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Abstract

Given an n-point metric (P;d) and an integer k > 0, we consider the problem of coverind®
by k balls so as to minimize the sum of the radii of the balls. We preent a randomized algorithm
that runs in O(n'°9" 9 ) time and returns with high probability the optimal solutio n. Here,

is the ratio between the maximum and minimum interpoint dis tances in the metric space.
We also show that the problem is NP-hard, even in metrics indeed by weighted planar graphs
and in metrics of constant doubling dimension.

1 Introduction

Given a metric d de ned on a setP of n points, we de ne the ball B(v;r) centered atv 2 P and
having radiusr 0 to be the setfq2 Pjd(v;g) rg. In this work, we consider the problem of
computing a minimum cost k-cover for the given point setP, wherek > 0 is some given integer
which is also part of the input. For > 0, a -cover for subsetQ P is a set of at most
balls, each centered at a point inP, whose union covers (contains). The cost of a setD of balls,
denoted costD), is the sum of the radii of those balls.

This problem and its variants have been well examined, motiated by applications in clustering
and base-station coverage [6, 4, 13, 3, 1].

Doddi et al. [6] consider the metric min-costk-cover problem and the closely related problem of
partitioning P into a set of k clusters so as to minimize the sum of the cluster diameters. d¢flowing
their terminology, we will call the latter problem clustering to minimize the sum of diameters
They present a bicriteria poly-time algorithm that returns O(k) clusters whose cost is within a
multiplicative factor O(log(n=k)) of the optimal. For clustering to minimize the sum of diameters,
they also show that the existence of a polynomial time algothm that returns k clusters whose cost
is strictly within 2 of the optimal would imply that P = NP. Notice that this hardness result does
not imply the NP-hardness of the k-cover problem. Charikar and Panigrahy [4] give a poly-time
algorithm based on the primal-dual method that gives a consant factor approximation { around
3:504 { for the k-cover problem, and thus also a constant factor approximaton for clustering to
minimize the sum of diameters.

The well known k-center problem is a variant of the k-cover problem where the cost of a set
of balls is de ned to be the maximum radius of any ball in the sé. The problem is NP-hard and
admits a polynomial time algorithm that yields a 2-approxim ation [10]. Several other formulations
of clustering such ask-median and min-sumk-clustering are NP-hard as well [11, 5].

Recently, Gibson et al. [9] consider the geometric versionfcthe k-cover problem whereP < !
for some constantl. WhenthelL, orL; normis used to de ne the metric, they obtain a polynomial
time algorithm for the k-cover problem. With the L, norm, they give an algorithm that runs in



time polynomial in n, the number of points, and in log(1=) and returns a k-cover whose cost is
within (1 + ) of the optimal, forany 0 < < 1.

Our Results

Our rst result generalizes the algorithmic approach of Gibson et al. [9] to the metric case. For the
k-cover problem in the general metric setting, we obtain an e&act algorithm whose running time is
n'ognlog  where isthe aspect ratioof the metric space, the ratio between the maximum interpoirt
distance and the minimum interpoint distance. The algorithm is randomized and succeeds with
high probability. Thus when is bounded by a polynomial in n, the running time of the algorithm
is quasi-polynomial. This result for the k-cover problem should be contrasted with the NP-hardness
results for problems such ask-center, k-median, and min-sum k-clustering, which hold when the
aspect ratio is bounded by a polynomial inn.

The main idea that underlies this result is that if we probabilistically partition the metric into
sets with at most half the original diameter [2, 7], then with high probability only O(log n) balls in
the optimal k-cover of P are \cut" by the partition. A recursive approach is then used to compute
the optimal k-cover.

This algorithmic result raises the question of whether an afjorithm whose running time is quasi-
polynomial in n is possible even when the aspect ratio is not polynomially bended. Our second
result shows that this is unlikely by establishing the NP-hardness of the k-cover problem. The
aspect ratio in the NP-hardness construction is about 2. The metrics obtained are induced by
weighted planar graphs, thus establishing the NP-hardnes®f the k-cover problem for this special
case.

Our nalresultis that the k-cover problem is NP-hard in metrics of constant doubling dmension
for a large enough constant. This result is somewhat surprisg given the positive results of [9] for
xed dimensional geometric spaces.

Before concluding this section, we point out that our algorthmic result for the metric k-cover
problem readily yields a randomized approximation algoritm that runs in time 2 POIYI09(n=) gnq
returns with high probability a k-cover whose cost is at most (1 +) times the cost of the optimal
k-cover. This approximation algorithm is obtained by applying a simple transformation (involving
discretization) that reduces the approximate problem to sereral instances of the exact metric -
cover problem with aspect ratio bounded by polyh=).

The rest of this article is organized as follows. In Section 2we present our algorithm for the
k-cover problem. In Section 3, we establish the NP-hardnessfdhe k-cover problem for metrics
induced by weighted planar graphs. In Section 4, we establis NP-hardness for metrics of constant
doubling dimension.

2 Algorithm for General Metrics

We consider thek-cover problem whose input is a metric P;d), where P is a set ofn points and
d is a function giving the interpoint distances, and an integeg k > 0. We assume without loss
of generality that the minimum interpoint distance is 1. Let denote diam( P), the maximum
interpoint distance. We present a randomized algorithm tha runs in O(n'°9"'°9 ) time and with
high probability returns the best k-cover for P. We will assume below thatk n.



The main idea for handling the metric case is that probabilidic partitions [2, 7] can play a role
analogous to the line separators were used in the geometri@ase [9]. To formalize this, letQ denote
some subset oP such that diam(Q) 50, and consider the following randomized algorithm (taken
from [7]) that partitions Q into sets of diameter at most diam(@Q)=2:

Algorithm 1 Partition( Q)
1. Let denote a random permutation of the points in Q.

2: Let denote a random number in the range [diamQ)=8; diam(Q)=4].
3:LetR Q.

4: forall i 1tojQjdo

5 LetQi f p2Rjd(p; (i) g

6: LetR RnNQ;.

Since eachQ;j is contained in a ball of radius at most diam(@Q)=4, we have that diam(Q;)
diam(Q)=2. Clearly, the Q; also partition Q. Let us say that a ball B P is cut by this partition
of Q if there are two distinct indices i andj such that (B\ Q)\ Q; 6 ; and B\ Q)\ Q; 6 ;.
The main property that the probabilistic partition enjoys i s encapsulated by the following lemma,
whose proof follows via the methods of Fakcharoenphol et al[7].

Lemma 1. Let B P be some ball of radiug. The probability that B is cut by the partition of Q
output by Partition (Q) is at most WO(Iongj).

Proof. Let i;:::qgg; denote the ordering of the points inQ according to increasing order of distance
from B%= B\ Q, with ties broken arbitrarily. We may assume that B%6 ; for otherwise the lemma
trivially holds. For each ¢ let a; (resp. by) denote the distance to the closest (resp. furthest) point
in BC By the triangle inequality it follows that b & 2r. We say that (i) settlesB if i is the
rst index for which some point in B?belongs toQ;. Note that exactly one point in Q settles B.
We say that (i) cuts B if (i) settles B and at least one point in BCis not assigned toQ;. The
probability that B is cut by the partition equals
X X
Pr[ (i) cuts B] = Pr[g cuts BJ:
i i
The event that g cuts B requires the occurrence of two eventsE, the event that lands in
the interval [a;; Iy ), and E, the event that g appears beforeqs;:::;q 1 in the ordering . Using
independence,

Pr[qg cuts B] Pr[E1] Pr[E2jE1] =Pr[E1] Pr[E>2]
2r 1 16 1
diam(Q)=8 j ~ diam(Q) |’

So the probability that B is cut by the partition is bounded above by

16r X 1

r H 1\ -
W(Q) | j__ W(Q)OUOQJQJ)-



Let S denote the optimal -cover for Q some > 0. The following states the main structural
property that S enjoys.

Lemma 2. The expected number of balls ir§S that are cut by Partition (Q) is O(logjQj). Conse-
qguently, the probability is at least1=2 that the number of balls inS that are cut by Partition (Q) is
at most clogn, where c > 0 is some constant.
Proof. The expected number of balls inS cut is equal to

X radius(B) _
diam(Q)

0(log Qi) ).

X
Pr[B is cut] = O(logjQ)j) diam(Q)’

B2S B2S

The Lemma follows by observing that costS) diam(Q) since Q can be covered by a single ball
of radius diam(Q). O

The Randomized Algorithm

We describe a recursive algorithmBC-Computehat takes as arguments a setQ P and an integer
0 n and returns with high probability an optimal -cover for Q. We begin by noting that we
may restrict our attention to balls B (x;r) whose radiusr equalsd(x; q) for someq 2 P. Henceforth
in this section we only refer to this set of balls. For easing lhe description of the algorithm, it is
convenient to add to this set of balls an elementl whose cost isl . Any subset of this enlarged
set of balls that includes| will also have a cost ofl .

Algorithm 2 BC-Computé&Q; )

1. If jQj =0, return the empty set.

2: Otherwise, if =0, return flg (not possible to cover).

3: Otherwise, if diam(Q) 50, directly compute the optimal solution in polynomial tim e. In this
case, the optimal solution has cost at most 50, so it consistef a setS of at most 50 balls of
non-zero radius plus zero or more singleton balls. The numlreof such solutions is polynomial,
and our algorithm checks them all.

4: for all 2log, n iterations do

5. Call Partition (Q) to obtain a partition of Q into two or more sets. Let Q1;:::;Q denote
the nonempty sets in this collection.
6. for all setsC of at most clogn balls, wherec is the constant in Lemma 2do
7 Let QiO be the points in Q; not covered byC. Foreach 1 i and 0 1 , recursively
call BC-ComputéQ? ;) and store the set returned in the local variable bestQ?% ).
8: For 0 i 1, let Ry = [oi4 Qjo. Note that R 1 = Q% and R; = QY% [ Ri+1 for
0 i 2.
9: for all i 2 downto OandO 1 , do
10: set local variable bestR;; 1) to be the lowest cost solution amongfbest(@Q?,; 9 [
bestRi+1; 1 9j0 ° g
11: Let S denote the lowest cost solution bestRy; j Cj)[ C over all choices ofC tried

above with jCj
12: Return the lowest cost solution S obtained over the (log n) trials.




Running time. To solve an instance QQ; ) of the problem with diam(Q) 50, the algorithm
makesn©(°9 M recursive calls to instances with diameter at most diamQ)=2. The additional book
keeping takesn©(°9n) time. It follows that the running time of the algorithm invok ed on the
original instance (P; k) is nCUognlog)

Correctness.  We will show that BC-ComputéP; k) computes an optimal k-cover for P with high
probability. We begin by noting that the base case instances(Q; ) are solved correctly with a
probability of 1. We will show by induction on jQj that any instance (Q; ) with jQj 2 is
optimally solved with a probability of at least 1 %2—1

If the (Q; ) instance happens to t in one of the base cases, we are done.ti@rwise, consider

an optimal -cover OPT for Q. It is enough to show that BC-ComputéQ; ) returns a -cover of

cost at most cost(OPT) with a probability of at least 1 Q1

nZ2
By Lemma 2, the probability is at least 1 ﬁlz that one of the 2log, n calls to Partition (Q)
returns a partition (Q1;:::;Q ) of Q into 2 sets such that no more thanclogn balls in OPT are

(some of these can be empty) such that for any balB 2 OPT;, we haveB\ Q Q;. Itis
easy to see that OPT, must be an optimal jOPT;j-cover for Qio. By the induction hypothesis,
o

BC-ComputéQ?; jOPT;j) returns an jOPT;j-cover for QP with a probability of at least 1 ’Q—inlz—l
if jQ% 2 and with a probability of 1 otherwise. The probability that BC-ComputéQ?® jOPT j)

returns an jOPT;j-cover for Qi0 for every i is at least
ol 1 Y Qi 1 Q2
2 2 2 -

n n n
QY 2 i

Assuming tt—],iS second good evgnt also happens, it follows fno an easy back\t_\;ards induction on
i that best(R;; i JOPTjj) is a ( i JOPTj; )—covel':r, for R; with cost at most P j>i cost(OPT;)).
Thus best(Ro; | Cj)isan ( j Cj)-cover forRo= ;_; Qi0 with cost at most  ;_; cost(OPT;).
Thus best(Rg; j Cj)[ Cisa -cover ofQ with cost at most cost(OPT). The probability of this
happening is at least the product of the probabilities of the two good events we assumed, which
is at least (1 %—1). This completes the inductive step, becauseBC-Comput€Q; ) returns the

lowest cost -cover among the 2logn -covers that it sees.

Theorem 3. There is a randomized algorithm that, given a setP of n points in a metric space
and an integerk, runs in n°0°9n109)  time and returns, with probability at least 1=2, an optimal k-
cover for P. Here is an upper bound on the ratio between the maximum and minimurmterpoint
distances within P.

3 NP-hardness of Min-Cost  k-Cover

A natural question is whether there is a quasipolynomial time algorithm in n for the case where the
input metric has unbounded aspect ratio. This is unlikely to be the case because, as we show in this
section, the general problem is NP-hard even in case of a plan metric. We give a reduction from

a version of the planar 3-SAT problem - thepn-planar 3-SAT problem. This problem was shown



to be NP-complete in [14]. Planar 3-SAT is de ned as follows:Let = ( X;C) be an instance of

3SAT, with variable set X = fXgp;:::;Xn 10 and clausesC = fcp;:::;cmg such that each clguse
consists of exactlys’a literals. De ne aformula graph G = (V;E) with vertex set V = X C
and edgest = E; E, whereE; = f(Xj;Xj+1)j0 i n 1g' and E, = f(xi;q)ic contains

Xj or Xjg. A 3SAT formula is called planar if the corresponding formula graph G is planar.

The edge setE; de nes a cycle on the verticesX , and thus divides the plane into exactly 2 faces.
Each nodeg 2 C lies in exactly one of those two faces. In then-planar 3SAT problem, we have
the additional restriction that there exists a planar drawing of G such that if ¢, and ¢jo contain

opposite occurrences of the same variablg;, then they lie in opposite faces. In other words, all
clauses with the literals x; lie in one of the two faces and all clauses witlxj lie in the other face.
We have to determine whether there exists an assignment of trth values to the variables in X that

satis es all the clauses in theC.

We describe a simple transformation, easily seen to be e eed by a polynomial time algorithm,
from such a pn-planar 3SAT instance to an instance of nding an optimal k-cover in a metric
induced by a weighted planar graphG = (V;E). The transformation has the property that there
is a k-cover in the metric of cost at most X 1 if and only if the original pn-planar 3SAT instance
is satis able.

We set k = n. The vertex set V of the graph is a union ofk + 2 sets: (a) a set X =

setE, we add an edge between each vertex, and X7 in X with weight 2' for0 | k 1. For each
vertex x; 2 X we add an edge betweerx, and every vertex in W' of weight 2 for0 | k 1.
Analogously, we add an edge between each vertex; and every vertex in W' again of weight 2.
In addition we add edges between every vertex; 2 C and every variable vertex x, or its negation
X7 whichever appears in it of weight 2. Note that this graph G is planar { this follows from the
pn-planarity of the 3SAT instance. See Figure 1 for an illustation.

Claim 4. Any k-cover of V whose cost is at mos2¢ 1 includes, for each0 | k 1, a ball
centered at eitherx; or X; with radius at least 2'.

Proof. Consider any k-cover of V and let t be the largest index such that there is no ball in the
k-cover centered at eitherx; or Xy and having radius at least 2. So foreacht+1 | k 1, there
is a ball B in the k-cover centered at eitherx; or X; and having radius at least 2. SinceW! has
k + 1 points in it, there is point a2 W! that is not the center of any ball in the k-cover. Let B be
some ball in the k-cover that coversa. If B = B, for somet+1 | k 1, then B, has radius
at least 2 +2 2t In this case the k-cover has cost at least ® 1 +2k 2 2t*1 42 2t = ok |f
B6 B foranyt+1 | k 1,then the radius of B is at least 2 2!, since the distance ofa from
any point other than x; and Xt is at least 2 2'. Thus in this case too thek-cover has cost at least
2k 1+2k2 2t+1+2 2t:2k_ [

Now suppose the originalpn-planar 3SAT instance is a yes instance. So there is an assignment
of truth values to Xp; : Xk 1 such that all clauses inC are satis ed. Consider the set ofk balls

radius 2. It is easily checked that these balls form ak-cover of V of cost X +21+ 2k 1=2k 71

!Here we assume that the arithmetic wraps around i.e. (n  1)+1=0



(a) (b)

Figure 1: (a) The gadget for variable x; in . (b) A planar embedding for and construction of
the corresponding instance ofk-clustering problem. All \clause-literal" edges have weidt 2' for
the variable x,. The optimal cover is highlighted with grey \blobs". =( : Xo_ X3_ Xa4) ™ (Xo _
D Xgq_ i X5) N (Xo_: X1 _ i X3)M(X1_: X2 _Xa). Satisfying assignmentX =(0;1;1;0;0;1). Weight
of the covering is exactly 2 1

Now suppose the originalpn-planar 3SAT instance is a no instance. We claim that anyk-cover
of V has cost strictly greater than 2¢ 1 in this case. Suppose this is not the case and consider a
k-cover of cost at most ¥ 1. As a consequence of the claim, such kecover must consist of balls

must cover each vertex inC, it follows that the assignment of truth values to variables in X which
comprises ofx; being true if the ball B, is centered atx, and false if it is centered atX; satis es all
clauses inC. This contradicts the supposition that the original pn-planar 3SAT instance is a no
instance.

Theorem 5. The (decision version of the) problem of computing an optimbk-cover for an n-point
planar metric (P;d) is NP-hard.

4 The Doubling Metric Case

We now consider thek-cover problem when the input metric (P; d) has doubling dimension bounded
by some constant 0. The doubling dimension of the metric (P;d) is said to be bounded by
if any ball B(x;r) in (P;d) can be covered by 2 balls of radius r=2 [12]. In this section, we show
that for a large enough constant , the k-cover problem for metrics of doubling dimension at most
is NP-hard.
The proof is by a reduction from a restricted version of 3SAT where each variable appears in
at most 5 clauses [8]. Let be such a 3-CNF formula with variables xg;:::;X, 1 and clauses

algorithm, from such a 3SAT instance to an instance of ndin g an optimal k-cover in a metric
induced by a weighted graphG = (V;E). The metric will have doubling dimension bounded by
some constant. The transformation has the property that there is a k-cover in the metric of cost



at most 2 1 if and only if the original 3SAT instance is satis able.

The transformation is similar to the one in the previous secton with some modi cations to
ensure the doubling dimension property.

We set k = n. The vertex set V of the graph is a union ofk + 2 sets: (a) a set X =

and X7 with weight 2' for 0 | k 1. We add an edge betweerx; and every vertex in W' of
weight 2 for0 | k 1. Analogously, we add an edge betweeR; and every vertex in W' again
of weight 2. In addition we add edges between every vertex; 2 C and every literal that appears
in the clausec;. If the literal is either x; or X7, the weight of the corresponding edge is'2 Finally
foreachn0 | n landeachl i n; 1, we add an edge of weight '2(1 + 1) 2 betweenw!
and W-|+1. See Figure 2 for an illustration of the transformation.

. B

2!

(1 +1y

2|

&\
@

Figure 2: (a) The gadget for the variable x; in . Each edge between w! and w!,, has weight
exactly 2'=(1 + 1) 2 and the number of wi' 'sis 8( +1)%+1. (b) A representation of an instance of
k-clustering on a doubling metric constructed from an instarce of . All \clause-literal" edges have
weight 2' for variable x;. The optimal cover is highlighted with grey\blobs". =( : Xo_ X3_ X4)"
(Xo _: Xgq_ 1 X5) ™ (Xo_: X1 _ 1 X3) ™ (X1 _: Xo_ Xg). Satisfying assignmentX = (0;1;1;0;0;1).
Weight of the covering is exactly 2 1

(b)

Lemma 6. There is a constant 0 so that the doubling dimension of the metric induced by the
graph G = (V;E) is bounded by .

Proof. Let B(x;r) be some ball in the metric. If r < 1, then either (a) the ball consists of a
singleton vertex, or (b) B(x;r) W!' for somel and the subgraph of G induced by B(x;r) is a
path. In either case, it is easily veri ed that O(1) balls centered within B (x;r) and having radius
r=2 coverB(x;r).

We therefore consider the case 1. Let t be the largest integer that is at mostn 1 such
that 2! r. Foreachs 2 ft 3;t 2t 1;tg, we place balls of radiusr=2 centered at (i)

8



fXs;Xsg\ B(x;r), (ii) clause vertices incident to xs or Xg that are in B(x;r), and (iii) O(1) points
of B(x;r)\ W= so that these balls coverB (x;r)\ W= (this is possible becausé (x;r)\ W= induces
a path of length at most 25*3.) In addition, if x 2 W' for somel, we place O(1) balls of radius
r=2 at points of B(x;r)\ W' so that these balls coverB(x;r)\ W'. Finally, we place a ball of
radius r=2 at x. Clearly, we have placedO(1) balls and we will show that these coverB (x;r). Let
C denote the set of centers at which we have placed balls.

Let y 2 B(x;r) be a point that is not in C or in WS fors2ft 3t 2;t 1tgorin W'
(if x 2 W'). Fix a shortest path from x to y and let x° be the last vertex on this path that is in
C. We rst observe that none of the internal vertices on the path from x to y is in W9 for any
q. Furthermore, if x 2 W' for somel, then by assumptiony 62W'. Thus all edges of the subpath
from x°to y have weight 2 forsome 0 g n 1. No such edge can have weight'?! or greater
because 21 >r ift n 2. No such edge can have weightor s2ft 3;t 2t 1;tgbecause
otherwise the endpoint of the edge closer toy would be in C. Thus every edge on the subpath
from x°to y has weight at most 2 #. It is easy to see that the subpath contains at most 3 edges
of weight 29 forany q t 4. Thus the weight of the subpath from x°to y is at most

32 4+2 5+ 429 <3 A 3<c 2t lcr=2
Soy is in the ball of radius r=2 centered atx’ O

Claim 7. Any k-cover of V whose cost is at mos2¢ 1 includes, for each0 | k 1, a ball
centered at eitherx; or X; with radius at least 2'.

Proof. Consider any k-cover of V and let t be the largest index such that there is no ball in the

k-cover centered at eitherx; or Xy and having radius at least 2. So foreacht+1 | k 1, there
is a ball B| in the k-cover centered at eitherx; or Xj and having radius at least 2.
If some point in W! is covered by someB, fort+1 | k 1, then B, has radius at least

2 +2 2'. In this case thek-cover has cost at least ® 1+2k 2 2*1 1+ 2 2t = 2k |f some point
in Wt is covered by a ballB dierent from the B,'s and not centered at any of the points inW?,
then the radius of B is at least 2 2!. (Note that by assumpion B can't be centered atx; or Xt.)
Thus in this case too thek-cover has cost at least ® 1+2k 2 2t*1 + 2 2t = 2k,

The only remaining case is when each point ilV! is covered by some ball centered at a point
in Wt. Since there can be at most + 1 balls in the k-cover centered within W, the sum of the
radii of these balls is at least

1 2t 2t

5 (ny 1)W (t+1)W > 2 ot

The k-cover has cost at least ® 1+2k 2 2t*1 4 5 ot = 2k, O]

We now argue that the transformation has the property that th ere is ak-cover in the metric of
cost at most 2 1 if and only if the original 3SAT instance is satis able.
Suppose that is satis able. Then we can choose foreach0 | k 1 exactly one ofx; or Xy

where B, has radius 2 and is centered atx; or X7, whichever was chosen. These balls form le-cover
of V with cost 2K 1.
For the reverse direction, consider ak-cover of the target metric space of cost at most ® 1.



either x; or X7 and has radius precisely 2 Let us choose the literals corresponding to the centers
of these balls. For eacH, we clearly choose exactly one ok, of X|. Consider any clause vertexc. It
must be covered by at least one of the ball8,. Given the radii of the balls, the only balls that can
cover ¢ are the ones centered at literals contained in the clause. Ifollows that our set of chosen
literals contains, for each clause in , at least one of the literals contained in the clause. Thus is
satis able.

Theorem 8. For a large enough constant 0, the (decision version of the )k-cover problem for
metrics of doubling dimension at most is NP-hard.
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