G. Note that a 1-domatic partition is just a domatic partition.
We consider k-domatic partitions rather than domatic partitions simply becauseas k increases,we
expect the size of a largest k-domatic partition to also increase. For example, this meansthat if we
use a 2-domatic partition instead of just a domatic partition to schedule nodes, then ead node would
spend a much smaller fraction of the time being active. However, there is a problem with this assertion.
Supposethat D@ is a 2-dominating setof G and further supposethat anodeu2 V D@ needsto send
information to somenode in D® . However, there may be no node of D@ in u's neighborhood so what
is u supposedto do? One solution to this problem is to increaseu's transmission range so that some
node in D@ s in its range. The fact that somenode in D@ is a 2-neighbor of u implies that u does
not have to increaseits transmission rangetoo much to reach D@ . Sothe advantage we gain by having
a 2-domatic partition of larger sizeis o set by the fact it costseah node more energyto communicate
with the set of coordinators. In somesituations we can cortrol the amount of extra energy neededby a
node to reach D@ . For example, one of the algorithms we presert (Section 2.1) can be madeto take an
additional parameter > 0 such that for ead vertex v 2 V and for each D) in the k-domatic partition
constructed by the algorithm, v can reach a node in D) by increasingits transmission range by at
most . We do not explore this trade-o any further in this paper, merely noting that results from our



experiments indicate that ask grows from 1to 2 and from 2 to 3 the sizeof a k-domatic partition grows
substartially . preliminary results indicate that an optimal value of k may be somesmall value larger
than 1.

We present algorithms for computing, for any k 2, a k-domatic partition whosesize is within a
constart fraction of the size of an optimal (k  1)-domatic partition. To the best of our knowledge,
such size guarantees have never been provided for k-domatic partitions. To state this more precisely,
we need somede nitions. Let denote the smallest vertex degreein a graph. More generally, for any
integerk 1, let « = min,fj Nx(v)jg. For any k-domatic partition D of a graph, jDj k + 1. This
is becausefor every vertex v, every block in D contains at least one vertex in fvg[ Ng(v). Thus, the
size of an optimal k-domatic partition is bounded above by  + 1. We presen three algorithms (on
di erent classesof graphs and with di erent running times) that compute a k-domatic partition of size
at least ( ¢ 1 + 1)= ¢ for someconstart . If we had shown that the size of the computed k-domatic
partition is at least( x + 1)= , then that would have beena constart-factor approximation algorithm.
However, we do not show this and in fact, for the most generalclassof graphswe consider,there may not
be a k-domatic partition of size( x + 1)= ¢ for any constart . Our result should be contrasted with
the current state of a airs, which is that even for the 1-domatic partition problem on UDGs, the best
known approximation algorithm [4, 15] returns a partition of sizeat least ( + 1)=logn. This algorithm
also solves the k-domatic partition problem and returns a partition of size at least ( ¢ + 1)=logn. In
general, this lower bound and the lower bound of ( x 1+ 1)= ¢ areincomparable, but for certain classes
of graphs our lower bound is much better.

The most generalclassof graphsthat our results apply to is the classof growth-bounded graphs[9]. A
graph G is f -growth-bounde if there is a function f on non-negative integerssuc that for every integer
r 1, everyr-neighborhood in G contains an independert setof sizeat most f (r). The critical aspect of
this de nition is that the size of a largest independert setin an r-neighborhood dependsonly on r and
not on any other graph parameters. This meansthat for any xed r, the sizeof a largestindependert set
in any r-neighborhood is bounded above by a constart. Well-known graph models of wirelessnetworks
such as unit disk graphs (UDGs) and quasi unit disk graphs (qUDGSs) are both subclassesof growth-
bounded graphs. Recall that a UDG is a graph G = (V; E) whosevertex setV can be placedin one-one
correspondencewith a set of points in the Euclidean plane and whoseedgesconnect exactly those pairs
of vertices u; v whose Euclidean distance juvj is at most one. For any xed ,0< < 1,an -gUDG
is a graph G = (V;E) whosevertex setV can be placed in one-onecorrespondencewith a set of points
in the Euclidean plane and whoseedgeset E satis es the constraint: if juvj then fu;vg2 E and if
juvj > 1then fu;vg 62E. The qUDG model doesnot say whether a pair of vertices whosedistance is
in the range (; 1] are to be connectedby an edgeor not. This model takesinto accourt transmission
errors that occur when a pair of nodesare almost at the boundary of eat other's transmissionrange. In
general,growth-b oundedgraphscapture in a simple way the fairly intuitiv e geometricproperty of wireless
networks that if many nodesare closeto ead other, they will tend to hear ead others' transmissions.

We provide faster algorithms for a certain subclass of growth-bounded graphs. A unit ball graph
(UBG) is a graph G = (V; E) whoseverticesresidein somemetric spaceand whoseedgesconnect pairs
of vertices whosedistance is at most one. The doubling dimension of a metric spaceis the smallest
such that any ball in this metric spacecan be coveredby 2 balls of half the radius. It is easyto seethat
for any xed d, the d-dimensional Euclidean spaceis a metric spacewith a constart doubling dimension.
We call a UBG, a doubling UBG if for someconstart , the UBG can be embeddedin a metric spaceof
doubling dimension . An arbitrary UBG neednot be growth-b ounded, but any doubling UBG is indeed
growth-bounded (Lemma 1 in [9]). It is also easyto seethat a UDG is a special kind of a doubling
UBG, onethat residesin 2-dimensional Euclidean space. Taking advantage of the geometry of a UBG
and the fact that pairwise distancesare available, we provide algorithms for UBGs that run faster for
doubling UBGs than thosethat run on growth-b oundedgraphs. Our interest in doubling UBGs is dueto
the fact that they signi cantly generalizeUDGs and provide a more exible model for wirelessnetworks,
while retaining some geometric characteristics. The notion of doubling dimension has beenintroduced
in [5] and it has beenproposedthat latenciesof peer-to-peer networks and the internet form a metric of
constant doubling dimension[5, 8].



We provide an even faster algorithm for UBGs that residein a Euclidean spacesuc that the coor-
dinates of the points are known.
In summary, we presert the following three distributed algorithms.

1. An O(1) round algorithm that computesa k-domatic partition of sizeat least( x 1 + 1)= g, for
someconstart , for UBGs that reside in Euclidean spaceand whose nodes are aware of their
global coordinates.

2. An O(log n) round algorithm that computesa k{domatic partition of sizeat least( x 1 + 1)=
for doubling UBGs, whosenodesare able to sensedistancesto neighbors.

3. An O(log log n) round algorithm that computesa k{domatic partition of sizeat least( x 1 +
1)=  for growth-bounded graphs. Here s the largest degreeof a vertex in the graph.

We alsoprovide simulation results that give further insights into the quality of the domatic partitions
we produce.

1.2 Mo del and Notation

For our algorithms we assumethe synchronouscommunication model in which time is divided into rounds.
In ead round, a node can receive messagesert in the previous round, perform local computations, and
broadcast a messageto its neighbors. The time complexity of an algorithm is the number of rounds
it needsto complete. Note that every syndronous messagepassing algorithm can be turned into an
asyndironous algorithm with the sametime complexity, but with a possibly larger messagecomplexity.

Here we describe someadditional notation that we usein the rest of the paper. For any integerk 1
and vertex v, Ng[v] = Ng(v) [ fvgis the closal k-neighlorhood of v. We will useN [v] to denote N1[v].
The notation juvj will be usedto denote the distance betweenverticesu and v in the underlying metric
space.In Section 2.1 this will denote a Euclidean distance and in Section 2.2 this will denote a distance
in a metric spaceof constart doubling dimension. For any vertex v in 2-dimensional Euclidean space
and any real > 0 wewill useDisk(v; ) to denotethe closeddisk of radius  with certer v.

2 Algorithms for k-domatic partition

In this section we describe three algorithms for nding large k-domatic partitions. For simplicity of
exposition, we describe our algorithms for UDGs rst and later point out why the algorithms work in
more generalsettings. We start with a simple constart-time algorithm that assumeghat all nodesknow
their positions in a global coordinate system. This algorithm works for UBGs that residein Euclidean
space. Our secondalgorithm drops knowledge of global coordinates and instead assumesthat pairwise
distances between neighboring nodes are known. In particular, we assumethat ead node u 2 V(G)
knows juvj for all v 2 N (u). This algorithm runs in O(log n) time. We do not in any way rely on the
fact that our graph residesin 2-dimensionalEuclidean spaceand it will be clearthat our algorithm works
for UBGs in a metric spacewith constart doubling dimension. Our third algorithm drops all reliance on
geometric information, using connectivity information only. This algorithm works for bounded growth
graphsand runs in O(log  log n) time. All our algorithms are deterministic.

2.1 Using a global coordinate system

Supposethat the input graph is a UDG G and assumethat ead node knows its position in a global
coordinate system. Our algorithm can be described informally asfollows. Place on the plane, an in nite

grid of squarecells of dimensionspl—z pl—z This inducesa partition V = fVi;Vs;:::;V;g of V(G) such
that ead block V; correspondsto a non-empty cell and contains all the verticesin that cell. Note that
due to the dimensionsof eac cell, ead V; is a clique. Consideread block V; and assigna distinct color



r2f1;2;:::;jVijg to ead vertex in V;. In Theorem 1 we will show that for many colorsr, the set of all
vertices coloredr form a k-dominating set. Below, we describe the algorithm in more detail.

Algorithm:  k-DP1

1. Let the coordinates of vertex v be (xyv;yv). Each node v determines the ordered pair (i; j) of integers

such that J

i i+ 1 j j+ 1

— Xy < = and p= < —:
P X< adns vy
2. Denote the 4-tuple (Xv;Yyv;i;j) by I Dy. Each node v broadcasts| D, to all neighbors.
3. Each node v receives| D, from ead neighbor u 2 N (v).

4. Each node v constructs the set
Sy = f(Xv;Ww)g[ f(Xu;Yu)ju2 N(v) and IDy = (Xu;VYu;i; )0

5. Each node v sorts Sy in lexicographic order and assignsto itself the color r, where r is the rank of
(Xv;yv) in the sorted list S,.

Correctness.  In Step (1), eat node v determinesthe south-west corner of the square cell that it
belongsto. Then, in Steps (2)-(3), nodes exchange with neighbors, their coordinates and identities of
the cellsthey belongto. For eat node v, this information is bundled into the 4-tuple I Dy . In Step (4),
ead node v gathersinto a set S, the coordinates of all neighbors that lie in the samecell asit does.
Note that for any two verticesu and u® that lie in a cell, Sy = Syo. Therefore, the setfS, jv 2 V(G)g
is the clique partition V induced by the cells. Finally, in Step (5), ead node v in ead block V;, assigns

Algorithm k-DP21consistsof onelocal broadcastby ead node and thereforeruns in a constart number
of communication rounds. Let D, be the set of verticescoloredr by k-DP1 We will now investigate the
quality of the partition fD, jr = 1;2;:::g. Let ¢k denotethe maximum number of pl—i pl—i squarecells

that can intersect a disk of radius k. It is easyto seethat ¢, = ( k?) and specically c; = 16.

Theorem 1 Foranyr,1 r (k 1+ 1)=¢ 1, thesetD, computed by k-DP1is a k-dominating set
of G.

Pro of: To obtain a contradiction, supposethat for somev 2 V(G), D, doesnot k-dominate v, that
is, Dy \ Ng[v] = ;. This, of coursemeansthat D, \ Ny 1[v] = ; aswell. Every vertex u 2 Ny 1[v] lies
in a disk of radius k 1 certered at v. Sinceat most ¢k 3 grid cells intersect this disk, at most ¢k 1

Cc 1 verticesin Nx i[v] arein Dj, forany j < r. Thusat mostce 1 (r 1) verticesin Ny ([v] arein
Di[ D2 [ Dy 1. Sincer (k 1+ 1)=& 1,wehavethat ¢x 1 (r 1)< ¢ 1+ 1. Thusthereis
at leastonevertex w 2 Ny ;[v] that isnotin D1 [ D3| [ D 1.

Supposethat w 2 V-. Sincew hasacolor r, there must beaw®2 V- coloredr. SinceV- is a clique,
d(w;w®% 1. This along with the fact that w 2 N [v], implies that w®2 N[v], thereby contradicting
the fact that D, doesnot k-dominate v. O

Implications of Theorem 1. Theorem 1 guaranteesthat for any xed k, the size of the k-domatic
partition computed by k-DP1is within a constart factor of the optimal (k 1)-domatic partition. For
example, we don't know how to compute a constart approximation of an optimal 1-domatic partition,
but we know how to compute a 2-domatic partition whosesizeis at least 1/16th the size of an optimal
1-domatic partition. Experiments show that this is quite consenative and in general, our algorithm
returns 2-domatic partitions that are much larger than the largest possible 1-domatic partion. In the
following table, we show results obtained by running k-DP1on randomly generatedUDGs. The last row
of the table shows the size of the 2-domatic partition returned by the algorithm. Note that in all cases,



this sizeis much larger than the maximum possible size of a 1-domatic partition (givenby 1+ 1). In
fact, the size of the 2-domatic partition computed by the algorithm is typically closeto the size of an
optimal 2-domatic as seenby comparing the last two rows of the table.

n 50 60 | 100 | 125 | 150 | 175 | 200 | 225 | 250 | 275
1 7 9.2 | 155 19.2| 22.7| 30.1| 30.8| 35.2| 40.6 | 41.6
2 159 18.1| 32.7| 421|528 | 62.1| 71.0| 785 | 86.4| 97

size | 14.8| 16.6 | 29.6 | 36.3 | 41.3| 49.7 | 60.5| 70.6 | 72.3 | 80.1

Let DX be a k-dominating set of the network that is a member of the k-domatic partition returned
by Algorithm k-DP1 As mertioned in the introduction, a node v may not have any node from D®) in
its transmission range and sov hasto increaseits transmission rangeto reach somenode in D (K). From
the proof of Theorem 1, it can be obsened that there is always somenode in D () that liesin one of the
grid cellsthat intersectsDisk (v; 1). Thus, in order to reach D, v just hasto increaseits transmission
range to completely cortain all of thesegrid cells. For any xed > 0, we can make the grid cells have
dimensions , thereby requiring v to increaseits transmission range by somefunction of .

2.2 Using pairwise distances only

Now we assumethat nodes are not aware of coordinates, but can sensedistancesto neighbors. Recall
that in Algorithm k-DP1 we placed a grid of small enoughsquare cells on the plane and constructed a

arbitrary subsetS V(G), the density of S with respect to V is the sizeof the setfi jV;\ S6 ;g. In
other words, the density of S with respect to V is the number of blocks in V that intersect S. The key
property of the clique-partition V computed by k-DP1is this:

Bounded Densit y Prop erty.
For ead integer j 1, there is a constart ¢; sud that the density of ead neighborhood
N; [u] with respect to V is bounded above by ¢;.

Given just the pairwise distanceshow do we compute a clique-partition with the bounded density
property? We rst describe the algorithm informally. Let G,-, be the spanning subgraph of G with
edgeset ff u;vg j juvj 1=2g. Sinceead node u knows the distancesjuvj to all neighborsv 2 N (u),
node u can identify who its neighbors in G-, are. First a maximal independert set (MIS) | in G-, is
computed. Then ead nodeu 2 V(G) | \attac hes"itself to anodev 2 | that is its neighbor in G1-,.
Sincel is maximal such a node u is guaranteed to exist. Each block in the partition we seek,consists
of avertex v 2 | along with all the nodesin V(G) | that have attached themselhesto v. Note that
sincethe distance betweenu and a vertex that attachesitself to u is at most 1/2, the distance between
any pair of verticesin a block is at most 1 and therefore eat block inducesa clique in G. Later we will
show that this clique-partition hasthe bounded density property.



Algorithm:  k-DP2 ‘

Compute a proper vertex coloring of G.
Let Gi=» = (V(G);E1=5), where E =5 = ff u;vgjjuvj 1=2g. Compute an MIS | of G;=,.

Each node v 2 | broadcasts (v) to its neighbors.

PO DN PE

Each nodeu 2 V(G) | receivesat least one color and possibly seweral. Node u then picks a color ¢
from among those it receivessuch that cis sert by a neighbor at distance at most 1/2 from u. Denote
by L., the color picked by u. Node u broadcasts the ordered pair ( (u);Ly) to its neighbors.

5. Each node v 2 | receivesordered pairs of colors from neighbors and constructs the set:

Sy =f (v)g[ fcj(c; (v)) is received from a neighbor at distance at most 1/2 from vg:

6. Each node v 2 | broadcasts( (v);Sy) to its neighbors.
7. Each nodeu 2 V(G) I, onreceivingatuple (Ly;S) from a neighbor at distance 1=2, setsS, S.

8. Each node v 2 V(G) colors itself r, wherer is the rank of (v) in the sorted set Sy. Let the new
coloring be denoted by ° Note that this new coloring is not necessarily proper.

Correctness.  In Step (1) of Algorithm k-DP2a proper (( G) + 1)-vertex coloring of G is computed.
This coloring provideslocally distinct identi ers to nodesand will becomeusefulwhen cliquesare formed
in later stepsin the algorithm. In Step (2), an MIS | of G, is computed. We assumethat wheneer a
node u receivesa messagdrom node v, it can sensethe distance juvj betweenitself and v. To construct
G-, eat node starts by broadcasting a message.Following this, ead node u can identify the subsetof
neighbors in G that are at distance 1=2 from it. In Step (3), the verticesin |, announcetheir colors
to all neighbors. In Step (4) of Algorithm k-DP2eadt node u may receive seeral colors from neighbors.
However, it is not the casethat u has two neighbors w;w® in G;-, sud that u receivesthe samecolor
from both w and wP. This is becausejwwY 1 and therefore w and w® are neighbors in G and cannot
have the samecolor. Thus, whenu choosesa color cin Step (4), it is choosinga unique neighbor in G-,
to attach to. We denote u's choice of a color by L, to indicate that this amounts to choosinga leaderto
attach to. For any v 2 |, we say that v's group consistsof v along with all neighbors u of v in G-, for
which L, = (v). More precisely let

group(v) = fvg[ fujL, = (v) andu is aneighbor of vin G1-,0:

Note that for all v 2 I, group(v) induces a clique in G and therefore no two vertices in group(v) are
assignedthe samecolor by . When u broadcasts( (u);L,) in Step (4), it is announcingits intention
to join Ly's group. In Step (5), each node v 2 | constructs a set S, containing the colors of the nodes
in group(v). In Step (6), node v tells all members in its group what the set S, is and in Step (7) all
membersin group(v) receive this information. The situation after Step (7) canbe summarizedasfollows.

Lemma 1 For eachnodev 2 |, group(v) induces a clique. Each node v 2 | constructs a setS, =
f (u)ju2 group(v)g. For eachnodeu 2 group(v), Sy = S,.

After Step (7), members in group(v) already have distinct colors and the only thing left to do is
\palette reduction," that is, a recoloring so that membersin group(v) are assigneddistinct colors from

As before, for each r = 1;2;:::let D, = fv2 V(G)j Yv) = rg. To obtain the sameresult asin
Theorem 1 for Algorithm k-DP2 we needto show that the partition fgroup(v) j v 2 |1 g hasthe bounded
density property.

Lemma 2 For eachintegerj 1, thereis a constant¢; suchthat the density of each neightwrhood N; [u]
with respect to fgroup(v) j v 2 | g is boundel atove by ¢; .



Proof: Fix anintegerj 1 andavertexu2 V(G). All verticesin N;[u] lie in Disk(u;j). Therefore
the density of N; [u] with respectto fgroup(v) j v 2 | g is bounded above by number of verticesin | that
lie in Disk (u;j + 1=2). Sinceany two verticesin | are separatedby a distance> 1=2, disks of radius 1/4
certered at verticesin | are pairwise disjoint. Therefore, if a vertex v 2 | liesin Disk(u;j + 1=2) then
Disk (v; 1=4) is completely contained in Disk (v;j + 3=4). The total number of disjoint disks of radius 1/4
completely contained in Disk (u;j + 3=4) is bounded above by 16(j + 1)2. Therefore, there is a constart
¢ 16( + 1)? such that the density of N; [u] with respect to fgroup(v) j v 2 1g is bounded above by

G. O
Together, the two lemmasabove and the proof of Theorem 1 givesus the following result.

Theorem 2 Foranyr,1 r (x 1+ 1)=¢ 1, thesetD, computed by k-DP2is a k-dominating set
of G.

Running time. Steps(1)-(2) of Algorithm k-DP2takesO(log n) rounds ead via the resultsin [10]. In
that paper, a deterministic algorithm running in O(log n) rounds is given for the problem of computing
an MIS and for the problem of computing a ( + 1)-coloring on a doubling UBG. The rest of the steps
in the algorithm involve three broadcastsand somelocal computations. Thus the entire algorithm runs
in O(log n) rounds.

Algorithm k-DP2is well de ned for UBGs in which nodescan sensealistancesto neighbors. For Lemma
1, it is required that the pairwise distancesform a metric, since we usethe fact that two neighbors of
a node u at distance at most 1/2 from u, are at distance at most 1 from ead other. The proof of
Lemma 2 relied on the fact that the number of disjoint disks of radius 1/4 that can be padced into a
disk of radius j + 3=4 is bounded above by a quartity that dependsonly onj. This fact is true not
just for 2-dimensional Euclidean space,but is in generaltrue for any metric spaceof constart doubling
dimension. In summary, we have the following result.

Theorem 3 For any k 2, Algorithm k-DP2 computesa k-domatic partition of sizeat least ( ¢ 1 +
1)=¢ 1 in a given UBG in a metric space of constant doubling dimension in O(log n) rounds.

2.3 Using connectivit y information only

Algorithm k-DP2 relied critically on the ability of nodesto sensedistances. It also relied on the fact
that these distancesformed a metric of constart doubling dimension. We now generalizeour results
further by assumingthat no distance information is available. We rst describe how to compute a large
2-domatic partition and later point out the extensionto k-domatic partitions. Using only connectivity
information, it is not clear how to quickly compute a clique-partition that has the bounded density
property. So we modify our approach and compute a partition that we call a uniform partition . A

satis ed:
(i) EachV; inducesa subgraph of G of diameter at most 2.

(i) Thereis a constart C such that for eachi, 1 i t,jVij ( 1+ 1)=C.

The following lemma shows that it is a small step from a uniform partition to a 2-domatic partition.

Lemma 3 LetV = fVi;Vs;:::; Vg be a uniform partition of G. For eachi, 1 i t, arbitrarily color
the verticesin V; with distinct colors chosenfrom f1;2;:::;jVijg. For eachintegerr 1, let D, be the
set of vertices colored r. Then, for eachintegerr, 1 r d( 1+ 1)=Ce, D, is a 2-dominating set of G.

Pro of: Consideran arbitrary vertexv 2 V(G) and an arbitrary colorr,1 r d( ;+ 1)=Ce. Suppose
that v belongsto block V;. SinceV; is large enough, that is, jVij ( 1 + 1)=C, there is a vertex in V,
coloredr. Sincethe diameter of G[V;] is at most 2, there is a vertex coloredr at distance at most 2 from
v. Hence,D, is a 2-dominating set. O



We now informally describe an algorithm to quickly compute a uniform partition. Supposethat | is
an MIS in G. One way to get a partition of V(G) into componerts of diameter at most 2 is to simply
allow eath vertexu 2 V(G) | to attach itself to someneighbor that belongsto |. However, blocksin the
resulting partition neednot belarge enough. To guarantee a lower bound on the sizeof ead block, we rst
form the graph H = (I;En), where Ey = ff v;vi j v;v° 2 | and v and v have a common neighborg.
Thus a pair of verticesin | are connectedin H if the distance betweenthem in G is at most 2. Note that
sinceG is a UDG, for any v 2 |, the number of verticesv®2 | \ N5[v] is bounded above by a constart.
Therefore, ( H) is bounded above by a constart, say L. We then compute an (L + 1)-coloring of this

colorr try to acquire\follo wers." Each vertex v 2 | of colorr, hasa budget of how many followersit can
acquire, thereby leaving enough followers available for verticesin | of color larger than r. Speci cally,
ead vertex v 2 | of color r acquiresb 1=(L + 1)c followers during its turn. Only the verticesin | of
the samecolor will try to acquire followers at the sametime. Sincea pair of verticesin | of the same
color do not have a common neighbor, there is no contention for followers. Furthermore, by imposing a
constraint on the number of followersthat a node in | can acquire in eat round, we ensurethat there
are enoughfollowers for all verticesin |. We now describe this algorithm (called 2-DP3) in detail.

Algorithm:  2-DP3 ‘

1. Let G2 denote the square of the graph G. So G2 has vertex set V(G) and edgeset E2 = ff u;vg |
u;v 2 V(G) and d(u;v) 2g. Compute a proper vertex coloring of G2. Denote this coloring by

2. Compute an MIS | of G.

3. Let H = G?[I]. This is the subgraph of G2 induced by |. Let L = ( H). Compute a proper
(L + 1)-vertex coloring of H. Denote this coloring by °

4. Each node u 2 V(G) | sets a variable status, avail able. Each node v 2 | sets a variable
statusy  unavail able.

5. For each colorr = 1;2;::::L + 1usedby © repeat the following steps.

(@) Each nodeu 2 V(G) | whosestatus is available, broadcastsits color, (u), to neighbors.

(b) Each nodev 2 | coloredr by °receivesa color from ead available neighbor and constructs the
setCy = f (u)ju2 N(v) and status, = avail ableg.

(c) Each nodev 2 | coloredr by © picks the smallestb ;=(L + 1)c colors from C, and placesthese
in Sy. Node v then broadcastsf (v)g[ Sy to neighbors. It is not necessarythat node v know
1. It is sucien t for v to instead use the smallest vertex degreein its neighborhood instead of
1.

(d) Each nodeu 2 V(G) 1|, whosestatus is available, may receive a set S of colors from a neighbor
in | . Node u then chedks if (u) 2 S and if sou setsstatus, unavailableand S, S.

6. Each unavailable node v computes the rank r of (v) in Sy, and colors itself r. Each available node
colors itself 1. Let the latest coloring of vertices be denoted ° Note that this vertex coloring need
not be proper.

Correctness.  In Step (1) of 2-DP3 a proper vertex coloring  of G? is computed. For any vertex
v 2 V(G), no two verticesin N [v] are assignedthe samecolor by . This property will be usedin later
steps of the algorithm. In Step (2), an MIS | of G is computed. In Step (3), the subgraph H of G2
induced by | is formed and a proper (( H) + 1)-vertex coloring °of H is computed. Thus ead vertex
v 2 | hastwo colors, (v) and Yv). The following lemma shows that the number of colors usedby ©
is bounded above by a constart. It is true that restricted to | is also a proper vertex coloring of H,
however there is no reasonto believe that usesa constart number of colorsfor H.

Lemma 4 LetH = G?[I]. Then ( H) 25.



Pro of: If v;v®2 | are neighborsin H then jw4 2. Therefore, for any v 2 |, all neighbors of v
in H arein Disk(v;2). Sincel is an independert setin G, jvww9 > 1 for any pair of verticesv;v°2 | .
Therefore, the disksin J = fDisk (v% 1=2) j V0 is a neighbor of v in H g are pairwise disjoint and are alll

contained in Disk (v; 5=2). Therefore, jJj < % = 25. O

After Step (3), each nodeu 2 V(G) | is available for attaching itself to a neighbor v 2 |. This
is indicated in Step (4) by setting status, to avail able for all nodesu 2 V(G) 1. For notational
convenience,nodesin | also have a status variable and that is initialized to unavail able. The coloring

Oof | is usedto schedule the nodesin | in Step (5). In particular, for eady r = 1;2;:::;L + 1, all
nodesin | coloredr execute Steps5(b)-(c) in parallel. In Step 5(a) all available nodes announcetheir
availabilit y to neighbors by broadcasting their colors. In Step 5(b) ead node v 2 | coloredr receives
colors from available nodesand placesthesein a set C,. Note that no two colors received by v are the
sameand therefore there is a bijection betweenC, and available neighbors of v. In Step 5(c), eat node
v 2 | coloredr picks b 1=(L + 1)c colorsfrom C,. For this step to be well-de ned, it must be the case
that jCyj b 1=(L + 1)c, asshown in the following lemma.

Lemma 5 For any nodev 2 |, the setC, constructed in Step5(b) hassize b ;=(L + 1)c.

Pro of: Supposethat the degreeof vin H is . The total number of neighbors of v, available in Step
5(@a) is at least degeg(v) b 1=(L + 1)c. This is becauseif a neighbor u of v is unavailable, it is
becauseu has attached itself to somev®2 |, v®6 v. The maximum number of vertices u that can be
attached to v%is b 1=(L + 1)c and the maximum number of candidatesfor v°is . Sincedeg egV) 1
and L, we get that at least

neighbors of v are available. O

After b 1=(L + 1)c colorsin C, are picked by v, theseare placedin a setS, and the setf (v)g[ Sy
is broadcast by v to all neighbors. In Step 5(d) all neighbors of v, whosecolors are in S, on receiving
noti cation of their membership in S, settheir status to unavailable and take note of f (v)g[ Sy. The
following lemma summarizesthe situation immediately after Step (5).

Lemma 6 Foranyv 21, dene group(v) = fvg[ fu2 N(v)j (u)2 Syg. Thenfor all v2 I, group(v)
induces a sulgraph of G of diameter 2 and jgroup(v)j ( 1+ 1)=(L + 1).

Pro of: Let v be an arbitrary vertex in |. The fact that group(v) inducesa subgraph of G of diameter
2 is obvious. SincejS,j = b 1=(L + 1)c and since assignsdistinct colorsto N [v],

1t 1

jgroup(v)j 1+ b =L+ 1)c R

|

Note that even though fgroup(v) j v 2 I g is a collection of disjoint subsetsof vertices, it is not
necessarilya partition of G becauseafter Step (5) there may still be someverticesu 2 V(G) | with
status, = avail able. Howewer, we still get a large enough 2-domatic partition, as the following lemma
shows.

Lemma 7 For anyintegerr, 1 r d( 1+ 1)=(L + 1)e, let D, be the set of verticesin V(G) that are
colored r by %(in Step(6) of 2-DP3. Then D, is a 2-dominating set of G.

Pro of: First consider an arbitrary vertex v 2 |. Since, jgroup(v)j ( 1 + 1)=(L + 1), since every
vertex in group(v) getsa distinct colorin f1;2;:::;jgroup(v)jg, and since every vertex in group(v) is at
a distance at most 1 from v, it follows that foranyr,1 r d( 1 + 1)=(L + 1)g, v is dominated (and

hence2-dominated) by D,. Now considera vertexu 2 V(G) |. Sinceu hasa neighbor v 2 |, using the
sameargumen as above with respect to group(v), we obtain that forany r, 1 r d( 1+ 1)=(L + 1)e,
v is dominated (and hence2-dominated) by D, . O

10



Running time. Step (1) requiresthe construction of a proper vertex coloring of G2. There are seweral
deterministic distributed algorithms that return a proper vertex coloring of an arbitrary n-vertex graph
in O(log n) time [11, 14], using a number of colorsthat is polynomial in . Any of thesecan be usedfor
Step (1). Using the result in [9] we can compute an MIS of the given UDG G, even without any location
or distanceinformation, in O(log log n) time. The rest of the algorithm consistsof 2 local broadcasts
and somelocal computations. Therefore the overall running time of the algorithm if O(log  log n).

The algorithm 2-DP3is well-de ned for arbitrary graphs. In the proof of correctnessof the algorithm,
Lemma5 usedthe fact that G is a UDG. However, the sameresult (but with a possiblydi erent constart)
holds evenif G is not a UDG, but is a boundedgrowth graph. In fact, the de nition of a bounded growth
graph tells us that for any vertex v 2 V(G), the number of verticesv®2 | that arein the 2-neighborhood
of v is bounded above by the constart f (2). The other two lemmasin the proof of correctnessof 2-DP3
follow from Lemma 5 and therefore hold for bounded growth graphsaswell. The algorithm 2-DP3also
runs in O(log log n) time for bounded growth graphs. This is becausethe result in [9] that shows
how to compute an MIS in O(log log n) time, holds for bounded growth graphs. This discussion
implies the following theorem.

Theorem 4 For any given growth bounded graph G, the algorithm 2-DP3 computesa 2-domatic partition
of sizeat least d( 1 + 1)=Ce for someconstant C, in O(log  log n) rounds.

The extensionof 2-DP3to k-domatic partitions is straightforward. De ne a k-uniform partition of G
as a partition V = fVy;V,;:::;Vig of V(G) such that foreachi, 1 i t, the diameter of G[V;] is at
most k and jVij (k 1+ 1)= g for someconstart . Going from a uniform partition to a 2-domatic
partition is a small step, as described in Lemma 3. As in that lemma, coloring the vertices in ead V;
with distinct colors from f1;2;:::;jVijg yields a k-domatic partition of sizeat leastd( x 1 + 1)= ke
Constructing a k-uniform partition can be donein a manner very similar to what is described in 2-DP3
We end this section with the following theorem.

Theorem 5 For any given growth bounded graph G and for any xed integerk 2, thereis a distributed
algorithm that computesa k-domatic partition of sizeat leastd( « 1 + 1)= xe for someconstant , in
O(log log n) rounds.
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