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A puzzlekind description
B

Puzzle: consider a collection of dominos like:

{12], [ 5], [<2], (22}

A match In this puzzle is a list of these dominos (repetitions
permitted) so that the string we get by reading off the

symbols on the top is the same as the string of symbols on
the bottom

Example: {[2][L][<][4][«<]} IS a match because reading off

the top string we get abcaaabc and reading off the bottom

string we get abcaaabc, which is the same.

o -
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Note

- .

#® We can also depict a match by deforming the dominos
so that the corresponding symbols from top and bottom

line up, Figure 1
albl|C alala b C
a p|CcC alala b|C

Figure 1. Deforming dominos

o -
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Observation

-

For some puzzle finding a match may not be possible.

=

For example, the puzzle {[%<],[<],[4«<]} cannot contain a
match

Reason: top strings are longer than the corresponding bottom strings

o -
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Post correspondence problem:

-

Determine whether a collection of dominos has a match.

=

Note: this problem is unsolvable by algorithms
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M athematical for mulation

fAn Instance of PCP is a collection of dominos T
_ byt Tk
P T {[61]7 [bg]”[bk]}
A match is a sequence iy, 19, ...,7 of P components where

titin .- Ty, = 0i b;, ... by,
PCP: determine whether P has a match.

Language:

PCP = {(P)|P instance of PCP with a match}

o -
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Other formulations

L .

An instance of PCP over X consists of:

see Fleck and Hopcroft for example)

1. Twolists: A=xq,...,xp,and B =y1,...,Ypn, T;,y; € X%, 1 <1 < n;

2. The guestion: do there exists a sequence 74, ...,1,, of integers such
that Liy oo Lj, = Yiq - - yzmr)

Note: To show the correspondence, the lists A and B can be

written: {{71], ..., [0} 2,y € X5, 1 <0 <.

o -
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Theorem 5.15
-

PCP iIs undecidable T

Proof idea: by reduction from Ar,,; via accepting computation histories.

® Show that froma TM M and input w we can construct an instance P
of PCP where a match is an accepting computation history for M on

w,

® |f we could determine whether this instance of PCP has a match, we
would be able to determine whether M accepts w;

® Since Ar,, Is undecidable we cannot determine whether P has a
match.

o -
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-

o

9

Constructing P from (M, w)
-

Choose dominos in P so that making a match forces a simulation of
M on w to occur;

The match must start with the initial configuration of M on w, I.e.,
with C |: Co where Ci = Jow,

In the matchi construction, each domino links a position or positions

In one configuration with the corresponding one(s) in the next

5
configuration, following the transition function of M, C; &= C;1.

-
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Technical detalls

- .

#® For convenience in the construction of P we assume
that M on w never attempts to move its head off the
left-hand end of the tape (we need to alter M to prevent
such behavior);

# Alter PCP to require that a match starts with the first
domino, [] where ¢y = # and b; = #qow. This Is called

modified PCP, M PCP;

o Formally:
MPCP = {(P)|P instance of PCP with a match that

starts with first domino}

Note: we will show later how to remove this requirement.

o -
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Pr oof

=

|7Let TM R decide the PCP and construct S deciding A1 ;.
® letM=(Q,%,T,9,q0,qq,q9-) and w € ¥,

® The TM S that decides A+, constructs an instance of the PCP that
has a match iff M accepts w;

® S constructs first an instance P’ of MPCP. This construction has
seven parts to be carried out shortly;

® To convert P’ to P, an instance of PCP, build the requirement of
starting with first domino directly in the problem, so no need to state it
explicitly.

o -
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Trick for mapping P’ into P
-

® Letu=wujusy...u, astring of length n. Define the
following three strings:

*U = *UT kU )k U X ...% Uy
Uk = U1 ¥ U kU3 *...Uy *

*UK = *¥UT * U * U3 . . . k Up*

> *Ugy K oo X Ugy k= KUG * 000Kk Uy X Iffuzluzk = UWUjy « - - Uy,

o -
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Mapping P’ into P
-

If P" were P’ = {[1+],[12],[:],...,[{*]} where we require
that a match must start with the puzzle ] then

The PCP instance of P’ which does not require the
match to start with the puzzle ] can be obtained from

P’ by the following transformation:

P = {2, (2], [22], 2], ..., [222), (50}

-
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-

1. Considering P an instance of the PCP, we see that only domino that

Observations

=

could possibly start a match is the first one, [2%-]. This is because it

*b1*

IS the only domino where both the top and the bottom start with the
same symbol, namely x.;

. Beside forcing the match to start with first domino, the presence of x-s

doesn’t affect possible matches because they simply interlieve with
the original symbols, which occur in the even positions of the match;

. The domino [%2] is there to allow the top to add the extra * at the end

2
of the match.

-
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Construction of S: Part 1

fPut [ 7 | into P’ as its first domino [£] T

HQowiwa... Wn

Note: because P’ is an instance of MPCP the match must begin with this
domino. The bottom string begins correctly with C; = gowiws ... w,, the
first configuration of the accepting computation history for M on w, as

seen in Figure 2

#

# qowiwsy ...Wn #

Figure 2: Beginning of the MPCP match

o -
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Observations

f # |n the depiction in Figure 2 of the partial match, bottom T
string consists of #qgowiws . .. w,# and top string only of
#.
# To get a match we need to extend the top string to
match the bottom. This is achieved by dominos [¢], for
allceT'UQ

o -
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Constructing a solution

- .

#® A solution to PCP is obtained by extending the previous
match with the next configurations of TM M,

#® The next configuration of M will appear at the extension
of bottom string of previous configuration by forcing a
single step simulation of M:;

® Then by dominos ||, c € I' U Q the top and bottom
match is constructed.

o -
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Facts

f 1. In part 2,3,4 of the construction we add to P’ dominos T
that perform the main part of the simulation;

2. Part 2 handle head motions to the right, part 3 handles
head motions to the left, and part 4 handles the tape
cells not adjacent to the head.

o -
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Construction of S: Part 2
-

Let M = (Q,>,1,6,q0,4q,q-) @and w € X*. For every a,b € T’
and every q,r € Q, q¢ # qr, It 6(¢,a) = (r,b, R) put [¢¢] into P’

=

Pictorial: if zqay — xbry then [{’] must be placed in F'.
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Construction of S: Part 3
-

fLet M= (Q,%,T,9,q0,q,q-) and w € ¥*. For every a,b,c € T
and every q,r € Q, q # qr, if 6(q,a) = (r,b, L) put [¢4] into P’

Pictorial: if zcqay — xrcby then [Z] must be placed in P’.

o -
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Construction of S: Part 4

fLet M= (Q,%,T,9,q0,q4,q) and w € ¥*. For every a € T, T
put [¢] into P'.

lllustration: to construct a hypothetical example showing
what we did so far we choose:

> ={0,1,2}, T = {0,1,2,U}, w = 0100, §(¢o, 0) = (¢7,2, R)

o -
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| llustration, continuation

-

» Part 1 places [—Zq] =[] In P,

» Part 2 places [£2] in P" as 6(qo,0) = (g7,2, R);

# Part 4 places the dominos [2],[3],[2],[2] In P'.

ThUS, Pl — {[#qo(ﬁOO#]’ [g?]g]a [

SIS
a
o
CIC
——




The match constructed so far

- .

#| q0 [1|(0]|0|#
i q00100 #| 297 |1]|0|0|#
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Construction of S: Part 5
N o

Put (2] and [Z;] into P'.

® The first of these dominos allows us to copy the symbol # that marks
the separation of configurations;

® The second domino allows us to add blank symbol LI at the end of a
configuration to simulate infinitely many blanks to the right that are
suppressed when we write the configuration.

o -
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Continuethe example

=

Assume that in state ¢7, upon reading 1, M goes into state g5, writes 0,
and moves head to the right, i.e., §(¢7,1) = (¢5,0, R), i.e., [&2] € P".
Hence, latest partial match in Figure 3

7 1(0|0|#

Figure 3: A partial match

extends with the match in Figure 4.
#(12| qrl [0|0|#

Ogs |0|0|#

o -

Figure 4: A partial match
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Fact

-

If 6(¢5,0) = (q9, 2, L) then we have dominos

[Oqg,O] [1q50] [2q50] [|_Iq50
q90217 Lgg1217 Lg92217 LggLI2]

=

Note: the first domino is relevant because symbol to the left of the head is
0 and the preceding partial match extends to:
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Observations

- .

® As we construct the match we are forced to simulate M
on w,

# This process continues until M reaches a halting state;

# |If an accept state occurs, we want to let the top of

partial match catch up with the bottom. This is done by
Part ©.

o -
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Construction of S: Part 6
-

aqq a1 1 /
For every a € T', put [%=],[Z2] IntO F".

=

Part 6 has the effect of adding “pseudo-steps" to the TM M after it halted,

where the head “eats" adjacent symbols until non are left.

o -
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Construction of S: Part 7
-

Finally, add the domino [¢«Z#] and complete the match:

#\| qaHH
# qaF |H#

=




Application
-

Problem: IS there an algorithm that decides if a context-free
grammar is ambiguous?

Language: AMBIG¢cra = {(G)|G is an ambiguous CFG}

Remember: A CFG G = (N, %, P, S) is ambiguous if there exists a string
w € L(G) which has at least two leftmost derivations from S

Solution: we will show that AM BIG - r¢ 1S undecidable

o -
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Proof idea

Reduce PCP to AMBIGcrq. Since PCP is undecidable this proves T
that AM BIGcrc 1S also undecidable

To perform the reduction we assume that an instance P of PCP is
given, P = {[%]7 [(%]7 T [2_];]}

Construct the CFG G = ({71, B, S}, %, P, S) where

Y ={t1,...,tg,b1,...,bg,a1,...,ar} and P is the set of the rules:
S —T|B

T — t1Taq|...|txTakgltiaq|. .. |trax

B — byBaq| ... |bxBag|biay|. .. |brag

Note: a1, ..., a; are terminal symbols different from ¢;,b;, 1 <i < k.

Show that this reduction works

-
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Pr oof

-

P has a solution iff CFG G is ambiguous.

if: assume that P has a match and show that GG Is
ambiguous

® |If P has a match ¢;,¢;,...t;, = b;,b . b;

11 Y9 - - !
® Then the Stl‘ing bittiy ... tilail cee A, QG = bilbig e bilail e Qg Qg
has two different leftmost derivations, one from 7" and one from B,

hence G is ambiguous

Derivations:
S=1T= tilTaq;l =% biy - 15,4, . Q4
S=B= bq;lTaq;l =% bil . -bilail o Gy

o -
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Proof, continuation

. .

only if: assume that G Is ambiguous and show that P has a
match

® |If GG is ambiguous, some string w has multiple leftmost derivations

® But all strings generated by G have the form: wggria;, - .. ai a4,
where wg.-+ CcONtains only symbols from P’s alphabet

® |n addition, once we choose the first rule of the derivation, S — T or
S — B, the following steps in the derivation are uniquely determined
by the sequence a;, ... a;,a;,

o -
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Proof, continuation

=

Consequently: wgqr¢ NAS at most two leftmost derivations:
1. S=T= tilTaz'l = tiltz’QTaiQail = ... = t’ilt’ig . t’ilail e Qi Ay
2. S= B= bilBail = bil biQBaiQail = ... = bilbig ce bila’il v Ay Qg

Since Ui tiy - - tz'lCLZ'l e Qi QG = bi1 biQ e bilail e Gy, Qg it results that
titi, o ti, = bibi, .. bi,.

Hence, the initial PCP P has a match.

-
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A decidable version of PCP

Problem: PCP over the alphabet > = {1} is decidable

Proof: we describe a TM M that decide the unary PCP
® Consider the unary instance of PCP P = {[+=],..., [:=]}.

101

® The machine M performs as follows:
M ="Oninput (a1,b1,...,0n,bn):
1. Check if a; = b; for some 1, if so, accept

2. Check if there exist 7, j such that a; > b; and a; < b;. If so,

accept; otherwise reject."”

-

Computation Theory — p.35/3



L I

Rationale

=

In the first stage M check for a single domino which forms a solution.

In the second stage, M looks for two dominos which form a solution;
if it finds such a pair M can construct a solution by picking (b; — a;)
of the ¢s-th domino and putting them together with (a; — b;) pieces of
j-th domino.

The construction in the first case has

ai(bj — CLj) + Qa; (ai — bz) = CLZ'bj — ajbi 1-s on the top, and

bz(b] — CLj) + bj (aq; — bz) = aq;bj — ajbq; 1-s on the bottom.

If neither stages of M accept, the problem instance contains dominos

with all the upper parts having more (or less) 1-s than lower parts. In
such a case no solution can exist. Therefor M rejects

-
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PCP over > = {0, 1} isundecidable
-

Proof idea: by reduction from PCP.

Reduction:

® Construct a computable function, Encode, that takes a PCP instance
of any finite alphabet and produces a binary alphabet PCP, called
BPCP.

® Since PCP is undecidable so is BPCP

o -
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Constructing BPCP from PCP
-

For any PCP instance A over a finite alphabet {a4,...,a,} the
function Encode encodes each a; into the binary as 10°

Thus, Encode is a mapping reduction from PCP problem to BPCP
problem.

For any instance P of PCP, the converted instance P’ is in BPCP
because a match for P becomes a match for P’ using the same set
of dominos after conversion.

Conversely, if P isin BPCP, P is in PCP, because we can uniquely
decode a match in P’ to a match in P.

Consequently Encode is a mapping reduction from PCP to BPCP

o

-
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