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Graphs (informal)

An undirected graph, or simple agraph, is a set
of points with lines connecting some points;

The points are calledodes or vertices, and the
lines a callecedges.

Examples: Figure 1 shows two graphs.
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Example graphs

Graph (a)

Figure 1:Examples of graphs
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Facts

No more than one edge is allowed between ar
two nodes;

The number of edges at a particular node is czc
the degree of that node,;

In Figure 1, Graph (a), each node has the deg
2; In Figure 1, Graph (b), each node has the
degree 3.
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Edge representation

In a graph(; that contains nodeisandj, the pair
(¢, 7) represents the edge that connecsdj;

The order of; andj doesn’t matter in an
undirected graph, so the paiisj) and(7, 1)
represent the same edge;

Because the order of the nodes is unimportan:
we can also describe edges by sets such,g3.
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Notation

In a directed graph the edde, j) has as the sour
node: and as target nodg
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Formalizing the graph
If V' Is the set of nodes of a graghandZ is the
set of its edges, we say that= (V, F);

Hence, one can specify a graph by a diagram
by specifying the set§” and £.

Example: a formal description of the Graph (a]
In Figure 1 is:
G=({1,2,3,4,5}, {(1,2),(2,3),(3,4),(4,5),(5,1) })
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Graph usage

Graphs are frequently used to represent data.

Examples:
1. nodes might be cities and edges might be the connecting
highways;
2. nodes might be electrical components and edges mightres wi
between them.

Sometimes, for convenience, we may label no
(and edges) of a graph, thus obtaininiglael ed
graph, Figure 2.
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Example labeled graph

378

Boston Francisco

Figure 2:cCheapest air fares between cities
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Subgraph

A graphG = (14, E1) is a subgraph of a graph

Note: the edges ofs are the edges aff on the corre
sponding nodes, Figure 3.
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Example subgraph

Graph H

Subgraphz, shown darker

Figure 3:GraphG (darker), a subgraph o
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Graph paths

A path in a graph is a sequence of nodes
connected by edges.

A simple path is a path that does not repeat an
node.

A graph isconnected if every two nodes have a
path between them.
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Graph cycles

A path is acycleif it starts and ends in the same
node.

A simple cycleis a cycle that doesn’t repeat an
node except the first and the last.
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Trees

A graph is atree if it is connected and has no
simple cycles, Figure 4.

The nodes of degrekin a tree are calletkaves.

Sometimes there Is a specially designated noc
a tree called theoot.
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Example graphs

A path A cycle A tree

Figure 4:path, cycle, and tree
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Directed graphs

If the edges of a graphs are arrows instead of
lines the graph is directed graph.

The numbers of arrows pointing from a particu
node is theoutdegree of that node.

The number of arrows pointing to a particular
node Is thandegree of that node.
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Example directed graph

Figure 5 shows a directed graph.

D)
N\

Figure 5:A directed graph
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Formal description

The formal representation of a directed graph
IS:
G is atuple(V, E) whereV is the set of
nodes andv Is the set of directed edges.

Example: formal description of the graph in
Figure 5 Is:

G=({1,2,3,4,5,6}{(1,2),(1,5),(2,1),(2,4),(5,6),(6,1),(6,3)})
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Facts

A path in which all arrows point in the same
direction is called alirect path.

A directed graph istrongly connected if a
directed path connects every two nodes.
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Example directed graph

The directed graph in Figure 6 represents the relz
that characterizes the gare®ssors, paper, stone:
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A game representation

Figure 6:The graph of a relation
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Applications

Directed graphs are a handy way of depicting
pinary relations.

f R 1s a binary relation whose domain and ran
isD,i.e.,R C D x D, alabeled graph

G = (D, F) representg? with

E ={(z,y)|zRy}.

Graph in Figure 6 illustrate this fact.
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Strings (informal)
Strings of characters are fundamental building
blocks in CS;

The alphabet over which strings are defined Ir
vary with application;

Alphabet: Is a finite sets;
Members of the alphabet are thgmbols.
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Notation

We use Greek letters andI' to designate
alphabets;

We also use typewriter fonts to denote symbol
an alphabet.

Examples:
1 ={0,1};
Yo ={a,b,c,d,e,f,g,h,i,j,k,1,mn ,0,p,q,1,8,t,u,V,w,X,y,2};
I'={0,1,%,y,z}.
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Strings over an alphabet

A string over an alphabet is a finite sequence of
symbols from that alphabet, usually written ne
to one another.

Examples:
if ¥, ={0,1}then01001 is a string ovei;;

if ¥ ={a,b,c,...,z} thenabr acadabr a is a string oveb.s.

Computation Theory — p.24



String properties

If w Is a string ovel’, thelength of w, written
lw|, is the number of symbols containedin

The string of length zero is called tleepty
string, writtence;

The empty string plays the role 6fin a number
system;

If |w| = n, we can write
W= wWiwWsy ... Wy, W; € 22,1=12,...,n.
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More properties

The reverse ofv = wyw, . .. w,, writtenw’™, is

w’ = Wy ... WoW1,

A string z Is a substring ofv If w = zzy for x, y
not necessarily the empty strings.

Example:

cad is a substring obr acadabr a andx = abr a, y=abr a.
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String operations

Concatenation: two stringsez = x1xs . .. x,, and
Y = 1Y ... Yy, Dy concatenation define a new

stringxy = x122 ... T Y1Y2 - - - Yn,
The concatenationz . . . z, k-times is writternz*:

Lexicographic ordering: Is the familiar
dictionary ordering of strings, where shorter
strings precede longer strings.

Example:
Lexicographic ordering of all strings ovér = {0, 1} is:
{€,0,1,00,01,10,11,000,...}

Computation Theory — p.27



Strings (formally)

Let > be an alphabet_* denotes the set of all string
overy., and is formally defined by the following rule

1. e X*
2. Foreache € X, x € Y™,

3. Ifz,y e X*thenroy =y € X*.
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Language (informal)

A language is a set of strings over a given alphabe
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Language (formal)

Let > be an alphabet and* be the set of all strings
over..

A languagel over>. Is a setl, C >*.
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Fundamental problems

For: an alphabet and C >* a language the
following are fundamental problems:

Language specification:devise a specification mechanisf§,M, ),
that discriminates strings € L from strings iny € X* andy & L.
Examples language specification mechanisms?

Language recognition: device a recognition mechanis(i M, ), that
for any stringr € X* decides whether € L orx & L.
Examples language recognition mechanism?

Language translationlet L., and L, be languages over the alphabet
Y1 andXs, f : X1 — Yo afunction andt' : X7 — X35 the semigroup
homomorphism induced by.

Example: Device a translation mechanism: L; — Lo that preserve:!
the semigroup structures df; andX3 on L; and Lo, i.e., if

x,y,xy € Ly thenT (x), T(y), T(x)T (y) € Lo.
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Questions

When is a language also:
a programming language or
a mathematical language or

a natural language

When Is a programming language also a natul
language?
Example:

When Is a natural language also a programmil
language?
Examples:
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Boolean logic

Boolean logic is a mathematical system built
around two valued,r ue andf al se, called
boolean values and often represented laynd0,
respectively;

Though originally conceived as pure
mathematics, now this system is considered tc
the foundation of digital electronics and
computer design;

Boolean values are used in situations with twao
possibilities such as:
high or low voltage, true or false proposition, yes or no agisw
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Boolean operations

Boolean values are manipulated by boolean
operations:

1. Negationor NOT, —: =0 =1; -1=0
2. ConjunctionorAND, A\: 0OAN0=0;0AN1=0;1AN0=0;1A1=1
3. DigunctionorOR,vV:0VvV0=0;0v1=1;,1v0=1;1Vv1=1.
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Boolean expressions

Boolean operations are used to combine simple statemeatsore
complexBoolean expressions just as the arithmetic operatioasand x
are used to construct arithmetic expressions

Examples: Let P and( be Boolean values representing the truth of
statements “the sun is shining" and “today is Monday":

P A Q represent the truth value of statement:
“the sun is shining and today is Monday";

P Vv Q represents the truth value of statement:
“the sun is shining or today is Monday";
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Other Boolean operations

Exclusiveor or XOR, ®: 0 0=0;001=1;100=1;1d1=0.
Equality, ~: 0+~ 0=1;0—-1=0;1+<0=0;1«+<1=1.
Implication, -: 0 —-0=1;0—-1=1;1—-0=0;1—1=1.
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Properties

One can establish various relationship among
Boolean operations

All Boolean operations can be expressed Iin te
of AND andNOT by the following identities:

PVQ = (=P A-Q)
P—@Q = —-PVvVQ
P—Q@Q = (P—=Q AN(Q— P)

Pa@Q = —(P<Q)
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Distribution law

Distribution law for AN D andO R comes In
handy while manipulating Boolean expression

This law Is similar to distribution law for additia
and multiplication in arithmetic:

ax(b+c)=(axb)+ (axc)

Boolean version: two dual laws:
PA(QV R)equalstPAQ)V (PAR)
PV (QAR)equalslPVvQ)A(PVR)
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Fact

The dual of the distribution law for addition and
multiplication does not hold in general, I.e.

a4+ (bxc) # (a+0b)*(a+c) while the dual of a boolee
distribution law always hold, i.eR v (Q A R) always
equals(P Vv Q)N (PV R)
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Summary

Concept Meaning

Alphabet A finite set of objects called symbols
Argument An input to a function

Binary relation A relation whose domain is a set of pairs

Boolean operation  An operation on Boolean values
Boolean value TRUE, FALSE represented by, 0
Cartesian product  Operation on sets forming set of all siple

Complement Operation on a set forming set of elements neepte
Concatenation Operation that sticks together two strings
Conjunction Booleam N D operation

Connected graph Graph with paths connecting every two nodes
Cycle Path that starts and ends with the same node

Directed graph Graph whose edges are arrows
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Summary, continuation

Concept Meaning

Disjunction BoolearO R operation

Domain The set of possible inputs to a function
Edge A line connecting two nodes in a graph
Element An object in a set

Empty set A set with no elements

Equivalence relation  reflexive, symmetric, and transibi@ary relation

Function A mapping from inputs to outputs

Graph A collection of nodes and lines connecting some points
Intersection Operation of forming common elements of twis se
k-tuple A list of £ objects

Language A set of strings

Member An object in a set
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Summary, continuation

Concept Meanikng

Node A point in a graph

Pair A list of two elements, also calledRatuple

Path A sequence of nodes in a graph connected by edges
Predicate A function whose range{i$ RUE, FALSE}

Property A predicate

Range The set from which the outputs of a function are drawn
Relation Predicate, typically when domain is a sekdliples
Sequence A list of objects

Set A collection of objects

Simple path A path without repetition
String A finite list of symbols from an alphabet

Symbol A member of an alphabet
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Summary, continuation

Concept  Meaning

Tree A graph without cycles
Union Operation combining elements of two sets into a sisgte

Vertex A pointin a graph
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