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Reduction
L o

# A reduction is a method of converting one problem into
another problem in such a way that a solution to the
second problem can be used to solve the first problem;

# Such methods are common in everyday life;

# Reducibility involves always two problems, A and B. If
A reduces to B we can use a solution to B to solve A.

o -
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Facts

- .

1. Reduciblility says nothing about solving A or B.

2. Reduclibility is only about solvability of A using a
solution to B.

o -
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. P1:
P2:

Everyday life examples

find your way in a city;
This is easy if you have a map.

Note: problem P1 is reduced to the problem P2.

P1:
P2:

P1:
P2:

P1:
P2:

traveling from lowa City to Paris reduces to
buy a plain ticket between two cities.

measure the area of a circle, reduces to
measure the circle radius r and evaluate the expression wr2.

solve a system of linear equations, reduces to
inverting a matrix.

-
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Observations

- .

# When problem A is reducible to problem B, solving A

cannot be harder than solving B, because a solution to
B gives a solution to A.

® If Aisreducible to B and B Is decidable, then A Is
decidable (because a solution to B solves A).

® If Ais undecidable and reducible to B then B Is

undecidable (because if B would be decidable then A would be
decidable, what is a contradiction).

o -
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M ethodology
E

0 prove that a problem P is unsolvable by reduction T
method proceeds as follows:

1. Find a problem @ known to be unsolvable;
2. Assume that P is solvable by a TM Mp;
3. Use the TM Mp to solve @) thus reducing () to P by:

(a) Encode the problem () as an instance (Qp of problem P;
(b) Construct a TM M, that solve Qp using Mp;

(c) Since Mp solves P and (Qp is an instance of (), Mp solves Q).

4. Since it is known that @) is unsolvable Mg cannot exists. Hence, Mp
cannot exists either.

o -
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Application

- .

® Problem P: the halting problem, HALTr;:
determine whether a Turing machine M halts on an input w.
Language:
HALTry = {(M,w)|M is a TM N M halts on w}

® Unsolvable problem (): we have established the unsolvability of a
TM computation, i.e., the problem of determining whethera TM M
accepts a string w.

® Undecidable language A7 ,s: we used the diagonalization
methods to show that the language

Arpyr = {(M,w)|M is a TM N M accepts w}

IS undecidable.

o -
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Example 1

o -

We use the undecidabllity of Ay, to show that HALT 7 1S
undecidable by reducing Apys to HALT ),

o -
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Theorem 5.1
-

HALTrys 1S undecidable

Proof idea: by construction:

® Assume that HALTr,s 1s decidable and use this
assumption to show that A, Is decidable

# This contradicts undecidability of Ar,,, previously
established (Theorem 4.11 (4.9))

Note: the key idea is to show how is Ap;, reducible to
HALTr

o -
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Proof, continuation

=

Reducibility: Arps reducesto HALTr, if a TM R that solves
HALTr; can be used to construct a TM S that solves Ar,,.

Assumption: suppose that the TM R decides HALT7,;. How

can we use R to construct S, the TM that decides A, ?

o -
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Construction

-

Pretend that we are S. How should we proceed?

1. For an input (M, w) we must accept if M accepts w, and we must
reject if M loops or rejects w.

2. If we try to simulate M on w we may not be able to determine
whether M loops, and in this case simulation does not terminate.
This is not acceptable because we are deciders!

3. Now we remember that we have the TM R that decides HALTr,,.
We can use R to test whether M terminates on w.

4. If R tells us that M doesn’t halt on w we can reject because M is
looping, and thus (M, w) & Ary.

5. If Rtells us that M halts on w, we can proceed with the simulation
because M does not loop.

o -
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TheTM S

="On input (M, w), an encoding of M/ and a string w:
. Run TM R on input (M, w);

1
2. If R rejects, reject;
Note: R rejects when M is looping, i.e. (M, w) & Arp

3. If R accept, simulate M on w until it halts;

4. If M has accepted, accept; if M has rejected, reject.”

Note: If R decides HALTy,,, S decides Arjy,

This Is a contradiction. Hence, R cannot decide HALTr),.

o -
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L anguage emptiness problem

fThe problem: T

ForaTM M = (Q,>,1,6, qo, aq, as) 1S
LOM) = {w € S¥|go I w} = 02

The language:
Ery = {{M)|M isaTM N L(M) =0}

Theorem 5.2 E7,7 IS undecidable

Proof idea: reduce the decidability of A,,; to the decidability of Erj;:
® Assume that Er), is decidable and let TM R deciding Er ;.

® Show that Ary = {(M,w)|M is a TM and w is accepted by M}
IS decidable by constructing TM S that uses R to decide Ar,.

o -
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Constructing TM S

fAssume again that we are the TM S. T

® Abadidea: Run R on (M).
1. If R accepts then we know that L(M) = () and therefore M
cannot accept w because w ¢ L(M); This is good!

2. If Rrejects, L(M) # (0; but R doesn’t tell us whether M accepts
w, rejects w or loop on w. Hence, we need another idea.

o -
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L

Constructing TM S

A good idea: run R on a modification (M) of (M) where M; rejects aIIT
strings except w. On w it works as M, i.e., M1 (w) is the same as
Then use R to test whether M, recognizes the empty language.

The only string M, can recognize is w, hence, L(M;y) # () iff M,
accepts w.

If R accepts when itis fed with (M) it means that L(M;) = (). Since
M, is identical with M on w, we know that M doesn’t accept w.

If R rejects then we know that L(M;) = {w}. But M;(w) = M (w)
hence accepit.

-
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Proof of Theorem 5.2

-

The modified machine, M; is defined by:
My ="On input z:

1. If x # w, reject

2. If x =w, run M on input w and accept if M does."

Note: M; has w as part of its description. It conducts the test
r = w by scanning the input and comparing it character by

character with w.

o -
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Proof, continuation

fAssume that £, IS decidable by R and construct TM S
that decides Ar,, as follows:

S ="0On input (M, w), an encoding of a TM M and a string w:

1. Use the description of M and w to construct M;:

M; ="On input z:

(@) If x # w, reject;

(b) If x = w, run M on input w and accept if M does."
2. Run R oninput (M;);

3. If R accept, rejects; if R rejects, accept.”

o -
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Facts
B -

1. If R accepts it means that language of M is empty by
the definition of R.

2. Since only string M; can accept is w it means that
w & L(My); but L(Mi(w)) = L(M(w)), hence S should
reject.

3. If R rejects, it means that language of A Is not empty.
Since only string M; can accept is w, and
L(M;y(w)) = L(M(w)) it means that S should accept.

o -
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Conclusions
- o

# S can actually compute a description of M from a

description of M because it needs only add extra states
to M to perform the = = w test;

o If R were a decider for E7,;, S would be a decider for
A7

® But a decider for A7,; cannot exists, hence R does not
exist either and Erjs 1S undecidable.

o -
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TM and regular languages

fProblem: T

Can we decide whether a TM recognize a language
recognized by a simpler computational model,
such as a regular language?

For example: REGULART,;, 1S the problem of deciding
whether a given TM has an equivalent finite automaton.
This is the same as deciding whether a TM recognizes a
regular language.

Language:

REGULARyy = {(M)|M isa TM N L(M) is regular}

o -
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Theorem 5.3
-

REGULART)s 1S undecidable

Proof idea: reduce Ary to REGULAR7), 1.€., assume that
REGULARy, I1s decidable by a TM R and use this
assumption to construct S that decides Ap),.

Idea for S: take input (M, w) and modify M so that the
resulting TM M5 recognizes a regular language iff M
accepts w. Hence we have:

=

® ), recognizes the non-regular language {0™1"|n > 0}, if M does not
accept w;

® ), recognizes the regular language X* if M accepts w.

o -

Computation Theory — p.21/3



Constructing M
-

S constructs M from (M, w) by the following procedure:

=

® M5 recognizes the non-regular language {0"1"|n > 0} if
M does not accept w;

#® M5 recognizes the regular language X* if M accepts w.

o -
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Pr oof

=

fLet R be a TM that decides REGU LARTt;;. We construct
TM S that decides A7, as follows:

S ="0n input (M, w) where M is a TM and w is a string:

1. Construct TM M; by the procedure:

Ms ="On input z:

(@) If x =0™1™ for some n > 0, accept;

(b) If x #0™1™, run M on w and accept if M accepts w;
2. Run R on (M,);

3. If R accepts, accept; if R rejects, reject."

Note: If R accepts it means that M, recognizes a regular language.
But this can happens only if M accepts w.

o -
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Facts

- .

1. If R accepts it means that the input z Is regular, i.e.,
x # 0™1" for any n;

2. But in this case R accepts only if M accepts w;

Note: the idea for encoding A7, into an instance of the
problem solved by R is to map (M, w) Into a property
that R can check.

o -
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Conclusion

=

f o If Rdecides REGULARs,; then S decides Ary;
® But A7,/ Is undecidable, i.e., S cannot exists;

® Hence, R cannot exists either, and REGU LAR7 s 1S
undecidable.

o -
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Observations

- .

# Determining whether the language of a TM is a
context-free language is undecidable;

o Determining whether the language of a TM is decidable
IS undecidable;

® General result: determining whether any property of the
language recognized by a Turing machine holds is
undecidable (Rice’s theorem)

o -

Computation Theory — p.26/3



Rice stheorem eroiem s.28

=

|7Let P be any nontrivial property of a language of a Turing machine. Prove
that the problem of determining whether a given TM'’s language has the
property P is undecidable.

Formally: let P be a language consisting of TM descriptions, where P
fulfills two conditions:

1. P is nontrivial, i.e., P contains some, but not all, TM descriptions.

2. P is a property of TM languages, i.e., for any TMs M; and M, where
L(Ml) — L(Mg) we have <M1> c P iff <M2> e P.

Problem: prove that P is undecidable.

(See proof in the book on page 215)

o -
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Pr oof
fProof Idea: T

® Assume for the sake of a contradiction that P Is a
decidable language satisfying the properties (1) and (2)
and let Rp be a TM that decides P.

# We show how to decide Ar,; using Rp by constructing
an appropriate TM S.

o -
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Observations

- .

® Let 7 be a TM that always reject, i.e., L(T) = 0. We
may assume that (7j) &€ P.

Rationale: if (Tj)) € P we can proceed with P and use the
fact that complement of a decidable language is
decidable.

® Because P iIs not trivial, there exists a TM T such that
(T) € P.

# We can design the TM S that decides A, by using
Rp’s ability to distinguish between (7)) ¢ P and (T') € P.

o -
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Constructing S

|7 = “On input (M, w)

1. Use M and w to construct the following TM M,,:
M., =“On input z:

(a) Simulate M on w. If it halts and reject, reject.

If it accepts, proceed to stage (b).
(b) Simulate T on z. If it accepts, accept."

2. Use TM Rp to determine whether (M,,) € P.
If Rp accepts accept; if Rp rejects, reject."

-
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Note
-

The TM M, simulates T if M accepts w. Thus we have:

=

L(M), if M accepts w,
L(T) = _ (1)
0, if M doesn’t accept w.

Hence, M,, € P iff M accepts w.

o -
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Using other reductions

- .

#® Sometimes reducing other undecidable languages
(different from Ar,s), such as Er,s, IS more convenient

® Example: testing the equivalence of two TM:
EQTM = {<M1, M2>‘M1, M2 are T'M s N L(Ml) = L(Mg)}

can be proven undecidable by reduction from Ep;,.

o -
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Theorem 5.4
- o

QT 1S undecidable.

Proof idea: show that if EQrjy, were decidable then Erj; also
would be decidable by giving a reduction from Ep;, to

EQTMm
® FEr,/is the problem of testing whether the language of a TM is empty

® FEQr, is the problem of testing whether the languages of two TMs
are the same. If one of these languages is empty we end up with
trying to solve Er ),

® Hence, Er), Is a special case of EQ7

o -
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Pr oof

-

Let TM R decide EQ7,;. Construct TM S to decide Ep;,; as
follows:
S ="0n input (M), where M is a TM:

=

1. Run R on input (M, M7) where M, is a TM that rejects all inputs;

2. If R accepts, accept; if R rejects, reject.”

Note: If R decides EQ7,; then S decides Ep,,; but Eryy IS

undecidable, hence R cannot exists.

o -
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Facts

f 1. Because M, rejects all strings, If R accepts it means T
that language of M is the same with language of M,
l.e., empty;
2. If R rejects, it means that language of M is not equal

with the language of M; which is empty. That is,
language of M Is not empty.

o -
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