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Higher level descriptions

- .

#® We can give a formal description to a particular TM by
formally specifying each of its seven components;
This way a TM can become cumbersome.

# To avoid making a TM cumbersome we use higher level

descriptions which are precise enough for the purpose
of understanding.

#® However, every higher level description is actually just a
short hand for its formal counterpart.

Contrast: identify a similar situation with real computers!
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Example 1

=

fDesc:ribe a TM M5 that recognizes the language
A={0%|n>0}.

Note: A non-erasing grammar for the language {02 |n > 0} is:
G=({S,D,A},{0},{S — DS|A,DA — 0A,A — 0,D0 — 00D}, S);

Sample derivations:

S = DS = DDS = DDA = D0A = 00DA = 0004 = 0*
S=DS=DDS=DDDS=DDDA = DD0A = DO0DA =
D0O?A = 074 = (8

Sample recognition:

00 -> x0 -> accept

00000 -> 0x0x0 odd number on the tape, reject

00000000 -> OxOx0x0x -> OxxXX0xxX -> OXXXXXXX -> accept
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™ M,

The TM M, that recognizes the language A = {0%"|n > 0} is:

M5 ="0On input string w:

1.
2.
3.

Sweep left to right across the tape crossing off every other 0;
If in stage 1 tape contained a single 0, accept;

If in stage 1 tape contained more that a single 0 and the number of 0s
was odd, reject;

Return the head to the left-hand of the tape;

. Go to stage 1."
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Analysis
f # At each iteration, stage 1 cuts the number of 0s in hallf. T

# If the resulting number of 0s is odd and greater than
one, the original number could not have been a power
of 2 and machine rejects;

# |If the number of 0s is one than the original number of
zeros must have been a power of 2, so machine
accepts.

Rationale:
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Analysis

- .

# At each iteration, stage 1 cuts the number of 0s in hallf.

# If the resulting number of 0s is odd and greater than
one, the original number could not have been a power
of 2 and machine rejects;

# |If the number of 0s is one than the original number of
zeros must have been a power of 2, so machine
accepts.

Rationale:

vne N[if (...((n/2)/2).../2) = 3F]

then oz = 1. Thatls, if n = 2F after k running of stage 1 the TM stops with
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one zero on the tape, and accepts.



Formal description of M5
o

= (Q,%,T,0,q, Qaccept s QTeject) where:

Q = {QL 42, 43, 44, 45, Qaccept QTeject};
¥ ={0};
['={0,x, U};

¢ is described in Figure 1;

The start, accept, reject are qi, quccepts Greject
respectively.

© o o o @
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Notations for a diagram

=

d(qi,a) = (¢;,b, R) is denoted by an arrow that starts at ¢;, ends at g¢;,
and is labeled by a — b, R;

d(qi,a) = (¢;,b, L) is denoted by an arrow that starts at ¢;, ends at g;,
and is labeled by a — b, L;

d(qi,a) = (¢;,a, R) is denoted by an arrow that starts at ¢;, ends at ¢;,
and is labeled by a — R;

4(qi,a) = (¢;,a, L) is denoted by an arrow that starts at ¢;, ends at g;,
and is labeled by a — L.
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State diagram of M5

Figure 1: as's state transition diagram J
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q10000

Llx0gsxL
Llxgo0xL
Lgsxrxaxll
Uxxxqgs

Example run

On input w = 0000:

L1g2000
Llxqgs0xL
Lxxqsaxl]
q5 U xxxl]
Urxx U qq

Llxq300

Ligsx0xL
Lxxxqgsl]
Lgoxrxaxll

Lz0g40

qs L x0xLl
Lraxqsxl]
Uxgoxaxll

LxOzgsL
LigoxOxL
Uxgsxaxl]
Urxgoxl]
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Comments

- .

#® The arrow labeled 0 — LI, R In ¢ means
6(q1,0) = (g2, U, R) i.e., in state ¢; with head reading 0, the
machine goes to ¢», writes LI, and moves to right,

# The arrow labeled 0 — R in g3 means 6(q3,0) = (g4, 0, R):
M5 moves to the right when reading a 0 without affecting the tape,

Note: This machines begins by writing a blank over the leftmost zero.
® This allows it to find the left-end of the tape in stage 4,

® |t also allows M, to identify the case when tape contains one zero
only, in stage 2.
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Example 2

=

fM1 = (@Q,%,1',9,q1,q4,q-) 1S the TM that decides the
language B = {w#w|w € {0,1}*}

< Q — {CI17q27Q37Q47Q57QG7Q77QCL7Q7“};
o > ={0,1,#},I'={0,1,4#, 2, U},
® /) is described in Figure 2;
9

Start, accept, and reject states are q1, qq, ¢,
respectively.
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High-level description of M;
|

1 ="0On input w:

=

1. Scan the input tape to be sure that it contains a single #. If not,
reject;

2. Zig-zag across the tape to corresponding positions on either side of
# to check whether these positions contain the same symbol. If they
do not, reject. Cross off the symbols as they are checked,;

3. When all symbols to the left of # have been crossed off, check for the
remaining symbols to the right of #. If any symbol remain, reject;
otherwise accept."

Note: High-level descriptions of TM-s are also called imple-

mentation descriptions.
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Turing machine M,

Figure 2. State diagram for TM M;
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More notations

=

Transitions 0,1 — R in states ¢, and ¢3 means that machines moves
to the right as long as 0 or 1 is on the tape;

® The machine starts by writing a blank symbol to delimit the left-hand
edge of the tape;

® Stage 1 is implemented by states ¢; through ¢7: ¢2,94,96 if the first
symbol of input is 0, and g3, g5, g7 If the first input symbol was 1,

® To simplify the figure we don’t show the reject state or transitions
going to reject state. These transitions occur implicitly whenever a
state lacks an outgoing transition for a particular symbol. Example, ¢
on # is such a transition.

Note: using different states for input starting with 1 and 0 allows M; to
implement the matching operation.
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Facts
B -

# The transition diagram in Figure 2 is rather complex;

# One can understand better what happens from the
high-level description than from Figure 2;

# Therefore further we will replace transition diagrams by
high-level descriptions, as initially suggested.
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Example 3

- .

Ms3 is a Turing machine that performs some elementary
arithmetic. It decides the language
C={a't/cF|ixj=kijk>1}

Example:
Two language elements and their recognition procedure:

aabb ->Xaxx ->xabb -S> XX X X

aabbbccccecec>xaxXXXXXccec->XxabbbXxXXCCC->XXXXXXXXXXX
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High-level description

. .

3="0n input string w

1. Scan the input from left to right to be sure that it is a member of
atbtcT; reject if it is not;

2. Return the head at the left-hand end of the tape;

3. Cross off an a and scan to the right until a b occurs. Shuttle between
the b’'s and ¢’s crossing off one of each until all b’s are gone. If all ¢'s
have been crossed of and some b’s remain reject;

4. Restores the crossed off b’s and repeat stage 3 if there is another a
to cross off. If all a’s are crossed off, determine whether all ¢’s are
crossed off. If yes accept, otherwise reject.”
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Analyzing M5

- .

#® In stage 1 Mj operates as a finite automaton; no writing
IS necessary as the head moves from left to right:

1. 5(q1,a) = (Ql,a,R),a(QMb) — (Q2,b, R)’ 5(Q176) — (Qg,C, R)’
2. 6(g2,b) = (q2,b, R), 6(g2,a) = reject, §(q2, ¢) = (g2, ¢, R);
3. d(qs3,¢c) = (g3,¢, R), 6(q3,b) = reject, 6(qs,a) = reject.
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Stage 2finding the left-nand end

- .

# Mark the left-hand end by writing a LI before the input
(this have been seen before);

# Note that if the machine tries to move the head to the
left of the left-hand end of the tape the head remains in
the same place. This feature can be made "the
left-hand end detector" by:

1. Write a special symbol over the current position, while recording
the symbol that it replaced in the control;

2. Attempt to move to the left. If the head is still over the special
symbol, the leftward move did not succeed, and the head must
have been at the left-hand end. If the head is over a different
symbol, some symbols are to the left of that position on the tape;

3. Restore the changed symbol before moving to the left.

o -
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Fact

. .

Stage 3 and stage 4 of M3 have straightforward implemen-

tations
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Element distinctness problem

& .

Iven a list of strings over {0, 1} separated by #, determine
If all strings are different.

A TM that solves this problem accepts the language:

E = {#$1#$2##$k|$@ e {0, 1}*,367; 7é L for i 7é ]}
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Example 4

-

My =(Q,%,T,0,qs,qq,q-) 1S the TM that solves the element
distinctness problem.

=

Solution idea:

® M, works by comparing x; with xo, . .., x, then by comparing x> with
x3,...,TE, and so on;

® Comparison can be accomplished by zig-zagging around a marker;

°

Since there is a list of elements to be compared, we need two
different markers: one used for comparison and the other used to
check whether all elements have been compared.

o -
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4

1.

="On input w:

Informal description

=

Place a mark on top of leftmost tape symbol: if that symbol was a L,
accept; if that symbol was a # continue with next stage; otherwise
reject;

. Scan right to the next # and place a second mark on it. If no # is

found before a blank, only z; was present, so accepit.

By zig-zagging, compare the two strings to the right of the marked
#-s. If they are equal, reject;

Move the rightmost of the two marks to the next # symbol to right. If
no # symbol is encountered before a blank symbol, move the
leftmost mark to the next # to its right and the rightmost mark to the
# after that. If no # is available for the rightmost mark, all strings
have been compared, so accept;

. Go to stage 3." J
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Marking tape symbols
B

# In stage two the machine places a mark above a
symbol, # in this case,;

# In the actual implementation the machine has two

different symbols, # and %ﬁ In the tape alphabet I';

# Thus, when machine places a mark above symbol z it
actually writes the marked symbol of x at that location;

# Removing the mark means write the symbol at the
location where the marked symbol was.

Assumption: all symbols of the tape alphabet have marked

versions.

o -
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Concluding facts
fTI\/I are problem solving algorithms: T

1. one cannot expect to be able to solve a problem
If one doesn’t know a solution algorithm;

2. one cannot expect to be able to design a TM to solve a problem
If one doesn’t know a solution algorithm;

3. before trying to design a TM be sure that you understand
what is that TM suppose to do.

o -
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