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Source

Most of the material discussing relations between
regular languages and context-free languages Is
taken from Fleck, Chapters 2 and 4.
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Linear grammar rules

LletG = (V,X,R,5) beaCFG andr € R.
ris linear if rhs(r) € ¥* o V o X%,
r is right-linear if rhs(r) € ¥* o V;
ris left-linear if rhs(t) € V o X%,
r IS terminating if rhs(r) € 3*.
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Linear CFG

A CFG G Is called linear if all its productions
are either linear or terminating;

A CFG G is called right-linear if all its
productions are either right-linear or
terminating;

A CFG G Is called left-linear if all its
productions are either left-linear or
terminating.
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Example linear grammar

G = ({A, B},{0,1},{A — 0A|B, B — 1Bl|¢}, A)
IS a right-linear grammar.

Derivation:
A= 04 = 004 = 00B = 001B = 0011B = 00111B = 00111

IS a derivation In G.

L(G) = 0°1*
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Theorem 2.35

If L C >* Is a regular language then there is a
right linear grammar G with L(G) = L.

Proof: by construction. Since L is regular let DFA D = (Q, %, 9, qo, F)
with L(D) = L and ¥ N Q = 0. Construct G = (Q, %, R, qo) Where:
R={q—tdlt€eXNd(q,t)=q¢}U{q—¢€lge F}

1. G isright-linear and directly simulates D;

2. ifx =x125...2, € L(D) with §(qo, 21) = q1, 6(q1, 22) = ¢2, - . .,
O(qn-1,%Tn) = qn then qg = r1q1 = T122q2 = ... = T1T2 ... Tpqy

3. go € Fand g, —e€ R, 1.e., x125...2, € L(G) N L(D) C L(G).
4. Similarly, L(G) C L(D). Therefore L(D) = L(G).
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Corollary

No regular language is inherently ambiguous.
Proof: Let L be regular and DFA D accepting it.
Each z € L has a unique accepting run in D,

D runs are in one-to-one correspondence
with the leftmost derivations in the associated
grammar Gp,

Hence, each x € L has a unique leftmost
derivation in G p.
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Example

DFA D in Figure 1 accepts the Ianguage 0*1*

Figure 1. DFA accepting the language 0*1*




Grammar assoclated with D

Using the construction from the proof we
obtain ¢, = {g0, a1, g2}, {0, 1}, {go — Oqol1q1]e, 1 —
1¢1]0gz€, g2 — 0g2|1g2}, qo)

Since ¢, I1s dead we can eliminate its rules
obtaining:

Gp = ({q0,q1},10,1},{q0 — Oqo|1q1le, q1 — 1q1le}, qo)
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Lemma

For each right-linear grammar G = (N, >, P, S)
there is a right-linear grammar G’ = (V', %, P'|5)
where each non-terminating rule A — o € P’ has
la| < 2 and each terminating rule A — x € P’
has |z| < 1.

Proof idea: Note that G does not forbid erasing € or unit rules (¢ may

belong to a regular language). For A — « € P with |a| > 2, to transform

It equivalently we can use construction from Chomsky normal form.
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Example

Consider G = ({A, B}, {a,b}, {A — abA|abB, B — aaaB|b}, A).
(¢’ stated in the above Lemma is

G' = ({A, X1,Y1, B, Z1, Z-}, {a, b}, R', A) Where R’ Is:

A — aXi|aYr, X1 — bA,Y; — bB,

B — aZ1|b,Zy — aZs, Zo — aB
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Theorem 2.36

For each right-linear grammar G, L(G) is regular.

Proof: by construction

1. ForG = (V,¥, R, S), using Lemma 2.20 we may assume that R
has only productions of the form X — zY and X — 2z, XY € V,

z € YU {e}.
2. An NFA M that accepts L(G) is M = (V U{6},%,0,5,{6}) where
foreach X € V and z € ¥ U {e}:
if X —z€ Rthend(X,z)={0tUu{Y|X — zY € R}
If X —2¢ Rthen (X, z2)={Y|X — 2Y € R}

3. It can be directly checked that L(M) = L(G).
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Example

The NFA M accepting the language specified by

G = ({A,Xl,yl, B, 71, ZQ}, {CL7 b}, R/,A) where R’ is:
A — CLX1|CLY1,X1 — bA,Yl — bB,B — CLZl‘b, 1 — CLZQ, /oy — aB IS IN

Figure
glj

Figure 2. NFAequivalentto G’ m m m = O
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Fact

There Is a perfect duality between recognition
and generation of regular languages: when an
acceptor makes an atomic step it consumes one input symbol;
when a grammar rule is used in an atomic step it produces one
symbol,

The results established for right-linear
grammars hold also for left-linear grammars;

The term regular grammar is further used to
refer to a CFG which is right or left linear.
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Relationship

The results produced here for regular
grammars show that any regular language,
RL, is a context-free language, CFL;

However, as we know, the language
L = {o"1"]n > 0} IS NOt regular,

A CFG that generates L = {0"1*|n > 0} IS:
G = ({S},{0,1},{S — 0S1]e} wWhich shows that not all
context free languages are regular.

Consequence: RL C CFL. SRR
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