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Theorem 2.1

LetG = (V, X, R, S) be a CFG. Suppose that
w = wiws ... w, k > 1, wherew; € (V U X)*,

1 < i< kandw = z. Then there exist
v, € (VUX)*,1<i<k sothatr = ziz9... 24

*
andw@- — T

Proof idea: by induction on the length of the derivation of
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Pr oof

| nduction base: derivation length zero. In this case
w=zxandw; =x;,1 <1<k

Induction step: assume the result for all derivatio
of n > 0 steps and consider the+ 1 step derivatiol

X
WiWsy . .. W = T.
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| N this case we have:

1. Suppose this derivation first rewrites,, 1 < m < k, l.e.,
WIW2 ... W = WIW2 ... Wy—1Y1Y2 - - - YpWm41 - - - Wk = x where
Wy — Y192 - - . Yp IS @ Specification rule.

2. Applying the induction hypothesis to the lassteps of this derivation
there must existy, za, ..., Tm—1, Tm+1, .- -, Tk, 21, 22, - . ., Zp SO that
w; = T5,1=1,2,....m—1,m+1,....,kandy; = z,1<j <p,
andxr = z1x2 ... Tm—_121%2 .. . ZpTm+1 - - - Tk

3. Takingz,, = z122... 2, andw,, = y1y2 ... Yp = .. the induction is
extended to + 1 length derivation
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Example application

Consider the CFG& = ({5, B}, {a,b},{S — aSBle, B — bBle}, S).

The following are derivations witly:

S=aSB — aaSBB = aaSbBB,

S = aSB — aaSBB = aaSBbB,

S =aSB — aaSBB = aaSB,

S =aSB — aaSBB = aaBB

which show that derivations with this grammar are quite caxp
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Observations

According to Theorem 2.1, when rewriting the stringS BB we can
consider further derivations of each of its symbols in ifola

Derivations fromB areB = bB = bbB = b*B, k > 0
ThereforeaaSBB = aaSbPbe, p,q > 0

SinceS — a5 B|e are onlyS-specification rules it follows that
L(G) = {a™(b")"[n = 0}
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Reachable symbols

LetG = (V, X, R, S) be a CFG. A symbol

X € (VUuY)isreachableif S = a.X 3 for some
a, 8 € (V U X)*; otherwiseX is unreachable

Note:
1. AsymbolX < Vislive if X = z for somex € X*;

2. AsymbolX € V is dead if there is na € ©* such thatX = z;

3. AsymbolX € (X UZX) is useless if itis either unreachable or dead
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Facts

1. Unreachable symbols and their productions can con&ibathing to
the language specified by a CFG;

2. The occurrence of a dead variable in a derivation insunatsthat

derivation contribute no string in the language, even if traable is
reachable;

Note: While useless symbols are no value to the
description of a language, they are not prohibited.
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Example

Consider the CFG = ({s, 4, B,C}, {a,b}, R, S) WhereR IS
the set:

bblaB

alAa
bB|Ba|AB
ba|aA|BblaCb

Q T = W
Lol

1. C'isunreachable anB is dead:;

2. Ais live and reachable but contributes nothing to the languag
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Cleaning up a grammar

Cleaning up a grammar is the process of elimina
useless symbols and their productions.
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Dead symbol elimination

Foreach CFGY = (V, X, R, S) with L(G) # 0, there
isa CFGG' = (V' X, R, S) so thatL.(G") = L(G),
V'CV,R C R,andG’ has no dead symbols.
Proof idea: partition inductively the variables d@¥ as follows:
1. Vi ={XeV|X we RANw e X*};
2. Fori > 0defineV;,; =V, u{X eV|X —we RANwe (V;UX)"
3. DefineV’' =uX,V;andR' = {X - we R|Aw e (V UX)*}.
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Claim
We show now that’’ is the set of all live symbols of

GandVXeV,ngeZ*iﬁXﬁﬁyeZ*.
Every variable in/’ is live:

1. EachX € V’/ must belong td/; for somei;

2. By definition, variables ifvj are live;

3. If variables inV; are live then variables i#;, ; are live by
construction.
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Proof, continuation
Every live variableX of G belongs tal”.

Proof: by induction on the length of a shortest derivation frame V'
1. If X has a one step derivation then by constructlor 1, and hence
X eV,
2. Assume that all variables withor fewer step derivations to a termin:

string belong td/’ and consider a variabl& with n + 1 step
derivation, sayX = wqws ... w; = y € L*;

3. By Theorem 2.1y = y19» ...y andw; = y;, 1 < i < k. Hence, by
induction hypothesis); € V'. But then eachw;, 1 < i < k, belongs to
some set,,, C V',

Computation Theory — p.13



Fact

If pIs the maximum indexn In the above conclusic
then by constructioqw;, ws, ..., wy} € V, C V',
Thus the derivationX = wjws ... w; setsX in V4
and thereforeX ¢ V.
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Proof, continuation

L(G") = L(G) Proof: use set equality.
1. SinceL(G) # ( it result thatS is live and hence € V7;

2. L(G") C L(G) because&?’ C R and so any rewriting iz’ can also be
done InG;

3. L(G) C L(G"): each step in the derivation of a string of terminalgr
can introduce no dead symbols and so productions used btldgig
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Unreachable symbols

Unreachable symbol elimination: For each CFG
G = (V,X,R,S) with L(G) # 0 there is

G' = (V' ¥ R,S)sothatL(G') = L(G),
Vicv, Y Cy RCR,and

' has no dead or unreachable symbols.
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Proof idea

By the previous result, assume tliahas no dead variables.

Split the symbols i/ U X inductively by the procedure:
1. So =15}
2. Fori >0,5,.1=5U{ce (VUX)|IX € 5;A
Ja, € (VUX)* AN X — aof € R}
3. SetV! =V N (U2,5:), Y =XN(UZ,S:),
R' ={r € R|lhs(r) € V! Arhs(r) € (VI UX)*}
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Proof, continuation

Claim 1: V' U X' is exactly the collection of
reachable symbols df.

Proof: show that eaclr € V' U ¥’ is reachable by induction on the smalle
Index: so thato € S;.

Induction basis. Fori = 0 this is trivial. SinceL(G) S € V.

| nduction step: assume that all symbols i), are reachable and
o€ Spi1. If 0 € S, thenitis reachable by induction hypothesis; if
o ¢ S, thenthere exisk € S,,, a, 8 € (V U X)* with

X — aof € R. SinceX € S,,, X is reachable and so

S = wi; Xws = wiaoPBw, and thuss is reachable.
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Fact

The claim that every reachable symbolof & is In
V' U X' is proved by induction on the length of t
shortest derivation producing
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Proof, continuation

Claim 2: deleting the unreachable symbols and th
rules create no dead variables(if

Proof: if X is a reachable variable anii = w € X* in G, then even
symbol introduced in this derivation is also reachable, sodt is not deac

ConsequenthyX is live in G’.
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Proof, continuation
Claim 3; L(G') = L(G).

Proof: use set equality, i.e., show the inclusions:
L(G") C L(G) N L(G) C L(G).

1. L(G") C L(G): sinceR’ C R, each derivation iz’ is a derivation in
G,

2. L(G) C L(G"): If S = w € ¥* in G then every symbol introduced ir
this derivation is reachable. Consequently all productiosed are
retained inG’ so this is also a derivation i&’.
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Application

Cleanc = ({s, 4, B,C%, {a,b}, R, S) WhereR IS:

S — 0bblaB

A — al|Aa

B — bB|Ba|lAB

C  — balaA|BblaCb

1. Vo ={S5,A,C} =V =V’
G'=({S,A,C} {a,b},{S — bb, A — a|Aa,C — balaA|aCb}, 5)

2. Sy ={S}, 51 ={8S,b}, 82 = S1:G" = ({S},{b},{S — bb}, 5)
3. L(G") = L(G) = {bb}
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L anguage inter pretation

Language elements are interpreted by their
derivation trees.
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Facts

1. Sometimes a CFG can generate the same string in sevdeaedif
ways;
2. Such a string will have several different derivation see

3. Since each derivation tree represents an interpretafitdre string,
each derivation tree defines a meaning of the string;

4. Different derivation trees for a string means differergamings for the
same language element.
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Observations

Multiple meanings of the same language element are unésiiar
some applications;

For example, multiple meanings of a program are unaccepiala
programming language;

Each language element in a programming language shouldahave
unigue interpretation.

Note: multiple derivations for a sentence Is a
common situation in natural languages.
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Ambiqguity

If a CFG G generates the same strimgn several
different ways, we say thatis derived

ambiguoudly in G.

If a CFG G generates some string ambiguousl
we say that the gramma# is ambiguous.
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Example

Consider the grammar, whose rules are:
E—-E+TT. T —-TxF|F,F— (F)|la

and the grammatr;, whose rules are:
E— E+ FE|ExE|(F)|a

L(G4) = L(Gs)
Note: one can easily show this by showing the inclusions
L(G4) C L(G5) andL(G5 C L(Gy);

(G5 generates ambiguously some arithmetic expressions While
doesn't.
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Ambiguous expressions

Figure 1 shows two different derivation trees f@k-a

/I\ /I\
SN LT,

a a a a

Figure 1: Two derivation trees f@ra+a
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Facts

1. The gramma¢’s does not capture the usual precedence relations a
groups '+’ before *’ and vice versa

2. In contrast, the gramma&f, generates the same language, but even
generated string has a unique derivation tree;

3. Hence(s is ambiguous andy, is not, i.e.,
(G4 1S unambiguous.
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Another example

(5 below Is another ambiguous grammar

(SENTENCE)
(NounPhrase)
(VerbPhrase)
(PrepPhrase)
(CpNoun)
(CpVerb)
(Article)
(Noun)
(Verbd)
(Prep)

NounPhrase) (VerbPhrase)
CpNoun)|{CpNoun) (PrepPhrase)
CpVerb)|(CpVerb) (PrepPhrase)
Prep) (CpNoun)

Article) (Noun)

Verb)|(Verb) (NounPhrase)

P . N . R e

boy|girl|flower

touches|likes|sees
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Example ambiguous string

The sentence:
the girl touches the boy with the fl ower

has two different derivations, so it is ambiguous.
The two derivations correspond to the two reading

(the girl touches the boy) (with the flowerhe girl has the flower

(the girl touches) (the boy with the flowerhe boy has the flower
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Observations

When a grammar generates a string ambiguotl
It means that the string has two different
derivation trees;

Two different derivations however, may produc
the same derivation tree because they may dif
In the order in which they replace nonterminals
not in the rules they use;

To concentrate on the structure of derivations:
need to fix the order of rule application.
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Fixing rule application order

L eftmost derivation: a derivation of a stringy
In a grammai Is aleftmost derivation if at every
step the leftmost nonterminal is replaced.

Rightmost derivation: a derivation of a stringy
IN a grammai_ Is arightmost derivation if at
every step the rightmost nonterminal is replace
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Fact

The leftmost and rightmost derivations of a stringre
unique, so they are equivalent to the derivation tre
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Ambiguity again

A string w Is derived ambiguously in the CFG
If it has two or more different leftmost (or
rightmost) derivations;

A CFG G Is ambiguous if it generates some
string ambiguously.
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Observation

Sometimes when we have an ambiguous gran
(such as(G5) we can find an unambiguous gramr
(such ag>,) that generates the same language.
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| nherent ambiquity

Some CFL, however, can be generated only b
ambiguous grammar,

A CFL that can be generated only by ambiguo
grammars is callechherently ambiguous.

Example of inherently ambiguous language:

(0'172%i =5 Vv ij=k}
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