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Limitations o finite automata

There are languages, such{@81"|n > 0} that
cannot be recognized by finite automata or
specified by regular expressions;

Context-free grammars provide a more power!
mechanism for language specification,;

Context-free grammars can describe features
have a recursive structure making them useful
beyond finite automata.
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Historical notes

Context-free grammars were first used to stud
human languages;

One way of understanding the relationship
petween syntactic categories (such as noun, v
oreposition, etc) and their respective phrases
eads naturally to recursion;

This is because noun phrases may occur insic
the verb phrases and vice versa.
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Fact

Context-free grammars can capture important asj
of these relationships.
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Important application

Context-free grammars are used as basis for
programming language design and implementatio

Context-free grammars are used as specification mechafasms
programming languages;

Designers of compilers use such grammars to implement derigpi
components, such a scanners, parsers, and code generators;

The implementation of any programming language is precége
context-free grammar that specifies it.
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Context-free languages

The collection of languages specified by
context-free grammars are calledntext-free
languages

Context-free languages include regular langue
and many others;

Here we will study the formal concepts of
context-free grammar and context-free langua
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Notations

We abbreviate the phrasentext-free grammar
to CFG;

We abbreviate the phrasentext-free language
to CFL,;

We abbreviate the concept ofZ+G specificatior
rule to the tupledhs — rhs wherelhs stands fo
left hand sideandrhs stands foright hand side
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More on specification rules

Thelhs of a specification rule is also called
variableand is denoted by capital letters;

Therhs of a specification rule is also called a
specification pattern and consists of a string o
variables and constants;

The variables that occur in a specification patt
are also callechonterminal symbojs

the constants that occur in a specification patt
are also callederminal symbols
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CFG: Informal

A CFG grammar consists of a collection of

specification rules where one variable is designate
start symbobr axiom

Example: the CFGG, has the following specificatic
rules:

A — 0A1
A — B
B — #
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Observations

Nonterminals of CFG~, are{ A, B}
A Is the axiom;

Terminals of CFG&, are{0, 1, #}.

Computation Theory — p.10



More terminology
The specification rules of a CFG are also calle
productionsor substitution rules

Nonterminals used in the specification rules
defining a CFG may be strings;

Terminals in the specification rules defining a
CFG are constant strings.
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Terminals

Terminals used in CFG specification rules are
analogous to the input alphabet of an automat

Example terminals used in CFG-s are: letters
an alphabet, numbers, special symbols, and
strings of such elements;

Notation: strings used to denote terminals in C
specification rules are quoted.
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Language specification

A CFG is used as a language specification mecha

by generating each string of the language in follow
manner:

1. Write down the start ruléhs — rhs wherelhs is the axiom and hs of
one of its specification pattern;
Note: usuallylhs — rhs is the top rule, unless specified otherwise;

2. Find a variable that occurs in tihés and replace it with thehs of a
rule that has this variable as thes;

3. Repeat step 2 until no variables remain in the string tleuneated.
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Example string generation

Using CFG(G, we can generate the stringp#111 as

follows:
A=0A1=00A11=000A111=000B111=000#111

Note: The sequence of substitutions used to obtaill
string using a CFG is called a derivation and may |
represented by a tree calledlarivation treeor a

parse tree
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Example derivation tree

The derivation tree of the stringo#111 using CFGG,
IS in Figure 1 A

A

Figure 1:Derivation tree fol000#111
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Facts

All strings of terminals generated in this way
constitute the language specified by the grami

We write L(G) for the language generated by t
grammarG. Thus,L(G,) = {0"#1"n > 0};

The language generated by a context-free
grammar is called a Context-Free Language,
CFL.
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More notations

To distinguish nonterminal from terminal string
we often enclose nonterminals in angular

parentheses, ), and terminals in quotes “,";

If two or more rules have the sanies, as in the
exampleA — 0A1 andA — B, we may compac
them using the form

lhs — rhsi|rhss|...rhs,
where| is used with the meaning of an “or".
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Example compaction

The rulesA — 0A1 and A — B may be written
A — 0A1|B.
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CFG G5

The CFGG, specifies a fragment of English

(SENTENCE)
(NounPhrase)
(VerbPhrase)
(PrepPhrase)
(CpNoun)
(CpVerb)
(Article)
(Noun)
(Verd)
(Prep)

(NounPhrase) (VerbPhrase)
(CpNoun)|{CpNoun) (PrepPhrase)
(CpVerb)|(CpVerb) (PrepPhrase)
(Prep) (CpNoun)

(Article) (Noun)

(Verb)|(Verb) (NounPhrase)

2 a” |77 the”

29 boy” |77 gi,r,l” |77 flowe,r,”
"touches” | likes” |” sees”
2 wzth”
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Facts

The CFGG5 has ten variables (capitalized and
angular brackets) and 9 terminals (written in
guotes in the standard English alphabet) plus
space character;

Also, the CFG{5 has 18 rules:
Examples strings that belongstdG,) are:

a boy sees
t he boy sees a fl ower
agrl wwth a flower |ikes the boy
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Example derivation with G5

(SENTENCE) (NounPhrase) (VerbPhrase)
(CpNoun) (VerbPhrase)
(Article) (Noun) (VerbPhrase)
a (Noun) (VerbPhrase)

a boy (VerbPhrase)

a boy (CpVerb)

a boy (Verb)

A T T

a boy sees

Note:

1. Itis sufficient to mark one of terminals or non-terminassng special
symbols. Here we use angular brackets for non-terminals.

2. Terminals in this derivation are not quoted.
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Formal definition of a CFG

A context-free grammar is a 4-tupl®, >, R, S)
where:

1. Vis afinite set of strings called thariablesor nonterminals
2. X is afinite set of strings, disjoint frof1, calledterminals

3. Ris afinite set of rules (specification or derivation rulesjhe form
lhs — rhs, wherelhs € V,rhs € (V U X)*,

4. S € V is the start variable (or grammar axiom).
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Example CFG grammar
G1= ({A,B},{0,1,#}, R, A) whereR is:

A — 0A1
A — B
B — #
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Direct derivation

If u,v,w € (VUX)* (i.e., are strings of variable
and terminals) andl — w € R (i.e., is a rule of
the grammar) then we say thatlv yieldsuww,
written uAv = wwv;

We may also say thatwv Is directly derived
from v Av using the ruled — w.
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Derivation

We writeu = v if w = v or if a sequence
ui, us, ..., up € (VU X)* exists, fork > 0, and
Ul = U9 = ... = U = U,

We may also say that;, us, ..., ui,visa
derivation ofv from w;.
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Language specified by

It G =(V,%,R,S) is a CFG then the language
specified by (or the language of7) is

L(G) = {w € S = w)
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Observations

Often we specify a grammar by writing down
only its rules;

We can identify the variables as the symbols tl
appear only as thi s of the rules;

Terminals are the remaining strings used in th
rules.
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More examples of CFGs

Consider the grammar
Gs = ({5} {a, 0}, {5 — aSb[SS]e}, 5):

L(G3) contains strings such as
abab, aaabbb, aababb,

Note: if one think ata,b as(,) then we can see th
L(G3) is the language of all strings of properly nes
parentheses.
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Arithmetic expressions

Consider the grammar:
Gy=({E,T,F} {a,+,* ()} R, E) WhereR is:

E — FE+T|T
T — T*F|F
F — (F)a

L(Gy) is the language of arithmetic expressior
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Facts

The variables and constants in expressions of
L(G,) are represented by the terminal

Arithmetic operations in.(G,) are addition,

represented by +, and multiplication, represen
by *;

An examples of a derivation usirj, Is In
Figure 2.
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Example derivation with G4

E
N
E + T
AN

T T * F
| |

F F a
|

a a

Figure 2: Derivation tree fod+a+a
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Designing CFGs

As with the design of automata, the design of
CFGs requires creativity;

CFGs are even trickier to construct than finite

automata because “we are more accustomed

programming a machine than we are to specif
programming languages".
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Design techniques

Many CFG are unions of simpler CFGs. Henc:
the suggestion is to construct smaller, simpler

grammars first and then to join them into a larg
grammat;

The mechanism of grammar combination con:
of putting all their rules together and adding th
new rules:s — s:15.|...|s, where the variables
S.,1 < <k, are the start variables of the
iIndividual grammars and' is a new variable.

Formally: letG, = (V4,Ty, Ry, 51),...,G,, = (V,,, T, Ry, Sy) be given.

G=MWu..uv,u{sy, nu...uT,,RiU...UR,US — S1|...]5,,5)
Is the CFG composed d@f4, ..., G,,.
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Example grammar design

Design a CFG for the language:

{0™"1"|n > 0} U{1™0"|n > 0}
1. Construct the grammat; — 0S5 1|e that generate§0™1™|n > 0};
2. Construct the gramma, — 1.550|e that generate$§1™0"|n > 0};

3. Put them together adding the rifle— S, |S; thus getting:

S — SllSQ
Sl — 0511’6
SQ — 1S20‘€
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Second design technique

Constructing a CFG for a regular language Is €
If one can first construct a DFA for that langua

Let A = (Q, 2, 9, q, F') be a DFA that recognize
L. ConvertAintoCFG 4 = (V, X, R, Ry) by:
1. Make a variabld?; € V for each state; € () of the DFA,;

2. Add the ruleR; — aR; to R for each transaction
0(qi,a) = q;,a € X, of 4;

3. AddtheruleR; — eto R if g; iIs an accept state of.

4. If g9 Is the start state of the DFA malt&, the start variable of
CFG 4.
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Observation

Verify that CFG(constructed by the conversion of a DFA into a CF
generates the language that the DFA recognizes.
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Third design technigque

Certain CFLs contain strings with two related
substrings as ar@’ and1™ in {o"1"|n > 0} ;

Note: here the relation ig)"| = |1"|; other
relations may also be observed.

To recognize such a language a machine wou
need to remember an unbounded amount of Ir
about one of the substrings.
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Fact

A CFG that handles this situation uses rules of the
form

R — uRv

which generates strings wherein the portion contai
u’S corresponds to the portion containing.
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Fourth design technigue
In a complex language, strings may contain
certain structures that appear recursively;

Example: in arithmetic expressions any time tl
symbola appear, the entire parenthesized
expression may appear.
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Fact

To achieve this effect one needs to place the var
generating the structur@ in case ofG,) In the locatior
of the rule corresponding to where the structure |
recursively appeatasinE — E + T in case ofG,).

Computation Theory — p.40
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