5. Properties of Graphs

? Connect edConponent s

Connect edConponent s[g] gives the vertices
of graph g partitioned into connected conponents.

Connect edConponent s[s = Regul ar G aph[1l, 10]]

{{1, 3}, {2, 7}, {4, 5}, {6, 10}, {8, 9}}
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ShowG aph[s, VertexNunber -> On]

- G aphi cs -

¢ = Connect edConmponent s[s = Regul ar G aph[2, 20]]

{{1, 6, 15, 5, 20, 18, 16, 10}, {2, 3, 12, 17, 4, 19}, {7, 8, 9, 14, 11, 13}}
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ShowG aph[s, VertexNunber -> On,
Ver t exNunber Col or -> Pur pl e, Background -> Yel | ow]

- Graphi cs -
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ShowG aph [I nduceSubgraph[s, c[[1]1]]]

- Graphi cs -

a = GraphUni on[Wheel [5], Star [10]];

Connect edConponents|[ a ]

{{1, 2, 3, 4, 5}, {6, 15, 7, 8, 9, 10, 11, 12, 13, 14}}

a = GraphUnion [10, Star [10]]; ConnectedConponents[a ]

({1, 10, 2, 3, 4, 5, 6, 7, 8, 9}, (11, 20, 12, 13, 14, 15, 16, 17, 18, 19},
(21, 30, 22, 23, 24, 25, 26, 27, 28, 29}, (31, 40, 32, 33, 34, 35, 36, 37, 38, 39},
{41, 50, 42, 43, 44, 45, 46, 47, 48, 49}, (51, 60, 52, 53, 54, 55, 56, 57, 58, 59},
(61, 70, 62, 63, 64, 65, 66, 67, 68, 69}, (71, 80, 72, 73, 74, 75, 76, 77, 78, 79},
(81, 90, 82, 83, 84, 85, 86, 87, 88, 89}, {91, 100, 92, 93, 94, 95, 96, 97, 98, 99)

TIMING DISCUSSION

Firstwe havea comparisorbetweerthe newandold implementation®f ConnectedComponen#s canbe seenfrom the
tablesof timingsgivenbelow,the newimplementations dramaticallyfasterthanthe old implementation-factorof speed
rangesfrom 80to morethan100.
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$Recursi onLinit =100000;

«
1]

Tabl e [Di scret eMat h* A dConbi nat ori ca’' RandomGr aph[i 100, 0.01], {i, 5}1;

>
]

Tabl e[Randontar aph[i =100, 0.01], {i, 10}]

{=Graph: <52, 100, Undirected>-, -G aph: <194, 200, Undirected>-,
-G aph: <433, 300, Undirected>-, -Graph: <812, 400, Undirected>-,
-G aph: <1264, 500, Undirected>-, -G aph: <1804, 600, Undirected>-,
-Graph: <2386, 700, Undirected>-, -G aph: <3313, 800, Undirecteds>-,
-G aph: <4034, 900, Undirected>=-, -G aph: <4922, 1000, Undirected>-}

Tabl e[{Lengt h[Di scr et eMat h* O dConbi nat ori ca’ Connect edConponents[g[[i 1111,
Lengt h[Connect edConponent s[h[[i 1111}, {i, 5}]

{{51, 49}, {42, 26}, {15, 13}, {12, 8}, {3, 3}}

ort = Table[
Ti m ng[Di scret eMat h A dConbi nat ori ca‘ Connect edConponents[g[[i11];1, {i, 5}

{{2.407 Second, Null }, {7.593 Second, Null },
{6. 282 Second, Null }, {8.75Second, Null }, {3.562 Second, Null }}

rt = Tabl e[ Ti mi ng[ Connect edConponents[h[[i]]1; 1, {i, 10}]

{{0.016 Second, Null }, {0.031 Second, Null },
{0. 047 Second, Null }, {0.094 Second, Null },
{0. 14 Second, Null }, {0.188 Second, Null }, {0.25 Second, Null },
{0. 343 Second, Null }, {0.422 Second, Null }, {0.516 Second, Null }}

Therunningtime ﬂlot for ConnectedComponentsnfirmsthatthe runningtime growsquadraticallyin thesizeof the
graph.However the experimentight be misleadingsincethe expectechumberof edgesn therandomgraphalsogrows
%qadratmallySol do asecondexperimenbelow.In thatexperimentherunningtime seemslmostlinear! Notethatin
this experimentthe numberof verticesandthe numberof edgesaregrowingin aroughlylinearfashion.
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pl = ListPlot [ Map[#[[1, 111 & rt], PlotJoined->True]

- Graphi cs -

gt = Tabl e[ | nduceSubgraph[Gi dG aph[20, 10=xi ],
RandonKSubset [ Range[ 200 i ], 100=*i ]1, {i, 10}1;

Map [V, gt]

{100, 200, 300, 400, 500, 600, 700, 800, 900, 1000}

Map [M gt ]

{92, 210, 287, 369, 475, 588, 700, 791, 895, 974}

rt = Tabl e[ Ti mi ng[ Connect edConponents[gt [[i]]11;1, {i, 10}]

{{0. Second, Null }, {0.031 Second, Null },
{0. 047 Second, Null }, {0.047 Second, Nul
{0. 078 Second, Null 3},

{0. 125 Second, Nul | }

, {0. 156 Second, Nul

Cl ear [gt ]

1}
{0.078 Second, Null }, {0.11 Second, Null },
I }, {0.156 Second, Null }}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

0. 15}
0.125¢
0.1}
0.075¢

0. 05}
o.ygf

- Graphi cs -

The following experimenshowsthatBFSmay befasterthanDFSandit might be betterto useBFSin thenewConnected
bComporaer(}itjsHowever,l will wait to makethis changeo ConnectedComponentecause expectbothDFSandBFSto
espeededp.

s = GidG aph[50, 507;
{Ti m ng[Dept hFi rst Traversal [s, 11;], Tim ng[BreadthFirstTraversal [s, 11;1}

{{2.547 Second, Null }, {1.235 Second, Null }}

Hereis alargerexperimentwith ConnectedComponents.

s = | nduceSubgraph[GidG aph[70, 70], RandonBSubset [Range[4900]]]

-G aph: <2424, 2459, Undirected>-

VIs]

2459

M[s]

2424
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ShowG aph[s, VertexStyle ->Di sc[0]]

- G aphi cs -

Ti m ng[c = Connect edConponents[s]; ]

{0. 562 Second, Nul I }

Lengt h[c]

343

Max [Map[Lengt h, c]]

143

Only 11 secondgor a graphwith 5030verticesandlots of components!
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g = GidGaph[100, 100]

-G aph: <19800, 10000, Undirected>-

h = I nduceSubgraph[g, RandonSubset [Range[10000]]1;

ShowGr aph[h, VertexStyle ->Disc[0]]

- G aphics -

Vih]

4940
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M[h]

4827

Ti m ng[c = Connect edConponents[h]; ]

{1. 531 Second, Null}

{Length[c], Max[Map[Length, c]]}

(729, 177}

? Connect edQ

ConnectedQ[g] yields True if undirected graph g is connected. If gis
directed, the function returns True if the underlying undirected graph
i s connected. ConnectedQ[g, Strong] and ConnectedQ[g, Wak] yield True
if the directed graph g is strongly or weakly connected, respectively.

Connect edQ[Wheel [10]]

True

Connect edQ[Del et eVertices[Star [10], {10}]1]

Fal se

Connect edQ[Wheel [10], Weak]

Connect edQ[ -Gr aph: <18, 10, Undirected>-, Wak]
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Connect edQ[Ori ent Graph [Wheel [10]], Strong]

True

Connect edQ[Set G aphOpt i ons [Randonir ee [20], EdgeDirecti on - On],

Fal se

Connect edQ[Set G aphOpt i ons [RandoniTr ee [20], EdgeDirecti on - On],

True

NOTES
* ConnectedQuvith the strongandweakoptionsworksonly on directedgraphs.

Connect edQ[ Wheel [10], Weak]

Connect edQ[ -Gr aph: <18, 10, Undirected>=-, Wak]

Connect edQ[ Wheel [10], Strong]

Connect edQ[ -Gr aph: <18, 10, Undirected>=-, Strong]

g = Set G aphOptions[ Wieel [10], EdgeDirection -> Onl;

Strong]

Weak ]
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ShowGraph[ g, VertexNunmber -> Text [ {0. 03, 0},
Text Styl e -> {Font Si ze -> 14, Font Col or -> Bl ue,
Pl ot Range -> Large[0. 05]]

- G aphi cs -

Connect edQ[ g, Wak]

True

Connect edQ[g, Strong]

Fal se

h = AddEdges[g, {{{9, 1}}, {{10, 1}}}I;

Connect edQ[h, Strong]

True

Font Wei ght -> Bol d} ],



Chapter5.nb 13

Connect edQ[h, Weak]

True

ShowGr aph[ h ]

- G aphics -

? Weakl yConnect edConmponent s

gi ves the weakly connect ed
h g as lists of vertices.

Weakl yConnect edComponent s [g]
conmponents of directed grap

? St rongl yConnect edConponent s

St rongl yConnect edConponent s [g] gives the strongly
connected conponents of directed graph g as lists of vertices.

s = Set GaphOptions[Gi dG aph[5, 6], EdgeDirection ->OnJ;
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ShowGr aph[s, VertexNumber -> Text [{-0.04, -0.04}], PlotRange ->Large[0.05]]

ok 28 2k 28 b
2K 2k 2k 2k 2k
ok 78 15k 1ok 20f
T ST S SR SR |
3 S U S O

- Graphi cs -

Weakl yConnect edConponent s [S]

({1, 2, 3, 4, 5, 10, 9, 8§, 7, 6, 11, 12, 13, 14, 15,
20, 19, 18, 17, 16, 21, 22, 23, 24, 25, 30, 29, 28, 27, 26}}

St r ongl yConnect edConponent s [S]

{{30}, {25}, {20}, {15}, {10}, {5}, {29}, {24},
{193}, {14}, {9}, {4}, {28}, {23}, {18}, {13}, {8}, {3}, {27},
{223}, {17}, {12}, {7}, {2}, {26}, {21}, {16}, {11}, {6}, {1}}

s = AddEdges[s, {{{30, 1}}}I;
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St rongl yConnect edConponents[ s ]

{{26, 21, 16, 11, 6, 27, 22, 17, 12, 7, 28, 23, 18,
13, 8, 29, 24, 19, 14, 9, 30, 25, 20, 15, 10, 5, 4, 3, 2, 1}}

NOTES
* Theaboveexampleshowsthats is almoststronglyconnected-additionof oneedgemakest stronglyconnected.
TIMING DISCUSSION

WeaklyConnectedComponergisnply turnsthe graphinto anundirectedyraphandrunsthefunction ConnectedCompo
nentson that. Thereforets runningtime is completelydominatedby therunningtime of ConnectedComponents.

Herel focusontherunningtime of StronegC_o_nnecte_dComﬁonen@ss the plot belowshowsStronglyConnectedCompo
nentshasrunningtime thatis roughly quadratidn the sizeof thegraph.This shouldnot bethe caseand| shouldtry to
recodeStronglyConnectedComponeststhatit runsin lineartime.

TODO
* Redostronglyconnectedomponentsothatit runsin lineartime.

Thetimingsandplotsfurtherbelowmakeit clearthatthe newimplementatiorof StronglyConnectedComponents|is]
muchfasterthanthe old implementationThe plots seento indicatethatbothfunctionstakequadratidime with different
constants.

Tabl e[ Random&r aph[100i, N[1/100i], Directed], {i, 10}];

gt

rt =Table[ Ti mi ng[Strongl yConnect edConponents[gt [[i]]11;1, {i, 10}]

{{0.031 Second, Null }, {0.078 Second, Null },
{0. 203 Second, Null }, {0.453 Second, Nul I },
{0. 906 Second, Null }, {1.641 Second, Null }, {2.734 Second, Null },
(4. 329 Second, Null }, {6.609 Second, Null }, {9.375 Second, Null }}

Map [V, gt]
{100, 200, 300, 400, 500, 600, 700, 800, 900, 1000}

Map [M gt ]

{105, 774, 2681, 6422, 12569, 21526, 33894, 51405, 72820, 99907}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

- Graphi cs -

ogt = Tabl e[Di screteMat h* A dConbi nat ori ca' Randontar aph [
100i, N[1,100i71, {0, 1}1, (i, 5}1;

ort =
Tabl e[ Ti mi ng[ Di screteMat h* A dConbi nat ori ca’' St rongl yConnect edConponent s [

ogt [[i111;1, {i, 5}]

{{0.094 Second, Null }, {0.219 Second, Null },
{0. 531 Second, Null }, {0.984 Second, Null }, {1.641 Second, Null }}

Cl ear [Mul ti pl eLi stPlot]; Renmove[ Multi pl eListPlot];

<< G aphics* Mul ti pl eLi stPl ot*
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Mul tipl eLi stPlot [Map[#[[1, 111 & rt],
Map[ #[[1, 1]1] & ort], PlotJoined -> True]

P N W A~ O O

10

- Graphics -

g = Set GaphOptions[GidG aph[70, 70], EdgeDirection->OnJ;

{Ti mi ng[cw
Ti m ng[cs

Weakl yConnect edConponent s [g]; 1,
St rongl yConnect edConponent s[g]; 1, Length[cw], Length[cs]}

{{12. 156 Second, Null }, {5.5Second, Null }, 1, 4900}

?Ori ent G aph

OientGaph[g] assigns a direction to each edge of a bridgel ess,
undirected graph g, so that the graph is strongly connected.

g = GridGaph[10, 107];
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ShowG aph[ h = Oient Gaph[ Gi dG aph[10, 10] ] ]

- G aphi cs -

Lengt h[St rongl yConnect edConponent s [h]]

g = RandonGraph[20, .6];

Bri dges[g]

{3
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Lengt h[ Strongl yConnect edConponent s [Set G aphOpti ons[g, EdgeDirection ->0On]] ]

20
h = OientGaph[g];

Lengt h[ Strongl yConnect edConponent s [g] ]

TIMING DISCUSSION

OrientGraphin newCombinatoricas extremelyslow!! About227 secondgor 400vertexgrid graph!Most of thetimeis
howevertakenby ExtractCyclesSoExtractCycless in needof majorrepair.Oneimmediateéimprovements for ExtractCy
clesto notcomputethe newadjacencyist representatiofrom scratchaftereachcycle hasbeendeleted Of course,
OrientGraphn "old" Combinatoricaseemsg} timesslower(basedn onesamplepoint).

Iavglgnderif it is possibleto dothisin lineartime. Evenif it isn’t, | amsureit is possibleto dothisin muchmorespeedy
ion.

TODO
Speedup ExtractCycles...]

g = GidGaph[20, 20];
Timing [ OientGaph[g]; ]

{49. 906 Second, Null }

Ti mi ng[ Extract Cycl es[g]; 1]

{48. 813 Second, Nul |}

h = Di screteMath' A dConbi natorica' Gi dG aph[20, 207;
Ti mi ng[ D screteMat h* A dConbi natori ca' Oi ent Gaph[h]; ]

{181. 047 Second, Nul |l }
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? Bi connect edConponent s

Bi connect edConponents[g] gives a list of the biconnected conponents of
graph g. If g is directed, the underlying undirected graph is used.

Bi connect edConponent s [RandomTr ee [100] ]

({1, 5}, {28, 84}, {6, 51}, {2, 19}, {14, 19}, {14, 51}, (85, 99}, {48, 85},
(48, 75}, {13, 76}, (15, 76}, (15, 63}, (63, 75), (45, 75}, (8, 45}, (8, 24},
(23, 24}, {23, 51}, {51, 89}, {18, 59}, {30, 43}, (38, 43}, (86, 90}, (33, 86},
(27, 33}, {27, 41}, {27, 57}, {38, 57}, {38, 67}, {38, 78}, {12, 87},
(12, 98}, {7, 98}, (7, 74}, (35, 65}, (16, 65}, (16, 74}, (21, 39}, (26, 53},
(49, 64}, {26, 64}, ({26, 83}, (55, 60}, (3, 50}, (31, 40}, (40, 50}, {50, 70},
(73, 100}, {50, 100}, {50, 80}, {20, 80}, {20, 56}, (56, 93}, (61, 93,
(55, 93}, {55, 83}, ({39, 83}, (39, 74}, (22, 74}, {22, 77}, {11, 91}, {34, 69},
(44, 47}, {47, 69}, {52, 66}, (32, 58}, {36, 82}, {58, 82}, {54, 58},
(54, 66}, {66, 69}, (88, 96}, (69, 88}, {17, 69}, {17, 72}, {72, 91},
(77, 91}, {77, 78}, {59, 78}, (59, 89}, {9, 46}, {9, 68}, {9, 25}, (37, 81},
(37, 71}, {25, 71}, (25, 423, {42, 79}, {10, 95}, ({10, 97}, {10, 92},
(79, 92}, {29, 79}, {29, 62}, (62, 89}, (84, 89}, {1, 84}, ({4, 94}, {1, 94})

Lengt h[%]

99

Bi connect edConponent s [Cycl e[1007]]

({1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,
24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62,

63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81,
82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100}}
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ShowGr aph[g = Contract [Cycl e[50], {1, 30}]1]

- Graphi cs -

Bi connect edConponent s [g]

{{29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49}, {1, 2, 3, 4, 5, 6, 7, 8§, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 49}}

TIMING DISCUSSION

Like ConnectedCom onenStron%IyCOnnectedCompqnem,BiconnectedComponen’rlsalsoquadratidn running
time. Thisis not clearfrom the plot below.| wonderwhatis giongon.

Comparingtherunningtimesof the old andnewimplementatiorrevealghatthe newimplementatioris dramatically
faster!Fora200—-vertexandomgraphwith p =1/200the newimplementatiortakes0.21s while theold implementation
takes88.62s! Whenthetwo timing tablesareplottedin the sameplot, the plot for the newimplementatioris notvisible.

gt = Tabl e[ RandonmGraph[i »10, N[1/ (10i)]1]1, {i, 20}71;
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rt = Tabl e[Ti mi ng[ Bi connect edConponents[gt [[i]]1;1, {i, 20}]

{{0. Second, Null}
{0. Second, Null }
{0. 015 Second, Nu
{0. 031 Second, Nu
{0. 031 Second, Nu
{0. 047 Second, Nu
{0. 047 Second, Nu

{0. 015 Second, Null },

{0. 016 Second, Null }, {0.016 Second, Nul | },

| }, {0.016 Second, Null }, {0.031 Second, Null },
| }, {0.032 Second, Null }, {0.031 Second, Null },
| }, {0.047 Second, Null }, {0.047 Second, Null },
| 3}, Nul | 3}, [},
|} Nul | } [}

{0. 047 Second, {0. 062 Second, Nul
{0. 062 Second, , {0.063 Second, Nul

ListPlot [ Map[ #[[1, 111 & rt], PlotJoined-> True]

06
05¢
.04}
03¢
.02}

© ©o © o o o

.01}

- Graphi cs -

gt =
Tabl e[ Di scret eMat h* A dConbi nat ori ca’ RandonGr aph[i #10, 1/ (10i)], {i, 20}1;

ort = Tabl e[Ti m ng[
Di scret eMat h* A dConbi nat ori ca’ Bi connect edConponents[ gt [[I1]1;1, {i, 20}]

{{0. 016 Second, Nul
{0. 109 Second, Nul

| {0. 031 Second, Nul
I
{0. 578 Second, Nul |
I
|

il I )
, {0.203 Second, Null 3}, {0.313 Second, Null },
, {1.031 Second, Null }, {1.078 Second, Nul | },
(1. 844 Second, Null }, {2.469 Second, Null }, {3.031 Second, Null },
(4. 141 Second, Null }, {5.14 Second, Null }, {6.829 Second, Null },
{9. 546 Second, Null }, {10.969 Second, Nul | }, {11.172 Second, Null },

{13. 172 Second, Null }, {16.484 Second, Null }, {22. Second, Null }}
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Mul tipleListPlot[Map[ #[[1, 1]1] & rt],
Map[ #[[1, 1]1] & ort], PlotJoined -> True ]

20¢
15;

10}

10 15 20

- Graphics -

TODO

* Also we shoulddefinitely producethe Block—Cutpoint-Tresf a graph.It would bea niceillustrationof theexcellent
propertieghatblocksandcutpointshave.

* Herewe mightalsoconsiderdiscussinghe connectivityapproximatioralgorithmsof Khuller. Theseareeasilyimple-
mentedandsoit might notbeabadideato includeafew of these.

? Bi connect edQ

Bi connect edQ[g] yields True if graph g is biconnected.
If gis directed, the underlying undirected graph is used.

g = GidGaph(4, 47;
Bi connect edQ[g]

True

Bi connect edQ[Conpl et eG aph[10]]

True
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Fal se

Fal se



ShowGr aph[g, VertexNunber -> Text [{-0.03, -0.03},
Text Styl e -> {Font Si ze -> 14, Font Wi ght -> Bol d, Font Col or -> Red}],
Background -> Yel | ow, EdgeCol or -> Orange, | mageSi ze -> 400,
Pl ot Range -> Large[0. 05]]

- Graphi cs -

NOTES

* This functionsimply finds all the biconnectedcomponentdy calling the newBiconnectedComponengdthenchecks
the numberof biconnecteatomponentsound. Soits runningtime will” be almostidenticalto the runningtime of Biconneci
edComponentslhe sameis truefor the nexttwo functions:ArticulationVerticesandBridges.
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?ArticulationVertices

ArticulationVertices[g] gives a list of all articulation vertices in
graph g. These are vertices whose renpval wll disconnect the graph.

g =Star [20];

Articul ati onVertices[g]

{20}

Articul ati onVerti ces [Conpl et eG aph[10]]

{3

?Bri dges
Bridges[g] gives a |list of the bridges of graph g,
that is, the edges whose renoval disconnects the graph.
Bri dges [Randonilr ee[10]]
{{1, 63}, {4, 7}, {7, 9}, {5, 9}, {5, 10}, {2, 3}, {3, 8}, {8, 10}, {1, 10}}
g = GidGaph[1l0, 107;
Bri dges[g]
{}

Bri dges[s = AddEdges [G aphUni on[Weel [5], Weel [7]1]1, {{{5, 6}}}1]

{{5, 6}}
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ShowG aph[s, VertexNunber -> On, Pl ot Range -> Large[0.05]]

- Graphics -

? EdgeConnectivity

EdgeConnectivity[g] gives the m ni num nunber
of edges whose del etion fromgraph g disconnects it.

EdgeConnectivity[ Gi dG aph[20, 5]]

EdgeConnecti vity[s = AddEdges [G aphUni on[Wheel [5], Wheel [7]1]1, {{{5, 63}}}1]
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EdgeConnecti vi ty [ RandonmG aph[20, . 3] ]

EdgeConnecti vi ty [ RandonG aph[20, .5] ]

EdgeConnecti vi ty [ RandomG aph[20, . 7] ]

10

EdgeConnectivity [ Conpl et eG aph[10] ]

TIMING DISCUSSION

EdgeConnectivitys extremelyslow becausét calls NetworkFlown times.220seconddor a5 X 250grid graph!! This
needssubstantiatepair. Theway to do EdgeConnectivitefficiently would be to implementthe Stoer—-Wagnexigorithm.|
slhouI_dﬁalsmmplementpreflow—pusho speeduphe NetworkFlowalgorithm.l shouldthendo atiming comparisorof both
algorithms.

Thenewimplementations fasterthanthe old implementationbutthis is noreasorto gloatgiventhatbothimplementa
tionsareterribly slow.

TODO
* ImplementStoer-Wagnealgorithmfor edgeconnectivity.
* Implementthe pre—flonpuchalgorithmfor Networkflows.

gt = Tabl e [Randontzraph[5i, N[1/ (5i)]]1, {i, 15}1;

rt = Tabl e [Ti mi ng[ EdgeConnectivity[gt [[i1]11; 1, {i, 15}]

{{0. Second, Null }, {0.047 Second, Null }, {0.047 Second, Null },
{0. 109 Second, Null }, {0.125 Second, Null }, {0.188 Second, Null },
{0. 25 Second, Null }, {0.469 Second, Null }, {0.453 Second, Null },
{0. 875 Second, Null }, {0.578 Second, Nul |}, {0.812 Second, Null },
{0. 938 Second, Null }, {1.031 Second, Null }, {1.063 Second, Null }}
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Map [V, gt]

{5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75}

Map [M gt ]

{1, 6, 5, 10, 11, 13, 14, 26, 25, 36, 26, 40, 43, 44, 37}

ListPlot [ Map[ #[[1, 111 & rt], PlotJoined -> True]

0.6

0.4

- G aphi cs -
gt = Table [GidGaph[5, 5i], {i, 10}];

rt = Tabl e [Ti mi ng[ EdgeConnectivity[gt [[i1]11]; 1, {i, 10}]

{{0. 609 Second, Null }, {2.422 Second, Null },
{5.578 Second, Null }, {10.078 Second, Nul | }, {16.453 Second, Null },
{23.985 Second, Nul |}, {33.437 Second, Null },
{42. 672 Second, Null }, {54.828 Second, Nul |l }, {95.625 Second, Nul |l }}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

- Graphi cs -
h = Tabl e [Di screteMat h* A dConbi nat ori ca’ RandomGraph[i *5, N[1/5i]], {i, 5}]

Tabl e [
Ti mi ng[ D screteMat h* A dConbi nat ori ca’ EdgeConnectivity[ h[[i]1]11; 1, {i, 5}]

{{0. 015 Second, Null }, {0.094 Second, Null },
{0. 625 Second, Null }, {2. Second, Null }, {4.375 Second, Null }}

? Vert exConnectivity

Vert exConnectivity[g] gives the ninimum nunber
of vertices whose deletion fromgraph g di sconnects it.

VertexConnectivity[ GidGaph[10, 3] ]

VertexConnectivity[ Star [30] ]
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Vert exConnecti vity[ Conpl et eGraph[4] ]

Di scret eMat h* A dConbi nat ori ca’ Vert exConnectivity [
Di scret eMat h* A dConbi nat ori ca' Conpl et eG aph [ 4] ]

NOTES

* Thﬁ‘- co_n\rqentioris to definethevertex—connectivitgf a completegraphof n verticesasn—1.0ld Combinatoricaloesnot
getthisright.

TIMING DISCUSSION

Vertex connectivityis too slow —thatfact thatthe old versionof this functionis evensloweris not a sourceof comfort.

Calling Network Flow n timesis abadideaandanoverkill. As | write in thecommentdor EdgeConnectivityl should

anlementtheStoer—Wagn@dgorlthmfor bothedgeandvertexconnectivity. Of course] shouldalsospeedip network
ow.

g = GidG aph[10, 4]; h = DiscreteMth' d dConbi natorica' GidG aph[10, 4];

Timi ng[ VertexConnectivity[g]; ]

(7.485 Second, Nul | }

Timi ng[ D screteMat h* A dConbi nat ori ca' Vert exConnectivity[h1]; ]

{20. 64 Second, Nul I }

? Vert exConnecti vi t yG aph

VertexConnectivityGraph[g] returns a directed graph that
contains an edge corresponding to each vertex in g and in which
edge disjoint paths correspond to vertex disjoint paths in g.

NOTES

* Thisfunctionwashiddenin old Combinatorical think it producesnterestinggraphsandthereforehavemadethe new
function public. | havealsotried to give theverticesa reasonablembeddinghatshowswhattranspiredThefunction
producedirectedgraphs.
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ShowGr aph[g = Randoniree[10]]

- G aphi cs -

NOTES
Thefollowing examplealsotriesto showthe useof relativeheadscalingor arrows.| thoughtthis optionwould bevery
useful,butnow | amskeptical Look atthe smallestedges-they seemnotto haveanyarrowheadsThatis only because

their arrowheadsaretoo smallto bevisible.
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ShowGr aph [Vert exConnecti vi tyGraph[g],
HeadScal i ng -> Rel ati ve, | mageSi ze -> 400, VertexStyl e -> Di sc[0.015]]

- Graphi cs -

TIMING DISCUSSION

The abovetiming informationshowsthatconstructinghe vertexconnectivitygraphtakesvirtually no time ascomparedo
the computatiorof vertexconnectivityitself: 0.02s vc 26 s. Sono significantimprovemenbf VertexConnectivitywill
comefrom improvingthe constructiorof the vertexconnectivitygraph.

g = GidGaph[10, 4]; Timng[ VertexConnectivityG aph[g]; ]

{0. Second, Nul I}
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TO DO

Both EdgeConnectivityandVertexConnectivityneedto haveoptionsthatwill makethefunctionsreturnasmallesedge—
cut or smallestvertex—cutespectively.

?Harary
Harary [k, n] constructs the m nimal k-connected graph on n vertices.

ShowGr aph[Harary [3, 10]]

- G aphi cs -
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ShowGraph[Harary [7, 13]]

AN

0‘4

>

Z/A

- G aphi cs -

Conpl et eQ[Harary [8, 911

True

Conpl et eQ[Har ary [10, 9]]

Conpl et eQ[Har ary [10, 9] ]

TIMING DISCUSSION

1 ‘
N

z
2

i

SO

[ >S<

Harary[n,k] seemdo belinearbothin n andin k. | needto look atthe codemorecarefullyto determinef thisis indeed

true.l amsurprisedhatit is linearin n.

As canbeseenfrom thetiming resultsbelow,constructiorof the Hararygraphusingthe old versionof thefunctionis
fasterthanusingthe newversion.Thisis becausdiararymakesa call to CirculantGraplandCirculantGraplis extremely
fastin theold versionbecausét usesextremelyconvenienin—builtmatrix/vectoroperationsl don’t think muchcanbe

doneto improvethe"new" versionof Harary.
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rt =Tabl e[Ti m ng[ Harary [5,

{{0. Second, Null}
{0. Second, Null }
{0. Second, Nul |}
{0. 016 Second, Nu
{0. 016 Second, Nu
{0. 015 Second, Nu
{0. 031 Second, Nu

ListPlot [ Map[#[[1, 1]1] &

0. 03
0. 025
0. 02
0. 015
0.01
0. 005

. 015 Second, Null },
. Second, Nul I 3},
. 016 Second, Null },

{0. 015 Second, Nul
{0. 015 Second, Nul
{0. 031 Second, Nul

I
I
I
{0. 032 Second, Nul |

rel,

i *1071;1, {i,

20}]

{0. 016 Second, Null },

{0. 015 Second, Nul | 3},
, {0.016 Second, Null 3},
, {0.032 Second, Null 3},
, {0.016 Second, Null 3},

13

}
%
1, {0.031 Second, Nu

Pl ot Joi ned -> True]

- Graphi cs -

Tabl e [Ti mi ng[ Di screteMat h* A dConbi nat ori ca‘ Harary [5,

{{0. Second, Null }
{0. Second, Null }
{0. Second, Null}
{0. Second, Null}

)

L]

L]

]

{0
{0
{0
{0

{0. 015 Second, Null 3},

rt =Table[Timng[ Harary [5,

{{0. Second, Null}
{0. Second, Nul I}
{0. Second, Nul I}
{0. 016 Second, Nu
{0. 016 Second, Nu
{0. 015 Second, Nu
{0. 016 Second, Nu

’
’
1]

{0.
{0.
{0.

I}
I}
I}
I}

’
3
L]

L]

. Second, Null 3}, {O.
. Second, Null 3}, {O.
. 016 Second, Null 3},
. 016 Second, Null 3},
I }!

{0. Second, Nul
i «101; 1, {i

016 Second, Null 3},
Second, Nul | },
016 Second, Null 3},
{0. 016 Second, Nul
{0. 016 Second, Nul
{0. 032 Second, Nul

I
I
I
{0. 031 Second, Nul I

i »10]; 1,

Second, Null },
{0. Second, Nul

[ 1,
{0. Second, Null },
{0. Second, Null },

, 20}]

{0. 015 Second, Nul | 3},

{0. 015 Second, Null 3},
, {0.015 Second, Nul
, {0.031 Second, Nul

{0. 031 Second, Nul
, {0.031 Second, Nul

—— e

{0. Second, Nul I },
Second, Null }, {0. Second, Null },
{0. Second, Null },
{0. Second, Null },
{0. 016 Second, Nul | }
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

0. 03
0. 025
0. 02
0. 015
0.01
0. 005

- Graphi cs -

BUG
Theold Hararyis producinganerrormessagéere.How come?

Tabl e [Ti mi ng[ Di screteMat h* A dCombi natorica' Harary[i «5, 10];71, {i, 3, 20}]

?ldentical Q

Identical Q[g, h] yields True if graphs
g and h have identical edge lists, even though the
associ ated graphics informati on need not be the sane.

g = Conpl eteG aph[10];

I denti cal Q[g, Conpl et eG aph[10]]

Tr ue

I denti cal Q[g, Weel [10]]

Fal se
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g = AddEdges[g, {{{1, 2}}}1;

I denti cal Q[g, Conpl et eG aph[10]]

Fal se

I dentical Q[Circul ant G aph[10, Range[5]], Conpl eteG aph[10]]

True

I denti cal Q[
RenoveMul ti pl eEdges [Ci r cul ant Graph[10, Range[5]]], Conpl eteG aph[10]]

True

I denti cal Q[G aphDi f f erence [Wheel [11], AddVertices[Cycle[10], 1]], Star[11]]

True
g = GidG aph[100, 1007];

Tim ng[|ldentical Q[g, g]; ]

{0. 14 Second, Null }

TIMING DISCUSSION

The"new" versionof IdenticalQis quitefast—10, 000 vertex—graphis lessthana second Of coursethe old versionof this
functionis alsoextremelyfastsinceit involvescomparingthetwo adjacencymatrices.

? | sonor phi smQ

I somor phi snQ[g, h, p] tests if pernutation
p defines an isonorphi smbetween graphs g and h.
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| sonor phi smQ[Conpl et eGraph[10], Conpl et eG aph[10], RandonPernutati on[10]]

True

tf = Map[l sonor phi smQ[Cycl e[4], Cycle[4], #] & Pernutations[Range[4]]]

{True, Fal se, Fal se, Fal se, Fal se, True, Fal se, True, Fal se, True, Fal se, Fal se,
Fal se, Fal se, True, Fal se, True, Fal se, True, Fal se, Fal se, Fal se, Fal se, True}

Lengt h[Sel ect [tf, (#==True) &]]

NOTES

* Theautomorphisngroupof a4-cyclds anorder—&ubgroupof the symmetricgroupS_4.This is basicallythe dihedral
groupon 4 elements.

TIMING DISCUSSION

Thenewimplementatiorof this functionseemso bequadratian runningtime. Thisis becausénducePermuteSubgrapt
is quadratic. Thishouldbe speededip.

TODO
Speedup theInducePermuteSubgrafiimction.

;I_'hrt]ao!d ir]rc]plelmentatiorof functionis muchfasterthanthe newimplementatiorbecauseheold InduceSubgrapts
ightning fast!

Tabl e[Gi dG aph[20, 10i ], {i, 8}1;
Tabl e [RandonPer mut ati on[200i ], {i, 8}1;

gt
pt

rt = Tabl e[Ti m ng[ | sonorphi smQ[gt [[i 11, ot [[i]11, pt[[i1]11; 1, {i, 8}]

{{0.031 Second, Null }, {0.125 Second, Null },
{0. 219 Second, Null }, {0.375 Second, Null }, {0.531 Second, Null },
{0. 735 Second, Null }, {0.984 Second, Null }, {1.266 Second, Null }}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

- Graphi cs -

ht

rt

{1
{

= Tabl e[ Di scret evat h* A dConbi natorica' Gi dG aph[20, 10i ], {i, 8}1;

= Table[ Tim ng[ Di screteMath® A dConbi nat ori ca’ | somor phi smQ[
gt [[i 11, gt [[i11, pt[[i111;1, {i, 8}]

0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Null },
0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Nul | }}

21

I's

sonor phi sm

onor phi sm[g, h] gives an isonorphi sm between graphs g and h

if one exists. Isonorphismig, h, All] gives all isonorphisns

bet ween graphs g and h. |sonorphi sm[g] gives the autonorphism
group of g. This function takes an option Invariants -> {f1,

f2, ...}, where f1, f2, ... are functions that are used to
compute vertex invariants. These functions are used in the order
in which they are specified. The default value of Invariants

is {DegreesO 2Nei ghbor hood, Nunber Of 2Pat hs, Di stances}.

| sonor phi sm[Wheel [10], Conpl et eG aph[10]]

{3
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Al

Wheel [5],

| sonor phi sm[Wheel [5],

Al

| sonor phi sm[St ar [5], Star [5],

Star [10]]

| sonmor phi sm[Wheel [10],

{3

Al

Cycl e[10],

| sonor phi sm[Cycl e[10],
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NOTES
* Theaboveis theautomorphisngroupof a 10—cycleThisis isomorphicto the dihedralgroupon 10 symbols.

TIMING DISCUSSION

alreadyslow)
pit

(nthathel

y's Nauty specializesn graph

yof heuristicgo this functio

oesnotsuffice.BrendanMcKa

niceto addavariet
atup andseehow it doeswhatit does.

It would bevera/

w —the newerversionof thefunctionseemsslowerthantheolder
Backtrack asit is

pair.

phisnfunctionis extremelyslo
needsma||0rre
.Clearly,

runethe searchspaceguickl
|psomorphism—l shoul%fookt%

function. This function,

Theisomor

10, 20, 2}1;

{il

h = Tabl e[Cycle[i ],

20, 23}71;

10,

{il

g = Table[Cycl e]i ],

{i, 6}1]

Alll:1,

grriin,

Tabl e [Ti mi ng[ | sonmor phi sm[g[[i 1],

$Abort ed
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Tabl e[Ti m ng [
Di scret eMat h* A dConbi natori ca‘' | sonor phi smfh[[i 1], h[[i]], Al]1; 1, {i, 6}]

{{0. Second, Null }, {0.015 Second, Null }, {0. Second, Null },
{0. Second, Null }, {0. Second, Null }, {0. Second, Null }}

NOTES
* Now thenewIsomorphismalsoyieldsthe automorphisngroupif calledwith a singlegraph.

| sonor phi sm[Cycl e [5]]

| sonor phi sm[Pat h[5]]

{{1, 2, 3, 4, 5}, {5, 4, 3, 2, 1}}

| sonor phi sm[t = Randonilree[7]]

({1, 2, 3, 4, 5, 6, 7}, {1, 7, 3, 4, 5, 6, 2}}
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ShowG aph[t, VertexNunber -> On, Pl ot Range -> Large[.1]]

- Graphics -

? 1 sonor phi cQ

I sonor phi cQ[g, h] yields True if graphs g and h are isonorphic.
This function takes an option Invariants -> {f1, f2, ...},
where f1, f2, ... are functions that are used to conpute
vertex invariants. These functions are used in the order in
whi ch they are specified. The default value of I|nvariants
is {DegreesO™ 2Nei ghbor hood, Nunber Of 2Pat hs, Di stances}.

| sonor phi cQ[Wheel [10], Wheel [10]]

True
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| sonmor phi cQ[Conpl et eGraph[8], G aphJoi n[Conpl et eGaph[4], Conpl eteG aph[4]1]]

True

| sonor phi cQ[ Randonilr ee [20], Conpl et eG aph[20] ]

Fal se

? Equi val ences

Equi val ences[g, h] lists the vertex equival ence cl asses between graphs g
and h defined by their vertex degrees. Equival ences[g] lists the
vertex equival ences for graph g defined by the vertex degrees.

Equi val ences[g, h, f1, f2, ...] and Equival ences[g, f1, f2, ...]
can al so be used, where f1, f2, ... are functions that conpute
other vertex invariants. It is expected that for each function
fi, the call fi[g, v] returns the corresponding invariant at
vertex v in graph g. The functions f1, f2, ... are evaluated

in order, and the evaluation stops either when all functions
have been eval uated or when an enpty equival ence class is found.

NOTES
* Theexamplebelowshowsthatthefirst 9 verticesin WheelLlO],eachof which hasdegree3, cannotbe mappecdnto

anyvertexin CompleteGraph[10jwhile the 10thvertexin Wheel[10],which hasdegreed, canbe mappednto any
vertexin CompleteGraph[10].

Equi val ences [Wheel [10], Conpl eteG aph[10]]

{43 {3 {3 {3 {3 3 (3 (3 (1, 2,3, 4 5,6,7, 8, 9, 10})

Equi val ences [Pat h[10], Conpl et eG aph[10]]

(0 4 0 () (1)

Equi val ences[Pat h[10], Path[10]]

{{1, 10}, {2, 3, 4, 5, 6, 7, 8, 9}, {2, 3, 4 5, 6, 7, 8 9},
{2, 3, 4, 5,6, 7,8, 9}, {2, 3, 4,5,6,7, 8 9}, {2, 3 4,5,6, 7, 8 9},
{2, 3, 4,5 6,7, 8,9}, {2,383 4,5 6,7,8, 9}, {2, 3, 4 5, 6,7, 8 9}, {1, 10}
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NOTES

Below | constructwo non—isomorphi8—-vertex3-regulagraphs.Thefirst of thesethesetwo graphs, hasseveratriangles
while the secondgraphis Hypercube[3]whichis bipartite.NotethatsinceEquivalences[gh] paysattentiononly to vertex
degreest endsup concludingthateveryvertexin thefirst graphcanbe mappednto everyvertexin thesecondyraph.
Looking atthe adjacencymatrix of the square®f thesegraphsquickly resolveghe confusionand

g = GraphUnion[ Cycl e[4], Cycle[4]]; ShowG aph[g, VertexNumber -> On]

1 5
2 6

3 7
- G aphics -

g = AddEdges[g, { {{1, 5}}, {{2, 4}}, {{6, 8}}, {{3, 7}}1}L;
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ShowG aph[g, VertexNunber -> On, Pl ot Range -> Large[0. 1]]

1 5
2 6
3 7
- Graphi cs -

Degr eeSequence[ g ]

{3, 3, 3, 3, 3, 3, 3, 3}
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ShowGr aph[h = Hypercube[ 3] ]

- Graphi cs -

Degr eeSequence[ h ]

{3, 3, 3, 3, 3, 3, 3, 3}

h1]

Equi val ences [g,

0 00 0
NN
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| sonor phi sm[g,

{3
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Equi val ences [ G- aphPower [g, 2], G aphPower [h, 2]]

{{1, 2, 3, 4,5, 6, 7, 8}, {1}, {1, 2, 3, 4, 5, 6, 7, 8},
{y, {1, 2, 3, 4, 5, 6, 7, 8}, {}, {1, 2, 3, 4,5, 6, 7, 8}, {}}

NOTES

* Thisis simply the beginningsof how | think Isomorphisncanbeimproved.l think thatusingAllPairsShortestPattis
probablytoo costlya methodto determineequivalencedt would deﬂmtel¥ befasterto usethe numberof pathsmatrix for
pathsof somesmallconstantength.This matrix canbe computedoy slmEematr|x multiplication,which will makethe
computatiorrelativelyfast.Also, the usershouldbe allowedto play with Equivalencesothatusingdifferentmethodsthe
equivalencesanbe mademorefine. Hereis anexample.

gm = Path[10]; gn2 = GraphPower [gm 21;

Equi val ences [gn2, gn2]

6, 7, 8}, {3, 4,5 6
51 61 71 8}! {31 41 51

{{1, 10}, {2, 9}, {3, 4,
3

5 , 8}, {3, 4 5, 6, 7, 8},
{3, 4, 5, 6, 7, 8}, {3, 4, 7

7
6, 7, 8}, {2, 9}, {1, 10}}

NOTE

* Noticethatsincewe usedthe 2nd powerof the adjacencymatrix, we havefiner equivalencelassesSimilarly, the
situationimproveswith thethird powerof the adjacencymatrix. Finally, whenwe getto the 5th powerof adjacency
matrix, it is clearthatthereareonly two candidatgpermutationshatwe needto try: identity andthe path"flip”. In this
case bothareisomorphisms.

Equi val ences [gnB = G aphPower [gm 3], gnB]

{{1, 10}, {2, 9}, {3, 8}, {4, 5, 6, 7}, {4, 5, 6, 7},
{4, 5, 6, 7}, {4, 5 6, 7}, {3, 8}, {2, 9}, {1, 10}}

Equi val ences [gnb = G aphPower [gm 5], gnb]
{{1, 10}, {2, 9}, {3, 8}, {4, 7}, {5, 6}, {5, 6}, {4, 7}, {3, 8}, {2, 9}, {1, 10}}
Equi val ences [Wheel [5]]

({1, 2, 3, 43}, {1, 2, 3, 4}, {1, 2, 3, 4}, {1, 2, 3, 4}, {5}}

Equi val ences [Conpl et eGr aph[4]]

({1, 2, 3, 4}, {1, 2, 3, 4}, {1, 2, 3, 4}, {1, 2, 3, 4}}
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? Aut onor phi sns

Aut onor phi sns [g] gi ves the autonorphi smgroup of the graph g.

Aut onor phi sns [St ar [4]]

{{1, 2, 3, 43}, {1, 3, 2, 4}, {2, 1, 3, 4}, {2, 3, 1, 4}, {3, 1, 2, 4}, {3, 2, 1, 4}}

? Sel f Conpl enent aryQ

Sel f Conmpl enentaryQ[g] yields True if graph g is self-
conpl enentary, meaning it is isonorphic to its conpl enent.

Sel f Conmpl enent ar yQ[Pat h[4]]

True

Sel f Conpl enent aryQ[Cycl e [5]]

True

Sel f Conpl enent ar yQ[Pat h[5]]

Fal se

? Fi ndCycl e

FindCycle[g] finds a |ist of vertices that define a cycle in graph g.

NOTES

* FindCycleneeddo haveanedgeoptionthatwill causethefunctionto returntheedgesn acycle. This optioncanthen
be carriedoverto ExtractCycles.
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- Graphics -

{4, 1, 3, 4}



52

Chapter5.nb

ShowGr aph [t = AddEdges [Randonmiree[10], {{{1, 10}}}1,
Vert exNunmber -> On, Pl ot Range -> Large[0. 05]]

- Graphi cs -

Fi ndCycl e[t ]

{10, 1, 2, 6, 9, 4, 5, 3, 10}

Hi ghl i ght Cycl e[t _Graph] : = Highlight [t, ¢ = FindCycle[t];
{Tabl e[Sort [{c[[i]], C[[i +111}1, {i, Length[c] -1}1},
Hi ghl i ght edEdgeCol ors -> {Red}] /; UndirectedQIt ]

Hi ghl i ght Cycl e[t _G aph] : = Highlight [t,
c = FindCycle[t]; {Table[{c[[i]], c[[i +111}, {i, Length[c] -1}1},
Hi ghl i ght edEdgeCol ors -> {Red}]



Chapter5.nb

53

ShowGr aph [Hi ghl i ght Cycl e[t ],

10

- Graphics -

Ver t exNunber -> On]
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ShowG aph[t = Set G-aphOptions[GidG aph[5, 5], EdgeDirection ->On,
Ver t exNunber -> Text [{-0.03, -0.03}]], PlotRange -> Large[0.07]]

A X % 4 ]

' ST S S S |
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S
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=y
5 |
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3

- Graphi cs -
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ShowGr aph[t =
AddEdges [Del et eEdges [t, {{16, 17}, {17, 22}}1., {{{17, 16}}, {{22, 17}}}1,
Ver t exNunber -> On, Pl ot Range -> Large[0. 1]]
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ShowGr aph [Hi ghl i ght Cycl e[t 1]

Y
3
i

=y
=Y
=1

16 17,

=
=Y
=
3
=l

S
=y
S
=l

¥
¥
Y
Y

- G aphi cs -

NOTES
* FindCyclecandealcorrectlywith multiple edgeslt reports2—cyclegorrectly.In fact, it reportsself-loopslsocorrectly.

t = AddEdges[Path[4], {{{1, 2}}}1;

Edges [t ]

{{1, 2}, {2, 3}, {3, 4}, {1, 2}}

Fi ndCycl e[t ]

{1, 2, 1}
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t = AddEdges[ Path[4], { {{1, 1}}} 1;

FindCycle[t ]

ok, g

TIMING DISCUSSION

The plot of thetableof timingsfor FindCKIeon randomgraphss quite strange-partly causedy thefactthatthegraphs
arerandomandpartly causedy thefactthatthe functionstopsassoonasit finds acycle.

The plot of FindCycletimingsfor grid_%aphsis ShtO\tI}Inbel()W.ThiS is linear,butthisis just becausehe functionquickl
Theasymptoticunning

finds 4-cyclesn eachof thesegraphs time of thefunctionis definitely quadraticandthis needgo

befixed.

The newversionof FindCyleis fasterthantheold version,but the newversioncouldbeimprovedsomemore.
TODO

Speedup FindCycle.

gt =Tabl e[ RandonGraph[50i, N[1/ (50i)11, {i, 10}1;

rt

Tabl e[ Ti mi ng[ Fi ndCycle[gt [[i]1]11;]1, {i, 10}]

{{0. 016 Second, Nul
{0. 031 Second, Nul
{0. 031 Second, Nul
{0. 359 Second, Nul

{0. 047 Second, Nul
, {0.094 Second, Nul
, {0. 156 Second, Nul
, {0.328 Second, Nul

e
e

| 7{0.313 Second, Null},
, {0.688 Second, Null }}

ListPlot [ Map[ #[[1, 111 & rt], PlotJoined->True]

© © © o o o o
P, N W~ O O N

\

- Graphi cs -
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gt = Table[ GidG aph[20, 10i], {i, 10}];
ct = Table[0, {10}];
rt = Table[Timng[ct [[i]] = FindCycle[gt [[i]]1;1, {i, 10}]

{{0. 015 Second, Null
{0. 047 Second, Nul |
{0. 078 Second, Nul |
{0. 125 Second, Nul |

, {0.031 Second, Null
, {0.063 Second, Null
, {0.109 Second, Null
] I

| {0.11 Second, Nul | },
{0. 172 Second, Null },

{0. 171 Second, Null }}
ct

({39, 19, 20, 40, 39}, {39, 19, 20, 40, 39},
{39, 19, 20, 40, 39}, {39, 19, 20, 40, 39},
{39, 19, 20, 40, 39}, {39, 19, 20, 40, 39}, {39, 19, 20, 40, 39},
(39, 19, 20, 40, 39}, {39, 19, 20, 40, 39}, {39, 19, 20, 40, 39})

ListPlot [ Map[ #[[1, 1]1] & rt], PlotJoined -> True]

0.175;
0.15;

0.125;

0.075;

0. 05

0}2{7’—

- Graphi cs -

ht =
Tabl e [Di scr et evat h* A dConbi nat ori ca’ Random& aph[50i, N[1/ (50i)1], {i, 5}]
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rt = Tabl e[Ti m ng[ Di screteMat h* O dConbi natorica' Fi ndCycle[ht [[i]111; 1, {i, 5

{{0.016 Second, Null }, {0.062 Second, Null },
{0. 188 Second, Null }, {0.281 Second, Null }, {0.797 Second, Null }}

? AcyclicQ
AcyclicQ[g] yields True if graph g is acyclic.

Acycl i cQ[Randonilr ee [100] ]

True

AcyclicQ[Gi dG aph[10, 10]]

Fal se

Acycl i cQ[Set G aphOpti ons[Gi dG aph[10, 10], EdgeDirection ->0On]]
True

?TreeQ
TreeQ[g] yields True if graph g is a tree.

TreeQ[St ar [100] ]

True

$Recursi onLi mit = 10000;
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TreeQ[Pat h[1007]

True

Tr eeQ[Randomlree[10]]

True

Tr eeQ[Conpl et eGraph[10]]

Fal se

TreeQ[Weel [10]]

Fal se

? Extract Cycl es

Extract Cycles[g] gives a maximal |ist of edge-disjoint cycles in graph g.

Extract Cycl es [Wheel [10]]

{{9, 1, 2, 3, 4, 5, 6, 7, 8, 9}}

, 8, 3, 9}, {9, 8, 2, 93},
5}, {3, 1, 2, 3}}
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cl = Map[Map[Sort, Partition[#, 2, 1]]1& cl]

{{{6, 9}, {6, 8}, {7, 8}, {7, 9}}, {{4, 9}, {4, 8}, {5, 8}, {5, 9}}
{{4, 7}, {4, 6}, {5 6}, {5 71}, {{1, 9}, {1, 8}, {3, 8}, {3, 9}}
{{8, 9}, {2, 8}, {2, 9}}, {{1, 7}, {1, 6}, {3, 6}, {3, 7}},

{{6, 7}, {2, 6}, {2, 7}}, {{1, 5}, {1, 4}, {3, 4}, {3, 5}},

{{4, 5}, {2, 4}, {2, 5}}, {{1, 3}, {1, 2}, {2, 3}}}

ShowG aph [Hi ghl i ght

[Conpl et eGraph[10],

cl 1]
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TIMING DISCUSSION

As | discoveredvhenl timed OrientGraphthe ExtractCyclesunctionis extremelyandunnecessarilglow. This function
seemsamenabléo significantspeedupHereis atiming ex;%erlment.Thoughthe newversionseemso beroughly3-4

timesfasterthantheold function,it could probablybe muchfaster.

g = Table[GidGaph[i *5, 5], {i, 5}1;
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Tabl e[ Ti m ng[ ExtractCycles[g[[i11]1; 1, {i., 5}]

{{0.078 Second, Null }, {0.266 Second, Null },
{0. 594 Second, Null }, {1.125 Second, Null }, {1.797 Second, Null }}

h = Tabl e[Di screteMat h* A dConbi natori ca' GidGaph[i *5, 5], {i, 5}1;

Tabl e[ Ti mi ng[ Di screteMat h* A dConbi natori ca' Extract Cycles[h[[i11]; 1, {i, 5}]

{{0.078 Second, Null }, {0.438 Second, Nul | },
{1.203 Second, Null }, {2.672 Second, Null }, {4.969 Second, Null }}

?Del et eCycl e

Del eteCycle[g, c] deletes a sinple cycle ¢ fromgraph g. ¢ is specified
as a sequence of vertices in which the first and |l ast vertex are
identical. g can be directed or undirected. If g does not contain
c, it is returned unchanged, otherwise g is returned with ¢ del eted.

NOTE
* Thisfunctionshouldprobablybe ableto deleteseverakyclesin oneshot.
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ShowGr aph [Del et eCycl e [Conpl et eG aph[10], {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 1}]

- G aphi cs -

| denti cal Q[Del et eCycl e [Wheel [10], {1, 2, 3, 4, 5, 6, 7, 8, 9, 1}]1, Star [10]]

True

TIMING DISCUSSION
Both versionsof DeleteCyclearepretty fastandthereis notmuchscopefor improvementere.

g = GidGaph[30, 301;

Tim ng[ Del eteCycle[g, {1, 2, 3, 33, 32, 31, 1}1; 1

{0. 094 Second, Nul I}
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h = Di screteMath' d dConbi natorica‘GidG aph[30, 30];

Ti m ng[
Di screteMat h* A dConbi natori ca‘ Del et eCycl e[g, {1, 2, 3, 33, 32, 31, 1}1; 1

{0. Second, Null }

?Grth

Grth{g] gives the length of the shortest cycle in a sinple graph g.

NOTES

* ThenewGirth shouldprobablyreturna cyclethatrealizeshegirth.lt mighthavebeenfun to havea constructiorof a
graphwith arbitrarily largegirth AND arbitrarily largechromaticnumber. NesetrilandRodl supposedifhavea construe
tion thatis nottoo complicated.

G rth[Wheel [10]]

Grth[GidGaph[5, 5]]

Grth[Cycl e[10]]

10
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ShowG aph[t = AddEdges [Cycl e[10], {{{1, 6}}}1]

- G aphi cs -

Grthit]

G rth[Conpl et eG aph[4, 4]]

G rt h[Randonree[10]]

TIMING DISCUSSION
I needto look atthe codeof Girth to figure outwhatits asymptoticunningtime is. The plot belowindicateghatit is
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superlinearl suspecitt’s runningtimeis cubic.
The newversionof Girth is a shadefasterthanthe olderversionof Girth. Canit be speededip significantly?

gt = Tabl e[RandonGraph[i =10, .41, {i, 1, 10}1;

rt =Table [Timing[Grth[gt [[i]11]; 1, {i, 10}]

{{0. Second, Null }, {0.016 Second, Nul I },
{0. 047 Second, Null }, {0.062 Second, Null },
{0. 094 Second, Null }, {0.156 Second, Nul |l }, {0.188 Second, Null },
{0. 266 Second, Null }, {0.343 Second, Nul | }, {0.438 Second, Null }}

ListPlot [ Map[ #[[1, 111 & rt], PlotJoined -> True]

- Graphics -
ht = Tabl e [Di scr et eMat h* A dConbi nat ori ca' Random& aph[i 10, .47, {i, 1, 10}];

rt =Table [ Ti ming[D screteMat h* A dConbi natorica' Grth[ht [[i]1]1]; 1, {i, 10}]

{{0. Second, Null }, {0.031 Second, Null },
{0. 031 Second, Null }, {0.063 Second, Null },
{0. 125 Second, Null }, {0.156 Second, Nul |l }, {0.219 Second, Null },
{0. 281 Second, Null }, {0.375 Second, Null }, {0.438 Second, Null }}
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? Qut Degr ee

Qut Degree[g, n] returns the out -degree of vertex
nin directed graph g. QutDegree[g] returns the sequence
of out -degrees of the vertices in directed graph g.

Qut Degree[t = Set GraphOptions[GidGaph[5, 7], EdgeDirection->0On]]

{2, 2, 2, 2, 1, 2, 2
2,2, 2, 2,1, 2, 2

ShowGr aph[t, VertexNunber -> On, Pl ot Range -> Large[0.07]]

ST S S G G
"1
ag
iof
ug

=y =1 1 3
T3 =1 1 1
T =3 o3 3 3 3
T 1 3 3 3 3

- Graphi cs -

CQut Degree[
Set Gr aphOpt i ons [Gr aphUni on[10, Conpl et eGraph[1]], EdgeDirection ->0On]]

{0, 0, 0, 0, 0, 0, 0, O, O, O}
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? 1 nDegr ee

I nDegree[g, n] returns the in-degree of vertex
nin directed graph g. InDegreejg] returns the sequence
of in-degrees of the vertices in directed graph g.

| nDegr ee [Set G aphOpti ons[Gi dG aph[5, 5], EdgeDirection->0On]]

{0, 1, 1,1,1,1, 2 2 2 2,1, 2 2,2 21,222 21, 2 2 2 2}

? Rever seEdges

Rever seEdges[g] flips the directions of all edges in a directed graph.

NOTES

* ThenewReverseEdgdsasbeencreatedo helpin writing thenewInDegreefunction. This plah/_sthesamerolethat
TransposeGrapplage in theearllerlmglementatlonNowI havegottenrid of TransposeGrapfi.wo questiond haveare
(1) Shouldthenew everseEdg_elsegu lic?(2) Shouldthe newReverseEdgese moregeneralin the sensehatany
subsebf edgesshouldbereversible?
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ShowG aph[t = Set G aphOpti ons[Gi dG aph[5, 5], EdgeDirection ->0On]]
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ShowGr aph [Rever seEdges [t 1]

i
A
A
A

S
S
S
S

- Graphics -

& 1 r
& 1 r

? Eul eri anQ

Eul eri anQ[g] yields True if the graph g is Eul erian, neaning
there exists a tour which includes each edge exactly once.

Eul eri anQ[Conpl et eG aph[9]]

True

Eul eri anQ[Cycl e[10]]

True
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Eul eri anQ[t = Gi dG aph[5, 5]]

Fal se

ShowGr aph[t, VertexNunber -> On, Pl ot Range -> Large[0. 05]]

21 P 529 539 549 559
169 77 ) ¢ ) ¢ 207
119 7 ) ¢ 7§ ) ¢
3 ¢ 79 2 ¢ o) ¢ 07
. ® =@ =® o =

- Graphi cs -
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ShowG aph[t = DeleteVertices[t, {1, 5, 21, 25}], VertexNunber -> On]

10® 507 519
49 57 67 7Y 18.
o® o) ¢ N ¢ 2 ¢ 37
4@ =9 =9 -9 =
. ® e o
- G aphi cs -

Eul eri anQ[t ]

Fal se
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ShowGr aph[t = Del et eEdges[t, {{9, 10},

{16, 203}, {12, 133}, {2, 6}}11]

- G aphi cs -

Eul eri anQ[t ]

Fal se

$Recur si onLi mit = 100000000000

100000000000

g = GidGaph[70, 707;
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Timng[ Eul eri anQ[g]; 1

{15. 391 Second, Nul |}

Ti m ng[ Connect edQ[g]; ]

{15. 141 Second, Null }

ThenewEulerianQis reativelyslow becaus®f newConnectedQascanbe seenfrom the aboveexample Whenl replace

the cu_rrentConnectedqbc?/ thetasterversion,we shouldseeasignlficantspeedupn thenewEulerianQaswell. It is quite
amazinghow slowthe old versionof EulerianQis; | supposé shouldnot usethatasa benchmark!

g = GidG aph[30, 307;

Timng[ Eul eri anQ[g]; 1

{0. 734 Second, Nul | }
h = DiscreteMat h' A dConbi natorica' Gi dG aph[30, 307;

Timi ng[ Di screteMat h' A dConbi natorica‘ Eul eri anQ[ h ]; ]

{9. 953 Second, Nul |}

? Eul eri anCycl e

Eul eri anCycl e[g] finds an Eulerian circuit of g if one exists.

Eul eri anCycl e[Conpl et eGraph[4, 4]]

{71 21 8! 1! 5l 4l 61 31 71 4! 8l 3l 5l 21 61 1’ 7}
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Eul eri anCycl e [Hyper cube[4]]

{16, 12, 8, 4, 1, 5, 6, 7, 8, 5, 9, 12, 11, 10, 9, 13,
14, 15, 16, 13, 1, 2, 14, 10, 6, 2, 3, 15, 11, 7, 3, 4, 16}

g = Tabl e[Hypercube[i ], {i, 3, 10}1;

Tabl e[Ti ming[ Eul eri anCycle[g[[i1]11;]1, {i, 5}]

{{0. Second, Null }, {0.062 Second, Null },
{0. 016 Second, Null }, {1.14 Second, Null }, {0.063 Second, Null }}

Tabl e[Ti m ng[ ExtractCycles[g[[i1]11;]1, {i, 5}]

{{0.016 Second, Null }, {0.062 Second, Null },
{0. 625 Second, Null }, {1.047 Second, Nul |l }, {18.609 Second, Nul | }}

The seeminglystrangenon—monotonibehaviourf the EulerianCyclgunctionis becaus@f thefactthatHypercubes
\I/Ewtlh odddimensionarenon—Eulerianyhile therestare.EulerianCyclestartsby first checkingif thegivengraphis
ulerian.

Thebottleneckior this functionalsois ExtractCycleswhenthatis speededip, EulerianCyclewill befaster.Of course,
the newversionof thefunctionis fasterthanthe old version,but againthatis no big consolation.

h = Tabl e[Di scret eMat h* A dConbi nat ori ca’ Hypercube[i ], {i, 3, 7}];

Tabl e [Ti mi ng[ Di screteMat h* A dConbi natori ca' Eul eri anCycle[h[[i]1]1;1, {i, 5}]

{{0.016 Second, Null }, {0.063 Second, Null },
{0. 031 Second, Null }, {1.39 Second, Null }, {0.313 Second, Null }}

? DeBr ui j nGr aph

DeBrui jnGaph[m n] constructs the n-di nensional De Bruijn graph with m
synbol s. DeBruijnG aph[al ph, n] constructs the n-di mensi onal De
Bruijn graph with synbols fromalpha. In the latter form the
vertices of the graph are |labeled by length (n-1) strings on al ph.
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ShowG aph[t = DeBruijnG aph[{0, 1}, 4]1]

{0, 0, 1}

- G aphi cs -

states = Map[FrontCharacter Code, Map[(# +48) & Strings[{0, 1}, 3111;
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ShowG aph [Set GraphOpt i ons [t
Tabl e[{{i }, VertexLabel ->states[[i]]}, {i, Length[states]}]],
Pl ot Range -> {{-0.1, 1.2}, {-0.1, 1.2}}]

- Graphi cs -

Eul eri anQ[t ]

True

states[[Eul eri anCycle[t]]]

{000, 001, 010, 101, 011, 111, 111,
110, 101, 010, 100, 0OO1, 011, 110, 100, 000, 000}

In my view, it is moreimBortan_t_to constructa DeBruijn graph,thana DeBruijn sequence-in factit is sim[)DIy oneextra
line of codeto go from a DeBruijn graphto a DeBruijn sequenceSofor now, | havereplacedhefunctionDeBruijnSe

guenceby thenewDeBruijnGraphOf coursewe could alwayshaveboththe graphandthe sequencéunction.

Along with the DeBruijn graphandHypercubewe might alsoconsidemtherinterconnectiometworkslike the shuffle—
exchangebutterfly networketc.
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Tabl e[Ti m ng[ DeBrui jnGraph[ {0, 1}, i1;1, {i, 3, 10}]

{{0. 015 Second, Null }, {0. Second, Null },
{0. 016 Second, Null }, {0.047 Second, Null }, {0.093 Second, Null },
{0. 266 Second, Null }, {1. Second, Null }, {4.031 Second, Null }}

Tabl e [Ti mi ng[ DeBrui jnGraph[ 2, i];], {i, 3, 10}]

{{0. Second, Null }, {0.016 Second, Null },
{0. Second, Null }, {0.016 Second, Null }, {0.062 Second, Null },
{0. 219 Second, Null }, {0.828 Second, Null }, {3.328 Second, Null }}

We areableto constucta 10—dimensiondbeBruijn graph(with 1024vertices)in 4.29seconds-notbad-is therescopefor
improvement?

? Hami | t oni anCycl e

Ham | t oni anCycl e[g] finds a Hamltonian cycle in graph g if one exists.
Hanmi | t oni anCycle[g, All] gives all Hamiltonian cycles of graph g.

Ham | t oni anCycl e [Conpl et eGraph[3, 3], All]

{{1, 4, 2, 5, 3, 6, 1}, {1, 4, 2, 6, 3, 5, 1}, {1, 4, 3, 5, 2, 6, 1},
{1, 4, 3, 6, 2, 5, 1}, {1, 5, 2, 4, 3, 6, 1}, {1, 5, 2, 6, 3, 4, 1},
{1, 5, 3, 4, 2, 6, 1}, {1, 5, 3, 6, 2, 4, 1}, {1, 6, 2, 4, 3, 5, 1},
{1, 6, 2, 5, 3, 4, 1}, {1, 6, 3, 4, 2, 5, 1}, {1, 6, 3, 5, 2, 4, 1}}
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ShowG aph[t = Regul arG aph[4, 7], VertexNumber -> On]

2
3
4
5
- G aphi cs -

Ham | t oni anCycl e[t ]

{1, 2, 5, 6, 3, 7, 4, 1}

Ham | t oni anCycl e [AddEdges [G'i dG aph[5, 5], {{{1, 25}}}1]

{1, 2, 3, 4, 5, 10, 9, 8, 7, 6, 11, 12, 13,
14, 15, 20, 19, 18, 17, 16, 21, 22, 23, 24, 25, 1}

Ham | t oni anCycl e[ G'i dG aph[5, 5] ]

{3
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g = Table[GidGaph [i, i], {i, 3, 6}1;

Table [ Tim ng[ Ham | toni anCycle[g[[i1]11; 1, {i, 4}]

{{0.016 Second, Null }, {0.016 Second, Null },
{25. 265 Second, Null }, {19.922 Second, Null }}

h = Tabl e [ Di screteMt h* A dConbi natorica' GidG aph[i, i], {i, 3, 6}1;

Tabl e [
Ti mi ng[ Di screteMat h' A dConbi natorica‘ Hanmi |l toni anCycle[ h[[i]]11; 1, {i, 4}]

{{0.016 Second, Null }, {0.016 Second, Null },
(25. 359 Second, Null }, {19.812 Second, Null }}

Thereis virtually no differencebetweertherunningtimesof theold versionandthe newversionof HamiltonianCycle.
Again, | think thisis a candidatdor improvement.

? Set EdgeVei ght s

Set EdgeWei ght s[g] assigns randomreal weights in the range [0, 1]
to edges in g. SetWights accepts options Wi ghtingFunction
and Wei ght Range. Wi ghti ngFuncti on can take val ues Random
Random nt eger, Euclidean, LNorm[n] for non-negative n, or any
pure function that takes as input two points. Wi ght Range can
be an integer range or a real range. The default value for
Wei ghti ngFunction is Random and the default value for Wi ght Range
is [0, 1]. SetEdgeWights[g, e] assigns edge weights to the
edges in the edge list e. The options Wi ghtingFunction and
Wi ght Range apply. Set EdgeWei ghts[g, w] assigns the weights in the
weight list wto the edges of g. Set EdgeWi ghts[g, e, w] assigns
the weights in the weight list wto the edges in edge list e.

This functionassigngandomweightsto edgesor verticesof agraph.
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Edges [Set EdgeWei ght s[Gi dG aph[5, 5]], EdgeWei ght ]

({1, 2}, 0.616363}, ({2, 3}, 0.242657}, ({3, 4}, 0.0951651},

({4, 5}, 0.174373}, {{6, 7}, 0.308184}, ({7, 8}, 0.228384}, {{8, 9}, 0.869308},
({9, 10}, 0.317166}, {{11, 12}, 0.0589049)}, ({12, 13}, 0. 947536},
({13, 14}, 0.784791}, {{14, 15}, 0.34625)}, ({16, 17}, 0.956441)
({17, 18}, 0.841366}, {{18, 19}, 0.203512}, {{19, 20}, 0. 682161,
({21, 22}, 0.516524}, {{22, 23}, 0.0789837}, {{23, 24}, 0.0110615},
({24, 25}, 0.108073}, {{1, 6}, 0.0675505}, {{2, 7}, 0.49902},

({3, 8}, 0.0746715}, ({4, 9}, 0.393005}, {(5, 10}, 0.451187},

({6, 11}, 0.256363}, {{7, 12}, 0.979506}, ({8, 13}, 0.218632],

({9, 14}, 0.143003}, {{10, 15}, 0.0279786}, ({11, 16}, 0.110199},
({12, 17}, 0.901465}, {{13, 18}, 0.084098), {{14, 19}, 0.0804427},
({15, 20}, 0.325408}, {{16, 21}, 0.555215}, ({17, 22}, 0.127657}
({18, 23}, 0.239077}, {{19, 24}, 0.121896}, {{20, 25}, 0.873055})

Edges [Set EdgeWei ght s[Gi dG aph[5, 5],
Wei ght i ngFuncti on -> Randonl nt eger, Wi ght Range -> {10, 20}], EdgeWei ght ]

{{{1, 2}, 14}, ({2, 3}, 13}, {{3, 4}, 15}, {{4, 5}, 17}, {{6, 7}, 14},

({7, 81, 123}, {{8, 9}, 133, {{9, 10}, 14}, ({11, 123, 17}, {{12, 13}, 20},
({13, 14}, 123, {{14, 15}, 15}, ({16, 17}, 15}, ({17, 18}, 20}, ({18, 19}, 14},
({19, 20}, 123, {{21, 223, 11}, {{22, 23}, 15}, {{23, 243, 19}, ({24, 25}, 18},
({1, 6}, 17}, {{2, 7}, 17}, ({3, 8}, 10}, ({4, 93, 16}, ({5, 10}, 11},

({6, 11}, 14}, {{7, 123, 16}, ({8, 13}, 193, ({9, 14}, 18}, ({10, 15}, 10},
({11, 16}, 12}, {(12, 173}, 15}, ({13, 18}, 11}, ({14, 19}, 17}, ({15, 20}, 17},
({16, 21}, 18}, ({17, 223}, 17}, {{18, 23}, 19}, {{19, 24}, 13}, {{20, 25}, 12})

Edges [Set EdgeWei ght s[G'i dG aph[5, 5],
Wei ghti ngFuncti on -> Random Wi ght Range -> {-10, 10}], EdgeWei ght ]

({{1, 2}, -6.03332}, {{2, 3}, -1.85982}, ({3, 4}, -2.73121}, {{4, 5}, 3.06176},
(6, 7}, -6.96123}, {{7, 8}, -8.14157), ({8, 9}, 4.77624}, ({9, 10}, -1.01041},
{11, 123}, 6.59344), ({12, 13}, -9.27523}, {{13, 14}, -0.551626},

(14, 15}, -5.58674}, ({16, 17}, -5.45018), ({17, 18}, -1.82038),

(18, 19}, -5.43148}, ({19, 20}, 5.90203}, {{21, 22}, -9. 33851},

(22, 23}, -5.2686}, ({23, 24}, 0.855272}, {{24, 25}, -5.7657),

(1, 6}, -7.4562}, ({2, 7}, -9.77859}, ({3, 8}, -5.48283}, ({4, 9}, -9. 96557},
(5, 10}, 8.57712}, {{6, 11}, 2.08123), ({7, 12}, 7.24838}, ((8, 13}, -3.02733},
(9, 14}, 5.53835), {{10, 15}, 0.222798}, ({11, 16}, -7.52786},

(12, 17}, 7.98309}, {{13, 18}, 8.94491}), {{14, 19}, -0.501968},

{15, 20}, 3.02376}, {{16, 21}, 3.56983}, {{17, 22}, 4.39509},

{

{
{
{
{
{
{
{
{
{
%
({18, 23}, -8.68159)}, ({19, 24}, -1.54476}, ({20, 25}, 7.6678})

Edges [Set EdgeWei ght s[G'i dG aph[3, 31,
Wi ghti ngFuncti on -> Eucl i dean], EdgeWei ght ]

=
—
~
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(*Cet EdgeVei ght s [Set EdgeWei ght s[Gi dG aph[3, 3], Wi ghtingFunction->L[1]]1]%*)

(L{17[{1., 1.}, {2., 1.3], L{11[{2., 1.}, {3., 1.}], L[21[{L., 2.}, {2., 2.}],
L{1][{2., 2.}, {3., 2.}, L[1][{1., 3.}, {2., 3.3], L[1][{2., 3.}, {3., 3.1],
L{1][{1., 1.3, {1., 2.3, L[1][{2., 1.}, {2., 2.3, L[1]1[{3., 1.}, {3., 2.1],
Lrijr{y., 2.3, {1., 3.3, L{110{2., 2.}, {2., 3.}], L[11[{3., 2.}, {3., 3.}1}

Get EdgeWi ght s [
Set EdgeWei ght s [Randontar aph[10, . 3], Wi ghti ngFuncti on -> Eucl i dean]]

{1.90211, 1.17557, 1.61803, 0.618034, 0.618034, 1.17557,
1.90211, 1.17557, 0.618034, 1.61803, 1.90211, 1.61803, 1.17557}

? Set Vert ex\Wei ght s

Set Vert exWei ght s[g] assigns random real non-negative weights to vertices
in g. SetVertexWights[g, Random type, range] assigns random
wei ghts of specified type in the specified range to vertices
in g. SetVertexWights[g, w] assigns the weights in weight
list wto the vertices in g. SetVertexWights[g, v, w] assigns
the weights in weight list wto the vertices in vertex list v.

*BUG: SetVertexWeightshouldhavethe samesyntaxassetEdgeWeights.

Get Vert exWei ght s [
Set Vert exWi ght s[Gi dG aph[3, 3], Random Integer, {10, 20}1]1]

{20, 16, 14, 11, 19, 10, 11, 13, 11}

Get Vert exWei ght s [Set Vert exWei ght s[Gi dG aph[3, 3]1]

{0.611132, 0.160093, 0.110834, 0.764982,
0.543582, 0.661074, 0.0361625, 0.371977, 0.0923942}

? Cet EdgeVei ght s

Get EdgeWei ghts[g] returns the |list of weights of the edges of g.
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g = Set EdgeWei ghts[Gi dG aph[5, 5],
Wei ght i ngFunct i on -> Randonl nt eger, Wi ght Range -> {0, 10}1];

Get EdgeWei ght s[g]

{2, 10, 6, 8, 5, 6, 2, 3, 6, 2, 6, 10, 1, 2, 8, 6, 5, 4, 10,
2, 5 10, 4, 3, 10, 10, 5, 6, 1, 3, 1, 6, O, 4, 2, 7, 8, 7, 4, 3}

? Cet Vert ex\Wi ght s
Get Vert exWei ghts[g] returns the list of weights of vertices of g.

Get Vert exWei ght s [g]

{0, 0, 0, 0,0 00,060,600 00 0004000000000 0

g = Set VertexWei ghts[g, Random |Integer, {100, 200}];

Get Vert exWei ght s [g]

{178, 150, 186, 129, 156, 103, 107, 187, 118, 119, 131, 150,
149, 178, 158, 149, 189, 119, 130, 197, 157, 162, 121, 199, 130}

? Cost O Pat h

CostOF Path[g, p] sums up the weights
of the edges in graph g defined by the path p.

g = Set EdgeWei ghts[Gi dG aph[4, 4],
Wei ghti ngFuncti on -> Random nt eger, Wei ght Range -> {1, 5}]

-Graph: <24, 16, Undirected>-
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Cost OfPath[g, {1, 2, 3, 4, 8, 12}]

17

CostOf Path[g, {1, 2, 3, 4, 5 6, 7, 8, 9, 10}]

? Travel i ngSal esman

Travel i ngSal esnman[g] finds the
optimal traveling salesman tour in graph g.

g = Set EdgeWei ght s[Cycl e[10],
Wei ght i ngFuncti on -> Random nt eger, Wei ght Range -> {1, 3}]

-G aph: <10, 10, Undirected>-

Travel i ngSal esnman[g]

{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 1}

Get EdgeWei ght s[g = Set EdgeWei ght s [Conpl et eGraph[4],
Wi ghti ngFuncti on -> Randonl nt eger, Wei ght Range -> {1, 100}]]

{39, 97, 13, 22, 71, 70}

Travel i ngSal esnan[g]

{1, 2, 3, 4, 1}
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Get EdgeWei ght s[g = Set EdgeWei ght s [Wheel [6], Wei ghti ngFuncti on -> Eucl i dean]]

(1., 1., 1., 1., 1., 1.17557, 1.17557, 1.17557, 1.17557, 1.17557}

p = Travel i ngSal esman[g]

{1, 2, 3, 4, 5, 6, 1}

Cost O Path[g, p]

6. 70228

Cost Of Path[g, {1, 2, 4, 3, 5, 6, 1}]

Cost Of Path[g, {1, 2, 6, 3, 4, 5, 1}]

6. 70228

g = Tabl e[Set EdgeWei ght s [Conpl et eGraph[i ],
Wei ght i ngFuncti on -> Randonl nt eger, Wei ght Range -> {1, 100}], {i, 5, 8}1I;

Tabl e[ Ti ming[ Travel i ngSal esman[ g[[i111; 1, {i, 4}]

{{0.078 Second, Null }, {0.829 Second, Null },
{6. 171 Second, Null }, {32.36 Second, Null }}

HamiltonianCycleandTravelingSalesmaarevery similar functionsandanyideasfor speedingip onecanbeappliedto
the other.For TravelingSalesmarherearedifferentheuristicshatcanbeused.

?Triangl el nequal i tyQ

Triangl el nequal ityQ[g] yields True if the weights assigned
to the edges of graph g satisfy the triangle inequality.
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| don’t seethis functionusedvery muchandsothisis anothercandidatefor deletion.| alsowonderif | canimplementthis
moreefficiently —I simply constructa matrix of edgeweightsandthenusetheold code.

Get EdgeWei ght s[g = Set EdgeWei ght s[Gri dGraph[2, 2]]]

{0. 40471, 0.0566561, 0.153345, 0.949391}

Tri angl el nequal i t yQ[g]

True

Theabovefunctionreturnstrue becaus¢hereareno trianglein thegrid graph!

Get EdgeWei ght s[g = Set EdgeWei ght s [Conpl et eG aph[5]1]]

{0. 376732, 0.946457, 0.25188, 0.865293, 0.296289,
0. 62105, 0.696664, 0. 737637, 0.0572121, 0.499154}

Tri angl el nequal i t yQ[g]

Fal se

As expectedrandomlychoseredgeweightswill typically not satisfythetriangleinequality.
Below | setweightsin K_4 to satisfythetriangleinequality.

= Set G aphOpt i ons [Conpl et eGraph[4],
{{{{11 2}1 {21 3}1 {31 4}1 {17 4}}1 Edgev\él ght _>1}!
{{{2, 43}, {1, 3}}, EdgeWeight ->1.5}}]

g

-G aph: <6, 4, Undirected>-

Tri angl el nequal i t yQ[g]

True

g = Set G aphOptions[g, EdgeDirection->0n]

-G aph: <6, 4, Directed>-
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Tri angl el nequal i t yQ[g]

True

? Travel i ngSal esmanBounds

Travel i ngSal esmanBounds [g] gi ves upper and | ower bounds
on the mnimum cost traveling sal esman tour of graph g.

Tr avel i ngSal esmanBounds [Wheel [5]]

(17, 5)

?Transiti veCl osure

TransitiveCd osure[g] finds the transitive
cl osure of graph g, the supergraph of g that contains
edge {x, y} if and only if there is a path fromx to vy.



Chapter5.nb 89

ShowG aph[g = Set G aphOpti ons[Gi dG aph[4, 4], EdgeDirection -> On],
Vert exNunber -> On]

2§ g "1 1

- Graphi cs -

Hereis anattemptto makethe edgedn theorginalgraphshowupin adifferentcolqrascomJ)aredo thenewedgesadded
during by transitiveclosure It doesnot quitework asonewould wantbecaus®f "hidden"e dge$uchas{1, 3} {1, 4}, {1,
9}, amd{1, 13} thatareaddedby transitiveclosureAND becaus®f theorderin which theedgesarerendered.

Edges [9]

{{1, 2}, {2, 3}, {3, 4}, {5, 6}, {6, 7}, {7, 8}, {9, 10}, {10, 113},
{11, 123}, {13, 143, (14, 153, {15, 16}, {1, 5}, {2, 6}, {3, 7}, {4, 8},
(5, 9}, (6, 10}, {7, 11}, (8, 12}, {9, 13}, {10, 14}, (11, 15}, {12, 16}}
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ShowG aph[gg = Transitived osure[g],
Append [Edges [g], EdgeCol or -> Red], VertexNunmber - On]

///“
VY )

77 VAT

5;,/,)

- Graphi cs -

Edges [g9g]

{{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}, {1, 8}, {1, 9}, {1, 10},

(1, 113, {1, 123}, {1, 13}, {1, 14}, {1, 15}, {1, 16}, {2, 3}, {2, 4}, {2, 6},
{2, 7}, {2, 8}, {2, 10}, (2, 11}, {2, 12}, {2, 14}, {2, 15}, {2, 16}, {3, 4},
{3, 7}, {3, 8}, {3, 11}, (3, 12}, {3, 15}, {3, 16}, {4, 8}, {4, 12}, {4, 16},
{5, 6}, {5 7}, {5 8}, {5 9}, {5 10}, {5, 11}, {5, 12}, {5, 13}, {5, 14},

{5, 153}, {5, 16}, {6, 7}, {6, 8}, {6, 10}, {6, 11}, {6, 12}, {6, 14}, {6, 15},

{6, 16}, {7, 8%}, {7, 11y, {7, 12}, {7, 15}, {7, 16}, {8, 12}, {8, 16},
{9, 10}, {9, 113}, {9, 123, {9, 13}, {9, 143}, {9, 15}, {9, 16}, {10, 11},
{10, 123}, {10, 143}, {10, 153, {10, 16}, {11, 12}, {11, 15}, {11, 16},
{12, 16}, {13, 14}, {13, 15}, {13, 16}, {14, 15}, {14, 16}, {15, 16}}

g = DiscreteMat h* A dConbi natori ca' GidGaph[10, 107];
Tim ng[ D screteMat h* O dConbi natorica’ TransitiveC osure[g]; ]

{13. 969 Second, Nul I}

Chapter5.nb
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g = GidGaph[l0, 107;

Timng[ Transitived osure[g]; 1]

{13. 953 Second, Nul I }

As expectedthenewTransitiveClosurés slowerthantheold TransitiveClosurdecausé¢he newversionconvertsedge
lists into anadjacencymatrix representatioandthensimply usestheold code.l mightbeableto do this fasterby not
goinginto adjacencymatrix representation??

?TransitiveQ
TransitiveQ[g] yields True if graph g defines a transitive relation.

ShowGr aph[g = Set GraphOpti ons [Randontaraph[10, 0.3], EdgeDirection ->On],
Ver t exNunmber -> On]

- G aphics -
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Fal se

Tr ue

True

True
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ShowGr aph [g]

- Graphics -

? Ref | exi veQ

Ref | exi veQ[g] yields True if the adjacency
matrix of g represents a reflexive binary relation.

Ref | exi veQ[g = Conpl et eG aph[10]]

Fal se

g = AddEdges[g, Table[{{i, i}}, {i, 10}11;
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Ref | exi veQ[g]

True
g = Del eteEdges[g, {{1, 1}}I;

Ref | exi veQ[g]

Fal se

?Anti SymretricQ

Anti SymmetricQ[g] yields True if the adjacency
matrix of g represents an anti -symetric binary relation.
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ShowG aph[g = Set G aphOpti ons [Wheel [20],

EdgeDi recti on -> On]]

- G aphi cs -

Anti Symretri cQ[g]

True
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ShowGr aph[g = AddEdges[g, {{{2, 1}}}1]

- Graphics -

Anti Symretri cQ[g]

Fal se

?Partial OrderQ

Partial OrderQ[g] yields True if the binary relation defined
by the adjacency matrix of graph g is a partial order,
meaning it is transitive, reflexive, and anti -symetric.
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Partial OrderQ[g = Gi dG aph[3, 3]]

Fal se
g = Transitived osure[g];

Edges [g]

Partial O der Q[g]

True

? Transi ti veReducti on

TransitiveReduction[g] finds the snall est
graph which has the sane transitive closure as g.
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ShowG aph[Transi ti veReducti on[
g = Set G aphOptions[Gi dG aph[4, 4], EdgeDirection->0On]]]

i "1 "1 g |

- Graphi cs -



a8 e

7
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ShowG aph [Transi ti veReducti on[g]]

i "1 "1 "1

- Graphi cs -



101

Chapter5.nb

#2)) &]1

#1) && (#1 1=

s = MakeG aph[Subsets[4], ((Intersection[#2, #1] ===

ShowG aph [

- Graphi cs -
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ShowG aph [t = HasseDi agram[s], VertexNunber -> On]

- Graphi cs -

? Topol ogi cal Sort

Topol ogi cal Sort [g] gives a pernutation of the
vertices of directed acyclic graph g such that an edge (
i, j) inplies that vertex i appears before vertex j.
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ShowG aph[g = Set G aphOpti ons[Gi dG aph[5, 5], EdgeDirection -> On],
Vert exNunber -> On]

S S S S S |

ok ok ©=f *f 2§

S B S S S |
g |

19 e e g wo

- Graphi cs -
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ShowG aph [HasseDi agram[g], VertexNunber -> On]

- Graphi cs -

Topol ogi cal Sort [g]

{1, 2, 6, 3, 7, 11, 4, 8, 12, 16, 5, 9,
13, 17, 21, 10, 14, 18, 22, 15, 19, 23, 20, 24, 25}
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ShowGr aph[g = AddEdges [Del et eEdges[g, {{9, 10}}1, {{{10, 93131111

| S S S S |

| S S S S |

T 1
T 1

- Graphi cs -

Topol ogi cal Sort [g]

{1, 2, 6, 3, 7, 11, 4, 8, 12, 16, 5, 13,
17, 21, 10, 18, 22, 9, 23, 14, 15, 19, 20, 24, 25}
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ShowG aph[g = MakeG aph[Range[12], (MddI[#2, #1] ==0) &], VertexNunmber -> On]

R

N
< L

11

- Graphi cs -
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ShowG aph [HasseDi agram[g], VertexNunber -> On]

- Graphi cs -

Topol ogi cal Sort [g]

{1, 2, 3, 5, 7, 11, 4, 6, 9, 10, 8, 12}

? Chr omat i cPol ynom al

Chromati cPol ynomi al [g, z] gives the chromatic polynom al P(z) of graph
g, which counts the nunber of ways to color g with, at nobst, z colors.

g = Conpl eteGraph[5];

Chromat i cPol ynomi al [g, z]

(=4+2) (-3+2) (-2+2) (-1+2)z
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g = GraphUni on[10, Conpl eteG aph[1]];

Chr omat i cPol ynom al [g, z]

10

Chr omat i cPol ynoni al [Randonilree[10], z]

(-1+2)%z

g = Del et eEdges [Conpl et eGraph[5], {{1, 2}}1;

Chr omat i cPol ynom al [g, z]

(-3+2) (-2+2) (-1+z2)z+ (-4+2) (-3+2) (-2+2) (-1+2)2z

Chromat i cPol ynoni al [Cycl e[5], z]

4z 1022 11022 -52* +z°

Tabl e[ {Ti mi ng[ Di scret eMat h* A dCombi nat ori ca’ Chromat i cPol ynom al [

Di scret eivat h* A dConbi natorica‘ Cyclel[i], z1;1,

Ti mi ng[Chromati cPol ynom al [Cycle[i]l, z]1;1}, {i, 5, 10}]

{{{0.047 Second, Null }, {0.015 Second, Null }},
{{0. 063 Second, Null }, {0.047 Second, Null }},
{{0. 109 Second, Null }, {0.109 Second, Null }},
{{0.235 Second, Null }, {0.203 Second, Null }},
{{0. 484 Second, Null }, {0.422 Second, Null }},
{{1. Second, Null }, {0.844 Second, Null }}}

The speedups notexciting! Clearly,morework is needecdere.

Expand [wheel pol y[z_] = Chronmati cPol ynoni al [Wheel [5], z]]

14z - 3122 +242% ~82z% +z°
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Tabl e[wheel poly[z], {z, 1, 7}]

{0, 0, 6, 72, 420, 1560, 4410}

? Chromat i cNunber

Chromati cNunber [g] gives the chromatic nunber of the graph, which
is the fewest number of colors necessary to color the graph.

Chr omat i cNurber [Cycl e[7]]

Chr omat i cNunber [Conpl et eGraph[4, 5]]

g = GidGaph[5, 5];

Ti mi ng[ Chromat i cNunber [g]; ]

$Abort ed

This functionis hopelessihslow sinceit usesChromaticPolynomialaVe haveto find otherwaysof finding anoptimal
coloring.| ranoutof patiencan trying thecolortheabove5X5 grid graph.

? TwoCol ori ng

TwoCol oring[g] finds a two-coloring of graph g if g is bipartite. It
returns as assignnent of the labels 1 and 2 to vertices. This
assignnent is a valid coloring if and only the graph is bipartite.
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TwoCol ori ng[t = Randonilree[20]]

{11 21 1! 1! 1l 1l 21 11 21 2! 2l 1l 1l 21 21 1! 2! 2l 1' 1}

$Recur sionLi mt = 100000;

TwoCol ori ng[Conpl et eGraph[3, 3, 3]]

(1, 1,1, 2, 2, 2, 2, 2, 2}

Tabl e[Di scret eMat h* A dConbi natorica' GidGaph[i, i], {i, 10, 30, 10}];

«
]

>
1]

Tabl e[GidG aph[i, i1, {i, 10, 30, 10}1;

Tabl e [{Ti m ng[Di scret eMat h* O dConbi nat ori ca’' TwoCol oring[g[[i111; 1,
Ti mi ng[TwoCol oring[h[[i11]1;1}, (i, 3}]

{{{0.062 Second, Null }, {0.031 Second, Null }},
{{0. 735 Second, Null }, {0.187 Second, Null }},
{{3.547 Second, Null }, {0.594 Second, Null }}}

The newversionof BreadthFirstTraversaéturnslevelsof verticesaswell. This canbe usedto obtaina one-linelf'woColor
ing function.However,ascanbe seenfrom below,the newversionis slightly slower,eventhoughbothversionsaremuch
fasterthanthe old versionof two coloring.

M/TC[ g_Gaph] : = Map[lf [EvenQ[#], 1, 2] & BreadthFirstTraversal [g, 1, Level ]

MWTC[ t ]

(£, 2,1, 1,1, 1, 2, ¢, 2, 2, 2,1, 1,2, 2 1,2 2,1, 1}

Table[ Timng[ My\TCIh[[i11]1; 1, {i, 3}]

{{0.016 Second, Null }, {0.094 Second, Null }, {0.25 Second, Null }}
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?BipartiteQ
Bi partiteQ[g] yields True if graph g is bipartite.

Bi partiteQ[Weel [10]]

Fal se

Bi partiteQ[Star [10]]

True

Bi partiteQ[Gi dG aph[5, 5]]

True

Bi partiteQ[Cycl e[5]]

Fal se

? Vert exCol ori ng

VertexCol oring[g] uses Brelaz's heuristic to find a good, but not
necessarily minimal, vertex coloring of graph g. An option
Al gorithmthat can take on the values Brelaz or Optimumis
al | oned. The setting Algorithm -> Brelaz is default, while
the setting Algorithm -> Optinum forces the algorithmto
do an exhaustive search and find an opti num vertex col oring.

Ver t exCol ori ng[Conpl et eGraph[4]]

{1, 2, 3, 4}



Chapter5.nb

112

1071

Vert exCol ori ng[Gi dG aph[10,

,,-wj
AN N
NN
AN
NN
NN
NN
NN
NN
NN
N
NN
NN
NN
A NN
NN
NN
N
NN
NN
NN
NN
NN
NN
NN

NN
N

VertexCol oring[ g = Weel [30] ]

C =

Max[c]}]

{il

i1, 11,

Tabl e[Fl atten[Posi tion[c,

p:

{291}

{303,

, 5, 7,9, 11, 13, 15, 17, 19, 21, 23, 25, 27},
, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28},

o<
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ShowG aph [ Hi ghlight [g, p] ]

- G aphi cs -

Tabl e[Di scret eMat h* A dConbi natorica' GidGaph[i, i], {i, 5 30, 10}1;

«
1]

>
]

Tabl e[GidGaph[i, i], {i, 5 30, 10}1;

Tabl e[ {Ti mi ng[Di screteMat h* A dConbi natori ca’ VertexCol oring[g[[i]]1]1;1,
Timng[VertexColoring[h[[i111;1}, {i, 3}]

$Abort ed

Originally, | usedSteve’scodefor thisandwasamazedthow slow boththe newandthe old implementationsvere
(thought_ enewimplementatiorwasjustallittle fasterthantheold implementation)! rewrotethis functionandthe
speedups now significantsignificant!

g = Exact Random& aph[30, 1007;
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ShowGr aph[g]

M=

SHANX

7 i,,.a 3 Y
Av\\\» vs/{“

D

- G aphi cs -

¢ = VertexCol oring[g]

{i, Max[c]}]

17,

i1,

p = Tabl e[Fl atten[Position]c,

{4, 6, 10, 13, 19, 21, 23, 29},
{28}}

{3, 12, 17, 24, 27},

({1, 2, 5, 8, 15, 16, 18, 22, 25, 30},
(7, 9, 11, 14, 20, 26},
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ShowG aph [Hi ghl i ght [g, p]]

- G aphi cs -

? EdgeCaol ori ng

EdgeCol oring[g] uses Brelaz's heuristic to find a
good, but not necessarily mninmal, edge coloring of graph g.

EdgeCol ori ng [Wheel [10]]

{1, 2, 3,3, 2,1, 4 2,5, 1,6, 2,7, 1, 8 3, 9, 1}
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¢ = EdgeCol ori ng[Gi dG aph[5, 5]]

{11 21 2! 3! 3! 1 1 41 2! 4! 3!
1, 2, 2, 3, 1, 3, 4, 2, 4, 3, 1, 2, 1, 2}

(@]
1]

Li neG aph[Gi dG aph[5, 5]11;

©
]

Tabl e[Flatten[Position[c, i], 1], {i, 4}]

{{1, 6, 8, 9, 10, 19, 23, 27, 28, 32, 37, 39},
{2, 3, 7, 12, 16, 20, 21, 25, 30, 34, 38, 40},
{4, 5, 11, 14, 18, 22, 24, 26, 29, 36}, {13, 15, 17, 31, 33, 35}}

ShowG aph [Hi ghl i ght [g, p], VertexNumber -> On]

- Graphi cs -
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ep = Map[Edges[g =G idG aph[5, 5]1]1[[#]] & p]

{{{1, 23, {7, 8}, {9, 10}, {11, 12}, {12, 13},
{23, 24}, {3, 8}, {7, 12}, {8, 13}, {12, 17}, {17, 22}, {19, 24}},

({2, 3}, {3, 4}, {8, 9}, (14, 15}, {19, 20}, {24, 25}, {1, 6}, {5, 10},

{10, 15}, {14, 19}, {18, 23}, {20, 25}}, ({4, 5}, {6, 7}, {13, 14},
(17, 18}, {22, 23}, {2, 7}, {4, 9}, {6, 11}, {9, 14}, {16, 21}},
({16, 17}, {18, 19}, {21, 22}, {11, 16}, {13, 18}, {15, 20}}}

ShowG aph [Hi ghl i ght [g, ep]]

- G aphics -
g = Table [GidGaph[i, i], {i, 10, 30, 10}];

Tabl e [Ti mi ng[ EdgeCol oring[g[[i1]11;1, {i, 2}]

{{0.078 Second, Null }, {0.515 Second, Null }}
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Tabl e[ Tim ng[ LineGaph[g[[i]1]1; 1, {i, 2}]

{{0.016 Second, Null }, {0.109 Second, Null }}

h = Tabl e [ Di screteMt h' A dConbi natorica' GidGaph[i, i], {i, 10, 30, 10}7;

Tabl e [Ti mi ng[ Di screteMat h* O dConbi nat ori ca' EdgeCol oring[ h[[i1]11;1, {i, 2}]

{{2.078 Second, Null }, {123.688 Second, Nul | }}

Tabl e[Ti m ng[ D screteMath' A dConbi natorica‘LineGaph[ h[[i]]1;1, {i, 2}]

{{0.172 Second, Null }, {5.453 Second, Null }}

Brelaz’sHeuristichasbeenspeededip andthatshowsup in the speedumf the newimplementatiorof edgecoloring.
However the constructiorof aline graphis quite slow andwhenthatis speededip, it will takemuchlessthan22 seconds
to colortheedgesn a20X20grid graph.Notethataboutl18 of the 22 secondss spentin constructiorof theline graph.Of
coursethenewversionstill beatgheold versmnbY far. Noticehowin theold version25 secondss spenton constructing

theline graph,butaboutl65secondss spentin co

oringthegraph.

? EdgeChr omat i cNunber

EdgeChr omati cNunber [g] gives the fewest nunber of
col ors necessary to color each edge of graph g, so that no
two edges incident on the same vertex have the same col or.

EdgeChr omat i cNunber [St ar [10]]
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ShowG aph [t = Li neG aph[Weel [10]]]

- Graphics -

Chromat i cPol ynom al [t, z]

$Abort ed

It takestoo long to computethe chromaticpolynomialof theaboveline graph!

? Maxi muntTl i que

Maxi munCl i que[g] finds the |argest clique
in graph g. MaximunCique[g, k] returns a k-clique,
if such a thing exists in g, otherwise it returns {}.
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{3, 5, 7, 9, 11, 13, 15, 17, 18}

{1, 3, 5}

{1! 2’ 31 41 51 6’ 7’ 8’ 9’ 10}

(2, 3, 9, 10}
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ShowG aph[t, VertexNunber -> On]

- Graphi cs -
t = RandonG aph[20, .5];

Ti m ng [Maxi munCl i que[t]; ]

{0. 828 Second, Nul I}

In mﬁview, withoutsignificantrepairwork, this functionis prettymuchuselesslt cannotevenhandlea 20—vertexandom
graph,gracefully!

?diqueQ

CliqueQ[g, c] vyields True if the
list of vertices ¢ defines a clique in graph g.
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C i queQ[Conpl et eGraph[12], Range[12]]

True

Cl i queQ[Conpl et eGraph[12], Range[5]]

True

d i queQ[Random& aph[10, .5], Range[5]]

Fal se

? M ni munVer t exCover

M ni mumVer t exCover [g] finds the m ni mum vertex cover of graph g.

? Hi ghli ght

Hi ghlight [g, p] displays g with elements in p highlighted. The
second argunent p has the form {sl, s2,...}, where the si’'s
are disjoint subsets of vertices and edges of g. The options,
Hi ghli ghtedVertexStyl e, Hi ghlightedEdgeStyle, HighlightedVertexColors,
and HighlightedVertexStyle are used to deternine the appearanc
of the highlighted el enents of the graph. The default settings
of the style options are HighlightedVertexStyle->Di sc[Fat] and
Hi ghl i ght edEdgeStyl e->Fat. The options Hi ghlightedVertexCol ors
and Hi ghlightedEdgeCol ors are both set to {Bl ack, Red, Bl ue,
Green, Yellow, Purple, Brown, Oange, Qive, Pink, DeepPink,
Dar kGreen, Maroon, Navy}. The colors are chosen fromthe palette
of colors with color 1 used for sl1, color 2 used for s2, and
so on. If there are nore parts than colors, then the colors
get used cyclically. The function permits all the options that
Set GraphQptions permts, for exanple, VertexColor, VertexStyle,
EdgeCol or, and EdgeStyle. These options can be used to control
the appearance of the non-highlighted vertices and edges.
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ShowGr aph[Hi ghl i ght [g = RandonGraph[10, . 6],
M ni munVer t exCover [g], Highli ght edVertexCol ors » {Blue}]]

N

'f

X
K

- Graphi cs -
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ShowGr aph[Hi ghl i ght [g = RandonGraph[14, . 3],
M ni munVer t exCover [g], Hi ghli ghtedVertexCol ors -> {Blue}]]

- Graphics -

?Vert exCover Q

VertexCoverQ[g, c] yields True if the
vertices in list c define a vertex cover of graph g.

M ni munVer t exCover [Gi dG aph[4, 4]]

$Abort ed

c = {2, 4, 5, 7, 10, 12, 13, 15}

(2, 4, 5, 7, 10, 12, 13, 15)
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Vert exCover Q[G i dG aph[4, 4], c]

True

Vert exCover Q[G i dGraph[4, 4], Conpl enent [c, {2}]]

Fal se

? Maxi mum ndependent Set
Maxi mum ndependent Set [g] finds the | argest independent set of graph g.

ShowG aph [Hi ghl i ght [g = RandonGr aph[10, . 4],
Maxi mum ndependent Set [g], Hi ghli ght edVertexCol ors -> {Purple}]]

- G aphics -

Thesealgorithmsfor vertexcover,independenset,cliqgue etc.arepretty uselessTheneedis for significantimprovements
in thesealgorithmsfor simpleandpossiblyrandomizedeuristicghatprovidegoodapproximatioretc.
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? | ndependent Set Q

I ndependent Set Q[g, i ] yields True if the
vertices in list i define an independent set in graph g.

I ndependent Set Q[Conpl et eGraph[3, 3], {1, 2, 3}]

True

I ndependent Set Q[Conpl et eG aph[3, 3], {3, 4}]

Fal se

PerfectQis definite(lil uselesssit is. It cannotevencomputewhethera 8—vertexgraphis Perfector not. No pointin having
this functionaround.



