Energy Conser vation via Domatic Partitions

Sriram V. Pemmaraju
Department of Computer Science
University of lowa
lowa City, IA 52242

sriram@cs.uiowa.edu

ABSTRACT

Using a dominating setasa coordinator in wirelessnetworks
has been proposedin many papers as an energy consena-
tion technique. Since the nodes in a dominating set have
the extra burden of coordination, energy resourcesin such
nodes will drain out more quickly than in other nodes. To
maximize the lifetime of nodesin the network, it has been
proposedthat the role of coordinators be rotated among the
nodesin the network. One abstraction that hasbeenconsid-
ered for the problem of picking a collection of coordinators
and cycling through them, is the domatic partition problem.
This is the problem of partitioning the set of the nodes of
the network into dominating setswith the aim of maximizing
the number of dominating sets. In this paper, we consider
the k-domatic partition problem. A k-dominating set is a
subsetD of nodessuch that every node in the network is at
distance at most k from D. The k-domatic partition prob-
lem seeksto partition the network into maximum number of
k-dominating sets. We point out that from the point of view
of saving energy, it may be better to construct a k-domatic
partition for k > 1.

We presert three deterministic, distributed algorithms for
nding large k-domatic partitions for k > 1. Each of our al-
gorithms constructs a k-domatic partition of size at least a
constant fraction of the largest possible(k 1)-domatic par-
tition. Our rst algorithm runs in constant time on unit ball
graphs (UBGs) in Euclidean spaceassuming that all nodes
know their positions in a global coordinate system. Our sec-
ond algorithm drops knowledge of global coordinates and
instead assumesthat pairwise distances between neighbor-
ing nodesare known. This algorithm runs in O(log n) time
on UBGs in a metric spacewith constant doubling dimen-
sion. Our third algorithm drops all reliance on geometric
information, using connectivity information only. This al-
gorithm runs in O(log log n) time on growth-b ounded
graphs. Euclidean UBGs, UBGs in metric spaceswith con-
stant doubling dimension, and growth-b ounded graphs are
successiely more general models of wireless networks and
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all three models include the well-known, but somewhat sim-
plistic wireless network models such as unit disk graphs.
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1. INTRODUCTION

A wirelesssensornetwork consistsof individual nodesthat
are able to sensetheir environment (sensor), communicate
with nearby nodesvia radio broadcast (network), and per-
form local computations basedon information gathered from
the surroundings. Once deployed, a sensornetwork may not
permit regular maintenance. This may be due to a variety of
reasons: the network may consist of a very large number of
nodesor the nodesmay be in an environment in which reg-
ular human interverntion is either imp ossible or undesirable
[11, 17]. Nodesin a sensornetwork come equipped with bat-
tery and from the point of deployment, this battery reserwe
becomesa valuable resourcesince it cannot be replenished.
Hence, maximizing the lifetime of the network by minimiz-
ing the energy consumption is an important challenge in
wireless sensornetworks.

A standard approach for reducing energy consumption is
to carefully schedule node activit y. As has beenobsened in
[4], whenewer there are su cien tly many nodesin a region,
only a small fraction of nodes need be active for forward-
ing messages.etc. The rest of the nodes can enter a sleep
mode, thereby conserving energy. The problem of maximiz-
ing the number of nodesthat are asleepat any given time
while maintaining su cien t activity in the network is usu-
ally modeled as the problem of nding a small dominating



set in the network. Once a small dominating set is found,
the nodesin the dominating set collectively act as \co ordi-
nators" for the network and the rest of the nodesgo to sleep.
To maximize the lifetime of the network it is critical that the
role of coordinators be rotated among the nodesin the net-
work, sothat every node gets a chance to sleep. This issue
has been considered in [4, 19]. In [4], a distributed, ran-
domized algorithm called span is preserted, in which nodes
make local decisionsto sleepor to join the setof coordinators
and nodesin the network take turns at being coordinators.
In [19], the problem of rotating the responsibility of being
a coordinator has been abstracted as the domatic partition

problem.

We start by assumingthat all nodesin the network have
identical transmission rangesand this allows usto model the
network asan undirected graph G = (V; E) where the vertex
set represens the nodes and eat edgein the edge set rep-
reserts two nodesthat are within ead other's transmission
range. A dominating setD V of G is a subset of vertices
such that each v 2 V is either in D or hasa neighboru 2 D.

of G. Then a simple schedule for the nhodeswould be for the
nodesin D; to be active for some xed period of time T,
during which the rest of the nodes are asleep, followed by
a period of time T in which nodesin D, are active, while
the rest of the nodesare asleep,and soon. Such a schedule
would imply that in the long run, eadc node is active for
roughly 1=t of the time. Therefore maximizing t leads to
minimizing this fraction. This motiv ates the domatic parti-
tion problem:

DOMATI®ARTITION

INST ANCE : A graph G = (V;E)

OUTPUT : A partition D = fD1;D2;:::;Dtgof V of max-
imum size such that eac D; is a dominating set of G.

The schedule suggestedabove may be somewhat simplistic
becauseit doesnot pay attention to possible di erences in
the amount of energy available at dierent nodes. How-
ever, the more general problem in which nodesstart of with
dierent battery supply does not seem much harder than
the \uniform" version of the problem in which nodes are
assumed to be identical (see [19] for example). We only
consider the uniform version of the problem here.

1.1 Results

In this paper we presert fast, deterministic, distributed
algorithms for nding large k-domatic partitions in various
graph models of wirelesssensornetworks. Let d(u;v) denote
the length of a shortest uv-path in G measuredby counting
the number of edgesin the path. For any integer k 1,
let Nk(v) = fu : 0 < d(u;v) kg. We call Ni(v) the
k-neighlorhood of v and any vertex u 2 Ng(v) is called a
k-neightor of v. A k{dominating set D) V of G is a
vertex set such that each v 2 V is either in D&, or has
a k-neighbor in D® . A k-domatic partition is a partition

a k-dominating set of G. Note that a 1-domatic partition is
just a domatic partition.

We consider k-domatic partitions rather than domatic
partitions simply becauseas k increases,we expect the size
of a largest k-domatic partition to also increase. For ex-
ample, a network may have a much larger 2-domatic parti-

tion than the largest 1-domatic partition and from the point
of view of scheduling this implies that eact node can stay
asleepfor a much larger fraction of time. However, this ad-
vantage may be somewhato set by the fact that it may take
2 hops for a node not in a 2-dominating setto reach a node
in the 2-dominating set. To be more speci ¢, supposethat
D® is a 2-dominating set of G and further supposethat a
nodeu2V D®@ needsto sendinformation to somenode
in D@ . This is problematic becausethere may be no node
of D@ in u's neighborhood. One solution to this problem
is to increase u's transmission range so that some node in
D® isin its range. The fact that somenodein D® is a
2-neighbor of u implies that u doesnot have to increaseits
transmission range too much to reach D@ . So the advan-
tage we gain by having a 2-domatic partition of larger size
may be o set to someextend by the fact it costsnodesmore
energyto communicate with the setof coordinators. In some
situations we can control the amount of extra energy needed
by a node to reach D® . For example, one of the algorithms
we present (Algorithm k-DP1in Section 3.1) can be made
to take an additional parameter > 0 such that for eadc
vertex v 2 V and for each D) in the k-domatic partition

constructed by the algorithm, v can reach a node in D™
by increasing its transmission range by at most . We do
not explore this trade-o any further in this paper, merely
noting that results from our experiments indicate that for
small values of k, the size of an optimal k-domatic partition

grows substantially ask increases. Thesepreliminary results
indicate that an optimal value of k may be somesmall value
larger than 1.

We presert algorithms for computing, for any k 2, a k-
domatic partition whosesizeis within a constant fraction of
the sizeof an optimal (k 1)-domatic partition. To the best
of our knowledge, such size guarantees have never been pro-
vided for k-domatic partitions. To state this more precisely,
we need somede nitions. Let denote the smallest vertex
degreein a graph. More generally, for any integer k 1,
let « = minyfj Nk (v)jg. For any k-domatic partiton D of
a graph, jDj x + 1. This is becausefor every vertex v,
every block in D contains at least onevertex in fvg[ N (v).
Thus, the size of an optimal k-domatic partition is bounded
above by « + 1. We presert three algorithms (on dier-
ent classesof graphs and with di erent running times) that
compute a k-domatic partition of sizeat least ( x 1+ 1)=a
for someconstant cc. Here ¢« is a constant in the sensethat
it doesnot depend on graph parameters such asthe number
of vertices, diameter, or maximum degree. However, ¢ may
depend on k, asthe subscript indicates. Since ¢+ 1is an up-
per bound on the size of any k-domatic partition, if we had
shown that the size of the computed k-domatic partition is
at least ( « + 1)=q, then that would have beena é-factor
approximation algorithm. For any xed Kk, this would be
an O(1)-factor approximation. However, we are unable to
show this and instead show a weaker lower bound (namely,
( k 1*1)=q) onthe sizeof the k-domatic partition returned
by our algorithm. In fact, for the classesof graphs we con-
sider, it is unknown whether there is always a k-domatic
partition of size at least some constant fraction of ( x + 1).
Our result should be contrasted with the current state of af-
fairs, which is that even for the 1-domatic partition problem
on UDGs, the best known approximation algorithm [6, 19]
returns a partition of size at least ( + 1)=0O(log ). This
algorithm also solves the k-domatic partition problem and



returns a partition of sizeat least ( x + 1)=O(log ). In gen-
eral, this lower bound and the lower bound of ( ¢ 1+ 1)=a
that we obtain, are incomparable, but for certain classesof
graphs our lower bound is much better.

The most general classof graphs that our results apply to
is the class of growth-bounded graphs [14]. A graph G is f -
growth-bounded if there is a function f on non-negative inte-
gerssuc that for every integerr 1, every r-neighborhood
in G contains an independert set of sizeat most f (r). The
critical aspect of this de nition is that the size of a largest
independert set in an r-neighborhood depends only on r
and not on any other graph parameters. This means that
for any xed r, the sizeof alargest independert setin any r-
neighborhood is bounded above by a constant. Well-known
graph models of wireless networks such as unit disk graphs
(UDGs) and quasi unit disk graphs (QUDGSs) are both sub-
classesof growth-b ounded graphs. Recall that a UDG is a
graph G = (V; E) whosevertex setV can be placed in one-
one correspondence with a set of points in the Euclidean
plane and whose edgesconnect exactly those pairs of ver-
tices u; v whose Euclidean distance juvj is at most one. For
any xed ,0< < 1,an -qUDG is agraph G = (V;E)
whosevertex setV can be placed in one-onecorrespondence
with a set of points in the Euclidean plane and whose edge
set E satis es the constraint: if juvj then fu;vg 2 E
and if juvj > 1then fu;vg 62E. The qUDG model doesnot
say whether a pair of vertices whosedistance is in the range
(; 1] are to be connected by an edge or not. By leaving
this unspeci ed, this model attempts to take into accourt
transmission errors, fading signal strength, and physical ob-
structions which cause real transmission ranges to not be
shaped like disks. In general, growth-b ounded graphs cap-
ture in a simple way the fairly intuitiv e geometric property
of wireless networks that if many nodes are close to each
other, they will tend to hear each others' transmissions and
therefore only a small number of these can be mutually in-
dependert.

We provide faster algorithms for a certain subclass of
growth-b ounded graphs. A unit ball graph (UBG) is a graph
G = (V;E) whose vertices reside in some metric spaceand
whose edgesconnect pairs of vertices whose distance is at
most one. The doubling dimension of a metric spaceis the
smallest such that any ball in this metric spacecan be
covered by 2 balls of half the radius. A metric spacewith
constant doubling dimension is called a doubling metric. We
call aUBG a doubling UBG if it residesin a doubling metric
space. It is easyto seethat for any xed d, the d-dimensional
Euclidean spaceis a doubling metric. Thus a UBG in xed
dimensional Euclidean spaceis a doubling UBG. An arbi-
trary UBG need not be growth-b ounded, but any doubling
UBG is indeed growth-b ounded (Lemma 1 in [14]). Tak-
ing advantage of the geometry of a UBG and the fact that
pairwise distances are available, we provide a faster algo-
rithm for computing large k-domatic partitions on doubling
UBGs. Our interest in doubling UBGs is due to the fact that
they signi cantly generalize Euclidean UBGs and -qUBGs
while retaining some important geometric characteristics.
Doubling UBGs provide a more exible and robust model
for pairwise distancesin wireless networks in the sensethat
if pairwise distancesin a doubling metric are perturb ed, we
still have a doubling metric but with a possibly dierent
doubling dimension. The notion of doubling dimension has
beenintroduced in [9] and it has been proposedthat laten-

UBGs
in doubling
metric space

growth-bounded
graphs

qUBGs in
. Euclidean
UBGs in space
Euclidean space

Figure 1: Shows the containmen t relationship  of
wireless network models we consider.

ciesof peer-to-peer networks and the Internet form a metric
of constant doubling dimension [9, 12].

We provide an even faster algorithm for UBGs that reside
in a Euclidean space, assuming that eac node knows its
coordinates in Euclidean spacewith respect to someglobally
consistert coordinate system. Our three algorithmic results
are summarized below. SeeFigure 1 for the containment
relationship of the wireless network models described thus
far.

1. An O(1) round algorithm that computes, for any k
2, a k-domatic partition of sizeat least ( « 1 + 1)=«,
for some constant c,, for UBGs that reside in Eu-
clidean spaceand whosenodesare aware of their global
coordinates.

2. An O(log n) round algorithm that computes, for any
k 2, a k{domatic partition of sizeat least ( k 1 +
1)=q, for someconstant ¢, for doubling UBGs whose
nodes are able to sensedistancesto neighbors.

3. An O(log log n) round algorithm that computes a
k{domatic partition of sizeat least ( x 1+ 1)=q, for
someconstant ¢, for every k 2, for growth-b ounded
graphs. Here is the largest degreeof a vertex in the
graph.

We also provide preliminary simulation results for our rst
algorithm, which give further insights into the quality of the
domatic partitions we produce.

1.2 Model and Notation

For our algorithms we assumethe synchronous commu-
nication model in which time is divided into rounds. In
each round, a node can receive messagessert in the pre-
vious round, perform local computations, and broadcast a
messageto its neighbors. The time complexity of an algo-
rithm is the number of rounds it needsto complete. Note
that every synchronous messagepassing algorithm can be
turned into an asyndironous algorithm with the sametime
complexity, but with a possibly larger messagecomplexity.

Here we describe some additional notation that we usein
the rest of the paper. For any integer k 1 and vertex
Vv, Nk[v] = Nk(v) [ fvg is the closal k-neightorhood of v.
We will use N[v] to denote N1[v]. The notation juvj will
be used to denote the distance between vertices u and v in



the underlying metric space. In Section 3.1 this will denote
a Euclidean distance and in Section 3.2 this will denote a
distance in a metric spaceof constant doubling dimension.
For any vertex v in 2-dimensional Euclidean spaceand any
real > 0 we will useDisk(v; ) to denote the closed disk
of radius  with cenrter v.

2. RELATED WORK

A great deal of researt in wireless sensor networks has
focusedon the issueof minimizing power consumption. Like
this paper, some of this researd focuseson developing pro-
tocols for constructing \sleep-activit y" schedulesfor nodes.
In general, sleep-activity schedulestell nodeswhen to be ac-
tive and when to go to sleep. These schedulesaim to ensure
that at any time there are enough active nodesto perform
the tasks of the network. The premise of this line of researd
is that due to redundanciesin node deployment, it is possi-
ble to keepthe network up and running even after putting a
large fraction of the nodesto sleep. This researd is briey
reviewed in Section 2.1. This paper models the problem of
constructing a sleep-activity schedule as the domatic par-
tition problem. This problem has been fairly well-studied
from a graph-theoretic and algorithmic point of view. This
researd is described in Section 2.2.

2.1 Constructing Sleep-Actvity Schedules

As mentioned before, Span [4] is a distributed, random-
ized algorithm where nodes make local decisionson whether
to sleep,or to join a forwarding backbone as a coordinator.
Each node basesits decision on an estimate of how many
of its neighbors will benet from it being awake, and the
amount of energy available to it. Simulation results have
shown that with a practical energy model, system lifetime
of an 802.11 network in power saving mode with Span is a
factor of two better than without. However, the simulations
reported in [4] are for fairly small, 2-dimensional networks of
randomly distributed nodes. Much more experimental work
needsto be doneto understand how well the performance of
Span scalesand how Span performs on more realistic node
distributions. Independert of whether Spanis shown to be
e ectiv e in simulations, a theoretical understanding of its
worst caseor even expected caseperformance would be de-
sirable. [25] describesa proto col with goalssimilar to that of
Span. This protocol usesa xed sizegrid that allows nodes
to identify which grid cell they belongto. The proto col then
ensuresthat one node remains active from every non-empty
grid cell. Our rst algorithm is similar to this, but the other
two algorithms proposed in this paper do not require any
global positioning information and in fact run with guaran-
teed performance on networks that may not even be residing
in Euclidean space.

In [23], the authors examine the problem of activating a
small subset of sensorsat any time so asto maintain cov-
erage of a given set of targets that needto be monitored.
The authors model this problem asthe set k-cover problem
de ned below.

SETk-COVER

INST ANCE: Collection C of subsetsof a setA, and a pos-
itiv e integer k.
QUESTION: DoesC contain k disjoint covers of A, i.e.,
C,GC\C =;
for all i 6 j, and such that every elemert of A belongsto at
least one member of each C;?

The set A is the set of targets that needto be covered and
each member of the collection C is the set of targets that can
be covered by one sensor. It is easyto seethat SET k-COVER
is a generalization of the domatic partition problem. The
authors propose a greedy, centralized heuristic that seeks
to minimize the coverage of sparsely covered areas within
one cover with the hope that the number of disjoint sets of
sensorsis large. While the heuristic doesnot comewith the-
oretical guarantees, the authors do show promising exper-
imental results. Greedy heuristics typically require global
coordination and it is not clear how to devise an equiva-
lent, ecient, distributed implementation. [2] also solves
the target coverage problem. This is done by reducing the
set coverage problem to a maximum o w problem which is
then modeled asa mixed integer program. This strategy too
is a costly, certralized heuristic that doesnot seemamenable
to distributed implementation.

[3, 19]employ DOMATI®ARTITIONsa model of the power
minimization problem. [3] models the network as a UDG
and proposesa certralized heuristic that seeksto maximize
the number of disjoint dominating sets. The paper does
not presert an analysis of the size of the domatic partition
returned by the heuristic. The algorithms in [19] are dis-
tributed versionsof the approximation algorithm for the do-
matic partition problem on general graphs described in [6].
Since the algorithm in [6] was devised for general graphs,
it doesnot exploit any features that are specic to wireless
sensornetworks. The work in [3] and in [19] can be thought
of as being at two ends of the spectrum in the sensethat [3]
assumesa rather simplistic model of a wireless network (a
UDG) whereas[19] assumesa network model that is prob-
ably too general. The truth is somewherein between and
our goalin this paper is to consider network models that are
neither too simplistic nor too general.

2.2 Approximation Algorithms for Domatic
Partitions

DOMATI®ARTITIONSs a classical NP{complete problem
[8, 6]. Since this is a maximization problem, researters
are interested in devising approximation algorithms that are
guaranteed to produce domatic partitions whose size is at
least somefraction f of the size of an optimal domatic parti-
tion. The approximation algorithm that seemsto guarantee
the largest fraction, ﬁ, is due to Feigeet. al [6]. In
fact, the authors also show that this is the best possible ap-
proximation ration possiblefor general graphs unless NP
DTIME( n®(9 9 M),

A natural approach to solving the domatic partition prob-
lem is to greedily construct small dominating setsin an at-
tempt to maximize the number of disjoint dominating sets.
Fujita [7] has studied seweral greedy algorithms antE) shown
that their performance ratio is no better than 1=( " n).

Stronger results are known for some special classes of
graphs. A graph G is said to be domatically full if its do-
matic number is exactly + 1, the maximum possible. For
example, the graph in Figure 2 is domatically full, but the
graph in Figure 3 is not. Determining if a d{regular graph
is domatically full is NP{complete for d 3[13, 21]. Farber
[5] showed nonconstructiv ely that strongly chordal graphs
are domatically full. This class contains the classesof in-
terval graphs and path graphs Subsequerly, linear time al-
gorithms were developed [22, 20] for computing optimal do-
matic partitions of strongly chordal graphs. Later, Kaplan
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Figure 2: A 3-dimensional hyp ercub e is domatically
ful. Here = 3 and the size of the partition is 4.
More generally , a d-dimensional hypercub e is a d-
regular graph with domatic partition of size d+ 1.

1
2 3
3

Figure 3: A graph that is not domatically full. It
is not possible for a third color to be available in
every closed neigh borho od. Without loss of gener-
ality the vertex at the top can be colored 1 and its
two neigh bors can be colored as shown. Then the
node at the bottom-left has to be colored 3 and that
leaves the bottom-righ t node with either color 1 or
color 2 missing from its closed neigh borho od.

2

and Shamir [10] showed that the problem is NP{complete
split graphs and bipartite graphs The problem is shown to
be NP{complete for circular-arc graphs [24, 1], while [18]
gave a 1=4{approximation algorithm.

Toour bestknowledge, there is no O(1){factor approxima-
tion algorithm to the domatic partition problem on UDGs.
The work in this paper may be a step in that direction.

3. ALGORITHMS FOR k-DOMATIC
PARTITION

In this section we describe three algorithms for nding
large k-domatic partitions. For simplicity of exposition, we
describe our algorithms for UDGs rst and later point out
why the algorithms work in more general settings. We start
with a simple constant-time algorithm that assumesthat all
nodes know their positions in a global coordinate system.
This algorithm works for UBGs that reside in Euclidean
space. Our secondalgorithm drops knowledge of global coor-
dinates and instead assumesthat pairwise distancesbetween
neighboring nodesare known. In particular, we assumethat
each node u 2 V(G) knows juvj for all v 2 N (u). This algo-
rithm runs in O(log n) time. We do not in any way rely on
the fact that our graph residesin 2-dimensional Euclidean
spaceand it will be clear that our algorithm works for UBGs
in a metric spacewith constant doubling dimension. Our

third algorithm drops all reliance on geometric information,
using connectivity information only. This algorithm works
for bounded growth graphs and runs in O(log log n)
time. All our algorithms are deterministic.

3.1 Usingaglobal coordinate system

Supposethat the input graph isaUDG G and assumethat
ead node knows its position in a global coordinate system.
Our algorithm can be described informally asfollows. Place
on the plane, an in nite grid of square cells of dimensions

V(G) such that eadc block Vi corresponds to a non-empty
cell and contains all the vertices in that cell. Note that due
to the dimensions of eac cell, eat V; is a clique. Consider
ead block Vi and assigna distinct colorr 2 £1;2;:::;jVijg
to eath vertex in Vi. In Theorem 1 we will show that for
many colors r, the set of all vertices colored r form a k-
dominating set. Below, we describe the algorithm in more
detail.

Algorithm:  k-DP1 |

1. Let the coordinates of vertex v be (xy;yyv). Each node v
determines the ordered pair (i; j) of integers such that
i

P—E Xv<l—%andpj—§ yv<J

+ 1

—|9—é :

2. Denote the 4-tuple (Xv;Yyv;i;j) by IDy. Each node v
broadcasts | Dy to all neighbors.

3. Each node v receives| D, from each neighbor u 2 N (v).

4. Each node v constructs the set Sy = f(Xv;yv)g [
f(Xu;yu) Ju2 N(v) and IDy = (Xu;Yu;i;j)g
5. Each node v sorts Sy in lexicographic order and assigns

to itself the color r, where r is the rank of (xy;yy) in the
sorted list Sy.

3.1.1 Correctness

In Step (1), each node v determines the south-west corner
of the square cell that it belongsto. Then, in Steps (2)-
(3), nodes exchange with neighbors, their coordinates and
identities of the cells they belong to. For eac node v, this
information is bundled into the 4-tuple 1Dy. In Step (4),
eath node v gathers into a set S, the coordinates of all
neighbors that lie in the same cell as it does. Note that
for any two vertices u and u® that lie in a cell, Sy = Syo.
Therefore, the setfS, jv 2 V(G)g is the clique partition V
induced by the cells. Finally, in Step (5), eat nodev in each
block Vi, assignsitself a distinct colorr 2 f1;2;:::;jVijg.

Algorithm k-DP1 consists of one local broadcast by each
node and therefore runs in a constant number of communi-
cation rounds. Let D be the set of vertices colored r by
k-DP1 We will now investigate the quality of the partition
fP, jr=1;2;:::9. Let cx denote the maximum number of

P pl—z square cells that can intersect a disk of radius k.

It is easyto seethat ¢k = ( k?) and specically ¢ = 16.

Theorem 1. Foranyr,1 r (« 1+ 1)=a 1, theset
D, computed by k-DP1is a k-dominating set of G.

Pr oof. To obtain a contradiction, supposethat for some
v 2 V(G), D, doesnot k-dominate v, that is, D,\ Ng[v] = ;.
This, of coursemeansthat D, \ Ny i[v] = ; aswell. Every
vertex u 2 Ni 1[v] liesin adisk of radius k 1 certered at v.



Figure 4: An llustration of the pro of of Theorem
1. The gure shows a portion of the boundary of
the disk centered at v of radius k 1 and it shows
a grid cell intersecting this boundary . w is a node
with color r that lies in the intersection of the grid
cell and the disk. Thus w 2 Ny i[v]. The pro of of
Theorem 1 shows that there is at least one vertex w°
that is colored r and lies in the grid cell. Since each
grid cell is sucien tly small and induces a clique,
d(w;w% 1, implying that w®2 N[v].

Sinceat most ¢ 1 grid cellsintersect this disk, at most ¢ 1

grid cells, intersect N 1[v]. Thus, at most ¢, 1 vertices in
Nk i[v] arein Dj, foranyj < r. Thusat mostce 1 (r 1)
vertices in Ny i[v] arein D1 [ Dz | [ Dr 1. Sincer
(k 1+ 1)=& 1, we havethat ¢« 1 (r 1)< ¢ 1+ 1.
Thus there is at least one vertex w 2 N 1[v] that is not in
Di[ D2[ [ Dr 1.

Supposethat w 2 V-. Sincew hasacolor r, there must
beaw®2 V. colored r. Since V- is a clique, d(w;w% 1.
This along with the fact that w 2 Ny 1[v], implies that
w® 2 Ng[v], thereby contradicting the fact that D, does
not k-dominate v. SeeFigure 4 for an illustration of this
proof. [

The proof of Theorem 1 implies something stronger than
what is stated in Theorem 1. The proof tells us not only
about the size of a k-domatic partition, it tells us about
the sizesof a (k  1)-domatic partition, a (k 2)-domatic
partition, etc., all the way down to the size of a 2-domatic
partition. For example, supposethat k = 4. Then the proof
tells us that the colors 1;2;:::;( 3 + 1)=c; 4-dominating,
but in addition it tells usthat the colors 1;2;:::;( 1+ 1)=a

dominating. This obsenation leads to the following corol-
lary.

Corollar y 1. Let k 2. For any j 1, let Uy =
(j+21)=g. Then, foranyk,1 j k,andanyr,1 r
maxfUi;Uz;:::;Uj 19, D is j-dominating.

All of the discussionin this subsection assumedthat the
given network residesin 2-dimensional Euclidean space. All
of these ideas extend in a straightforward manner to UBGs

in d-dimensional Euclidean space. In this case, the algo-
rithm starts by placing an in nite grid of d-dimensional hy-
percubes of dimensions # s #i. Each hypercube
has diameter 1 and therefore each non-empty hypercube in-
duces a clique in G. The rest of the algorithm and proof
proceedsas in the 2-dimensional case.

3.1.2 RunningTimeandMessae Size

In Step (2) of k-DP1, each node v broadcasts | D, to all
neighbors. There is no other communication in this algo-
rithm. The rest of the steps involve local computations.
This implies that the algorithm runs in O(1) communication
rounds. During Step (2), eacdh node v broadcasts a 4-tuple
(Xv;Yyv;i;j) to neighbors. The number of bits neededfor i
and j is proportional to the number of bits used for x, and
yv. Therefore, the size of v's messageis proportional to the
number of bits usedto store its coordinates. In general, the
size of messagedn k-DP1is a constant times the maximum
number of bits usedto store the coordinates of a node in the
network. In summary we have the following result.

Theorem 2. For any k 2 and xedd 2, Assuming
that nodesknow their locations in a glokal coordinate system,
Algorithm k-DP1 computes a k-domatic partition of size at
least ( x 1+ 1)=¢ 1 for a given UBG in d-dimensional Eu-
clidean space in O(1) rounds using messagesof size O(K),
where K is the maximum number of bits used to represent
the coordinates of a node.

3.1.3 Discussiomf Theoem1

Theorem 1 guaranteesthat for any xed Kk, the size of the
k-domatic partition computed by k-DP1is within a constant
factor of the optimal (k 1)-domatic partition. For example,
since c; = 16, 2-DP1computes a 2-domatic partition of size
at least ( 1 + 1)=16. In other words, 2-DP1 computes a 2-
domatic partition whose size is at least 1/16th the size of
a largest possible 1-domatic partition. Experiments show
that this estimate is quite consenative and in general, our
algorithm returns 2-domatic partitions that are more than
half the size of a largest possible 1-domatic partition.

In Tables 1 and 2, we show results obtained by running
2-DP1 and 3-DP1 on randomly generated UDGs. Table 1
contains results obtained by running 2-DP1 and 3-DP1 on
UDGs that were generated by distributing points uniformly
at random while Table 2 contains results obtained by run-
ning the same algorithms on UDGs that were generated in
a way sothat points clustered in someregions and were dis-
tributed sparselyin other regions. The rst row in the tables
shows n, the size of the network, the next three rows show
corresponding valuesof 1, 2, and 3, and the next two rows
show the sizesof the 2-domatic partition and the 3-domatic
partition returned by running 2-DP1and 3-DP1respectively.
Comparing the secondrow ( 1) with the fth row (size of
2-domatic partition), we seethat for all valuesof n, the size
of the 2-domatic partition is at least half the value of ;.
Comparing the third row ( 2) with the sixth row (size of the
3-domatic partition), we seethat the size of the computed
3-domatic partition is about a third of ,. Theorem 1 only
guarantees that the size of the computed 3-domatic parti-
tion is at least 1=¢, times », where ¢, = 32. Again we see
that Theorem 1 is quite consenative in its predictions. Our
results alsoreveal that a fraction of thesek{dominating sets
are connected. The number of connected 2-dominating sets



n 50 60 | 100 | 125 | 150

1 7 | 92 | 165 19.2 | 22.7
2 150 | 18.1| 32.7 | 42.1 | 52.8
3 234 293|509 643 80.1
size(k = 2) 54 | 6.4 | 105| 12.6 | 166
size (k = 3) 61| 76 | 125|142 | 176

connected (k = 2) | 1.7 2 35| 45| 56
connected(k=3) | 1.5 | 1.7 | 3.8 | 5.7 | 45

n 175 | 200 | 225 | 250 | 275
1 30.1| 30.8 | 35.2 | 40.6 | 41.6
2 62.1| 71.0 | 785 | 86.4| 97
3 95.2 | 107.2 | 122.7 | 137 | 151.2

size(k = 2) 18.3| 20.6 | 225 | 26.6 | 27.6

size(k = 3) 20.4 | 235 25 |[28.1] 301

connected (k = 2) | 5.9 7.3 7.8 9.7 9.8

connected (k = 3) | 7.9 8.3 9.2 | 11.2] 10.8

Table 1: Table showing results obtained by running
2-DP1 and 3-DP1 on UDGs generated uniformly at

random.
n 125 | 130 | 135 | 140 | 205
1 54 | 9.2 | 13.3| 15.0| 20.5
2 31.2| 336|354 36.6| 56.7
3 61.5| 63.7 | 64.8 | 66.9 | 101.6
size (k = 2) 83| 91| 95| 9.7 | 144
size (k = 3) 109|119 112|113 16.2
connected(k=2) | 3.7 | 3.8 | 29 | 35 4.9
connected(k=3) | 41 | 44 | 3.8 | 35 4.7

Table 2: Table showing results obtained by running
2-DP1 and 3-DP1on clustered UDGs generated ran-
domly .

and the number of connected 3-dominating setsare reported
in the last two rows, respectively. By comparing the fth
row (size of 2-domatic partition) with the sewenth row (num-
ber of connected 2-dominating sets) in both tables, we see
that about a third of the 2-dominating sets are connected.
Obtaining connectivity was not a goal of our algorithms and
soin a sensewe get this property for free simply becauseof
the density of the node deployment.

Let D bea2-dominating setof the network that is a mem-
ber of the 2-domatic partition returned by Algorithm 2-DP1
As mentioned in the introduction, a node v may not have
any node from D in its transmission range and so one way
for v to reach a node in D is to increaseits transmission
range. From the proof of Theorem 1, it can be observwed
that there is always somenode in D that lies in one of the
grid cellsthat intersects Disk (v;1). Thus, in order to reach
D, v just has to increase its transmission range to com-
pletely cover all of the grid cells that intersect Disk (v; 1).
For any xed > 0, we can make the grid cells have dimen-
sions , thereby requiring v to increaseits transmission
range by some function of Thus, the 2-dominating set
D computed by 2-DP1can be viewed as an arbitrarily good
approximation of a 1-dominating set.

3.2 Using pairwise distancesonly

In the previous section, we assumed that nodes of the
input network reside in d-dimensional Euclidean space for
some xed d and that these nodes are aware of their d-
dimensional coordinates with respect to some xed global
coordinate system. Here we assumethat nodesare not aware
of coordinates, but can sensedistancesto neighbors. In fact,
for the algorithms described in this section, it is not even
necessaryfor the nodesto residein Euclidean space. In other
words, it is not necessaryfor the pairwise distances between
nodes to form a Euclidean metric; it is sucien t if these
distancesinduce a metric with constant doubling dimension.
For simplicity of exposition, our initial discussion assumes
that the given network G is a UDG. We also assumethat
nodesin the network have unique IDs; the ID of node v is
denoted by I D, .

Recall that in Algorithm k-DP1 places a grid of small
enough square cells on the plane and constructs a clique-
partition V = fVi;Vz;:::;Vig of V(G). Given a parti-

S V(G), the density of S with respect to V is the size of
the setfi j Vi\ S 6 ;g. In other words, the density of S
with respect to V is the number of blocks in V that intersect
S. The key property of the clique-partition V computed by
k-DP1is this:

Bounded Densit y Prop erty.

For eadh integerj 1, thereis aconstant ¢; such
that the density of eadh neighborhood Nj [u] with
respect to V is bounded above by ¢; .

Given just the pairwise distances how do we compute a
clique-partition with the bounded density property? We
rst describe the algorithm informally. Let G;-, be the
spanning subgraph of G with edgeset ff u;vgjjuvj 1=2g.
Since eath node u knows the distancesjuvj to all neighbors
v 2 N(u), node u can identify who its neighbors in G-,
are. First a maximal independert set (MIS) | in Gi=, is
computed. Then each node u 2 V(G) | \attac hes" itself
to anodev 2 | that isits neighbor in G;=,. Sincel is max-
imal such a node v is guaranteed to exist. Each block in
the partition we seek, consists of a vertex v 2 | along with
all the nodesin V(G) | that have attached themselves
to v. Note that since the distance betweenv and a vertex
that attachesitself to v is at most 1/2, the distance between
any pair of vertices in a block is at most 1 and therefore
eadh block induces a clique in G. Later we show that this
clique-partition has the bounded density property.



Algorithm:  k-DP2

1. Let G1=» = (V(G); E1=5), where E =, = ff u;vgj juvj
1=2g. Compute an MIS | of G;-,.
2. Each node v 2 | broadcasts | Dy to its neighbors.

3. Each nodeu 2 V(G) | receivesat least one ID from a
node at distance at most 1/2 from u. From among these,
u picks one ID. Denote by L, the ID picked by u. Node
u broadcasts the ordered pair (I Dy;Ly) to its neighbors.

4. Each nodev 2 | receivesordered pairs of IDs from neigh-
bors and constructs the set:
Sy = fIDyg[ fid j (id; I Dy) is received from neighborg:

5. Each node u 2 V(G) | receives ordered pairs of IDs
from neighbors and constructs the set:
Sy = fIDug[ fLug[
fid j (id; Ly) is received from a neighborg:

6. Each node v 2 V(G) colors itself r, where r is the rank
of IDy in the sorted set Sy. Let this coloring be denoted
by . Note that this coloring is not necessarily proper.

3.2.1 Correctness

In Step (1), an MIS | of G-, is computed. We assume
that whenewer a node u receives a messagefrom node v, it
can sensethe distance juvj betweenitself and v. Therefore,
to construct G;-,, each node starts by broadcasting a mes-
sage. Following this, ead node u can identify the subset
of neighbors in G that are at distance  1=2 from it. In
Step (2), the vertices in the MIS |, announce their IDs to
all neighbors. Sincel is an MIS in G;-,, in Step (3) of the
algorithm node u 2 V(G) | receivesat least one ID from
a neighbor at distance  1=2 from it. Node u picks one
such ID. We denote u's choice of an ID by L, to indicate
that this amounts to choosing a leader to attach to. For
any v 2 |, we say that v's group consists of v along with
all neighbors u of v in G;-, for which L, = IDy,. More
precisely, let group(v) = fvg[ fuj Ly, = IDyg: Note that
for all v 2 |, group(v) induces a clique in G since for any
two vertices x; y 2 group(v) satisfy jxvj 1=2, jyvj 1=2,
and therefore jxyj 1. When u broadcasts (IDy;Ly) in
Step (3), it is announcing its intention to join L,'s group.
After hearing this announcemert from nodesu 2 V(G) |,
in Step (4), each node v 2 | constructs a set S, containing
the IDs of the nodesin group(v). Similarly, in Step (5),
eath nodeu 2 V(G) | constructs a set S, containing the
IDs of nodesthat belongto the samegroup asit does. This
situation after Step (5) can be summarized thus.

Lemma 1. For each node v 2 |, the sulgraph induced
by group(v) is a clique. Each node v 2 | constructs a set
Sy = fIDy ju 2 group(v)g. For each node u 2 group(v),
Su = Sv.

After Step (5), for eadh v 2 |, members of group(v) know
the identit y of the group and the only thing left to dois a
coloring so that members in group(v) are assigneddistinct
colors from the set f1;2;:::;jSyjg. This happensin Step
(6).

As before, for each r = 1;2;::: let D, = fv 2 V(G) j

(v) = rg. To obtain the same result as in Theorem 1
for Algorithm k-DP2 we need to show that the partition
fgroup(v) j v 2 | g has the bounded density property.

Lemma 2. For each integerj 1, thereis a constant
suchthat the density of each neighlorhood N; [u] with respect
to fgroup(v) j v 2 | gis bounded atove by ¢; .

Pr oof. Fix anintegerj 1andavertexu2 V(G). All
vertices in N;[u] lie in Disk(u;j). Therefore the density of
N;j [u] with respect to fgroup(v) j v 2 1 g is bounded above
by number of verticesin | that lie in Disk (u;j + 1=2). Since
any two verticesin | are separatedby a distance > 1=2, disks
of radius 1/4 centered at verticesin | are pairwise disjoint.
Therefore, if a vertex v 2 | lies in Disk(u;j + 1=2) then
Disk (v; 1=4) is completely contained in Disk(v;j + 3=4).
The total number of disjoint disks of radius 1/4 completely
contained in Disk (u; j + 3=4) is bounded above by 16(j + 1)2.
Therefore, there is a constant ¢; 16(j + 1)° such that
the density of Nj[u] with respect to fgroup(v) jv 2 Igis
bounded above by ¢;. [

Algorithm k-DP2is well de ned for UBGs in which nodes
can sensedistancesto neighbors. For Lemma 1, it is required
that the pairwise distances form a metric, since we use the
fact that two neighbors of a node u at distance at most 1/2
from u, are at distance at most 1 from eac other. The proof
of Lemma 2 relies on the fact that the number of disjoint
disks of radius 1/4 that can be packed into a disk of radius
j + 3=4 is bounded above by a quantit y that depends only
on j. This fact is true not just for 2-dimensional Euclidean
space,but is in generaltrue for any metric spaceof constant
doubling dimension. Therefore, the two lemmas above and
the proof of Theorem 1 givesus the following result.

Theorem 3. Let G be a doubling UBG. For any r, 1
r (k 1+ 1)=c« 1, the set D, computed by k-DP2 is a
k-dominating set of G.

3.2.2 RunningtimeandMessa@e Size

Since G is a doubling UBG, we seethat G-, is also a
doubling UBG by scaling distances in G;=, by a factor of
2. Therefore, using the deterministic MIS algorithm in [15]
we can implement Step (1) of Algorithm k-DP2in O(log n)
rounds. The rest of the stepsin the algorithm involve three
broadcasts and some local computations. Thus the entire
algorithm runs in O(log n) rounds.

The MIS algorithm preserted in [15] usesmessagef size
O((log n+ ) logn). Thus Step (1) of Algorithm k-DP2
usesmessage®f sizeO((log n+ ) logn). Step(2) involves
broadcasting one ID and Step (3) involves broadcasting 2
IDs. Therefore the messagesizein Steps (2)-(3) is O(log n).
The last three steps involve no communication; only local
computations. Thus the overall messagesize in Algorithm
k-DP2is O((log n+ ) logn). In the worst case,this can
be ( nlogn). It would be nice to be able to reduce this to
O(log n) and we believe it is worth reexamining the proto col
in [15] to seeif this can be done. Our nal result is given
below.

Theorem 4. For any k 2, Algorithm k-DP2 computes
a k-domatic partition of size at least ( « 1 + 1)=¢ 1 for a
given doubling UBG in O(log n) rounds, using messageof
size O((log n+ ) logn).

3.3 Usingconnectvity information only

Algorithm k-DP2relies critically on the abilit y of nodesto
sensedistances. It alsorelies on the fact that thesedistances



form a metric of constant doubling dimension. We now gen-
eralize our results further by assumingthat no distance in-
formation is available. We rst describe how to compute a
large 2-domatic partition and later point out the extension
to k-domatic partitions. As before, for simplicity of expo-
sition our initial discussionassumesthat the input network
G is a UDG. We assumethat nodes have unique IDs; node
v's ID will be denoted I D, .

Using only connectivity information, it is not clear how
to quickly compute a clique-partition that hasthe bounded
density property. One possible approach (that does not
work) is to compute an MIS | of G and then have eacth node
u?2V | \attac h" itself to an arbitrary neighborin I. This
induces a partition of V into subsets of diameter at most
2. This partition does have the bounded density property
becauseG is assumedto be a UDG and therefore the set
| restricted to any closed neighborhood N;j [u] has bounded
size (that dependsonly onj). In fact, this partition hasthe
bounded density property evenif G were a growth-b ounded
graph. However, this partition is not a clique-partition and
it is not clear how to convert it into one.

We modify the above approach and compute a partition

of V(G) is called a uniform partition if the following two
conditions are satis ed:

(i) Each V; induces a subgraph of G of diameter 2.

(i) There is a constant C such that for each i, 1 i t,
Vil (1+ 1)=C.

The following lemma shows that it is a small step from a
uniform partition to a 2-domatic partition.

1, let D, be the set of vertices colored
d 1+ 1)=Ce, D, is a

For each integer r
r. Then, for eachintegerr, 1 r
2-dominating set of G.

Pr oof. Consider an arbitrary vertex v 2 V(G) and an
arbitrary color r, 1 r d( 1 + 1)=Ce. Suppose that
v belongs to block Vi. Since V; is large enough, that is,
iVii (1 + 1)=C, there is a vertex in V; colored r. Since
the diameter of G[V;] is at most 2, there is a vertex colored
r at distance at most 2 from v. Hence, D, is a 2-dominating
set. O

We now informally describe an algorithm to quickly com-
pute a uniform partition. Supposethat | is an MIS in G.
One way to get a partition of V(G) into componerts of di-
ameter at most 2 is to simply allow ead vertex u 2 V(G) |
to attach itself to someneighbor that belongsto | . However,
blocks in the resulting partition need not be large enough.
To guarantee a lower bound on the size of each block, we rst
form the graph H = (I ;En), where Eq = ff v;vgjv;v°2
| and v and v° have a common neighborg. Thus a pair of
verticesin | are connectedin H if the hop-distance between
them in G is at most 2. Note that since G is a UDG, for
any v 2 |, the number of vertices v®2 | \ N3[v] is bounded
above by a constant. Therefore, ( H) is bounded above by
a constant, say L. We then compute an (L + 1)-coloring of

to acquire \follo wers." Each vertex v 2 | of color r, has a
budget of how many followers it can acquire, thereby leav-
ing enough followers available for verticesin | of color larger
than r. Specically, eath vertex v 2 | of color r acquires
b 1=(L + 1)c followers during its turn. Only the vertices in
I of the samecolor will try to acquire followers at the same
time. Since a pair of vertices in | of the same color do not
have a common neighbor, there is no contention for follow-
ers. Furthermore, by imposing a constraint on the number
of followers that a node in | can acquire in ead round, we
ensure that there are enough followers for all vertices in |.
We now describe this algorithm (called 2-DP3 in detail.

2-DP3 |

Algorithm:

1. Compute an MIS | of G.

2. Let G? denote the square of the graph G. So G2 has
vertex set V(G) and edge set E2 = ff u;vg j u;v 2
V(G) and d(u; v) 2g. Let H = G2[I]. This is the
subgraph of G2 induced by I. Let L = ( H). Com-
pute a proper (L + 1)-vertex coloring of H. Denote this
coloring by

3. Each node u 2 V(G) | sets a variable status
avail able. Each node v 2 | sets a variable statusy
unav ail able.

4. For each color r = 1;2;:::;L + 1 used by , repeat the
following steps.

(@) Each nodeu 2 V(G) | whose status is available,
broadcasts its ID, 1Dy, to neighbors.

(b) Each node v 2 | colored r by receives an ID
from ead available neighbor and constructs the set
Cy = fIDy ju2 N(v) and status y = avail ableg.

(c) Each node v 2 | colored r by picks the smallest
b 1=(L + 1)c IDs from Cy and places these in Sy.
Node v then broadcasts fIDyg[ Sy to neighbors.
For this step, it is not necessarythat node v know
1. It is sucien t for v to instead use the smallest
vertex degreein its neighborhood instead of ;.

(d) Each nodeu 2 V(G) |, whose status is available,
may receive a set S of IDs from a neighbor in I.
Node u then chedcks if IDy 2 S and if so u sets
status y unav ail able and Sy S.

5. Each unavailable node v computes the rank r of IDy in
Sy and colors itself r. Each available node colors itself
1. Let this coloring of vertices be denoted © Note that
this vertex coloring need not be proper.

3.3.1 Correctness

In Step (1), an MIS | of G is computed. In Step (2),
the subgraph H of G? induced by | is formed and a proper
(( H)+1)-vertex coloring ofH is computed. It isassumed

Thus eadh vertex v 2 | has two assa@iated numbers, | Dy
and (v). The following lemma shows that the number of
colors usedby is bounded above by a constart.

Lemma 4. LetH = G?[I]. Then ( H) 25

Proof. If v;v®2 | are neighbors in H then jw9 2.
Therefore, for any v 2 1, all neighbors of v in H are in
Disk(v;2). Sincel is an independert setin G, jw9% > 1
for any pair of vertices v:v® 2 |. Therefore, the disks in
J = fDisk(v%1=2) j v%is a neighbor of v in Hg are pair-
wise disjoint and are all contained in Disk(v;5=2). There-
fore, jJj < %; =25 O



After Step (2), each node u 2 V(G) | is available for
attaching itself to a neighbor v 2 |. This is indicated in
Step (3) by setting status, to avail able for all nodesu 2
V(G) |. For notational convenience,nodesin | also have
a status variable and that is initialized to unavail able. The
coloring of | is usedto schedule the nodesin | in Step
(4). In particular, for each r = 1;2;:::;L + 1, consideredin
that order, all nodesin | colored r execute Steps 4(b)-(c)
in parallel. In Step 4(a) all available nodes announce their
availabilit y to neighbors by broadcasting their IDs. Note
that since | is maximal, this announcemert by a node u
is heard by at least one node in 1. In Step 4(b) ead node
v 2 | coloredr receivesIDs from neighboring available nodes
and placesthesein a set Cy. Thus C, is the set of IDs of
nodes that are available and neighboring v. In Step 4(c),
each node v 2 | colored r picks b 1=(L + 1)c IDs from C,.
For this step to be well-de ned, it must be the case that
jCvj b 1=(L + 1)c, asshown in the following lemma.

Lemma 5. For any node v 2 |, the set C, constructed in
Step 4(b) hassize b i1=(L + 1)c.

Pr oof. Supposethat the degreeofvin H is . The total
number of neighbors of v, available in Step 5(a) is at least
degreg(v) b 1=(L + 1)c. This is becauseif a neighbor
u of v is unavailable, it is becauseu has attached itself to
somev® 2 |, v° 6 v. This meansthat v°is 2 hops away
from v and is therefore a neighbor of vin H. The maximum
number of vertices u that canbeattachedto vPisb 1=(L+1) ¢
and the maximum number of candidates for v°is . Since
degreg(v) 1 and L, we get that at least

L b—r ¢ =
! L+1 L+1

neighbors of v are available. [

After b 1=(L + 1)c colorsin C, are picked by v, these are
placed in a set S, and the setfIDyg[ Sy is broadcast by
v to all neighbors. In Step 4(d) all neighbors of v, whose
colors are in Sy, on receiving noti cation of their member-
ship in Sy, set their status to unavailable and take note of
fI1Dyg[ Sv. The following lemma summarizesthe situation
immediately after Step (4).

Lemma 6. For any v 2 |, dene group(v) = fvg[ fu 2
N(v) jIDy 2 Syg. Then for all v 2 I, (i) group(v) in-
duces a sulgraph of G of diameter 2, (ii) jgroup(v)j
( 1+ 1)=(L + 1), and (i) for any v;v°®2 |, group(v) and
group(v% are disjoint if v & v°

Pr oof. Let v be an arbitrary vertex in |. Every vertex

in group(v) fvgis a neighbor of v and therefore group(v)
induces a subgraph of G of diameter 2. Since jS,j =
b 1=(L + 1)c,
. . _ 1+ l.
jgroup(v)j 1+ b =L + 1)c R

To prove property (i), we consider two separate cases
depending on whether v and v° have beenassignedthe same
color by or not. Suppose (v) 6 (v9. Without loss
of generality, assumethat (v) < (v9. Then v proceeds
rst and all the nodesthat join group(v) set their status to
unavailable by the time v°is processed. Therefore, none of
these nodes will join group(v%. Now supposethat (v) =

(v9. In this case,v and v° are processedsimultaneously.

However, since v and v° have the samecolor in H, they are
separated from ead other by at least 3 hops in G. Hence,
v and v° have no common neighbors and therefore gr oup(v)
and group(v9 are disjoint. [

Note that even though fgroup(v) j v 2 |1 gis a collection
of disjoint subsets of vertices, it is not necessarily a parti-
tion of G becauseafter Step (4) there may still be some
verticesu 2 V(G) | with status, = avail able. However,
we still get a large enough 2-domatic partition, as the fol-
lowing lemma shows. Therefore, in Step (5) ead available
vertex (arbitrarily) colors itself 1.

Lemma 7. For any integerr, 1 r d( 1+ 1)=(L + 1)e,
let D, be the set of verticesin V(G) that are colored r by °
(in Step (5) of 2-DP3. Then D, is a 2-dominating set of
G.

Pr oof. First consider an arbitrary vertex v 2 |. Since,
jgroup(v)j ( 1+ 1)=(L + 1), since every vertex in group(v)
getsadistinct colorin f1;2;:::;jgroup(v)jg, and sinceevery
vertex in group(v) is at adistance at most 1 from v, it follows
that foranyr,1 r d( 1+ 1)=(L + 1)e, v is dominated
(and hence 2-dominated) by D,. Now consider a vertex
u?2V(G) |I. Sinceu hasa neighborv 2 |, using the same
argument as above with respect to group(v), we obtain that
foranyr,1 r d( 1+ 1)=(L + 1)e, u is 2-dominated by
D,. O

The algorithm 2-DP3 as described, is well-de ned for ar-
bitrary graphs. In the proof of correctnessof the algorithm,
Lemma 4 usedthe fact that G is a UDG. However, the same
result (but with a possibly di erent constant) holds even if
G is not a UDG, but is a bounded growth graph. In fact, the
de nition of a bounded growth graph tells us that for any
vertex v 2 V(G), the number of vertices v® 2 | that are in
the 2-neighborhood of v is bounded above by the constant
f(2). The next two lemmas in the proof of correctness of
2-DP3follow from Lemma 4 and therefore hold for bounded
growth graphs as well. We get the following theorem.

Theorem 5. For any given growth bounded graph G, the
algorithm 2-DP3 computes a 2-domatic partition of size at
least d( 1 + 1)=Ce for some constant C.

The extension of 2-DP3to k-domatic partitions is straight-
forward. De ne a k-uniform partition of G as a partition
V = fVi;Vz;:::;Vig of V(G) such that for eachi, 1 i t,
the diameter of G[Vi] is at most k and jVij ( « 1+ 1)=a
for someconstant c,. Going from a uniform partition to a 2-
domatic partition is a small step, as described in Lemma 3.
As in that lemma, coloring the vertices in ead V; with dis-
tinct colorsfrom f1;2;:::;jVijg yields a k-domatic partition
of size at least d( « 1 + 1)=ge. Constructing a k-uniform
partition can be done in a manner very similar to what is
described in 2-DP3 This discussionyields the following the-
orem.

Theorem 6. For any given growth bounded graph G and
for any xed integer k 2, there is a distributed algorithm
that computes a k-domatic partition of sizeat leastd( « 1+
1)=q e for some constant c.



3.3.2 RunningtimeandMessae size

In Step (1) an MIS of a growth-b ounded graph is com-
puted. Using the algorithm in [14] we can do this is O(log
log n) time. Step (2) computes a proper ( + 1)-coloring of
a graph with bounded degree. This canbedonein O(log n)
rounds using Linial's algorithm [16]. In Step (3), nodes per-
form some local computations. Step (4) is repeated O(1)
times (since L is a constant) and in ead repetition consists
of a broadcast-receive-broadcast-receive sequence. Step (5)
involves somelocal computations. Thus, Steps (3)-(5) take
O(1) rounds. The overall running time of the algorithm
(dominated by the running time of Step (1)) is O(log
log n).

The messagesize of Step (1) is O(log n), becausethat is
the messagesize usedin the algorithm in [14]. The message
sizeof Step (2) is also O(log n) sincethe maximum degreeof
H is bounded. Step (3) is a local computation and involves
no communication. Since unique IDs in an n-node vertex
can be represented using O(log n) bits, Step 4(a) has mes-
sagesize of O(log n). Step 4(b) is a local computation and
involves no communication. Step 4(c) usesmessagef size
O( logn) and this dominates the messagesize of the algo-
rithm. Steps4(d) and (6) are local computations. Thus the
overall messagecomplexity of the algorithm is O( logn).

Theorem 7. For any given growth bounded graph G and
for any xed integer k 2, there is a distributed algorithm
that computes a k-domatic partition of sizeat leastd( « 1+
1)=q e for someconstant ¢, in O(log log n) roundsusing
messagesof size O( logn).

4. DIRECTIONS FOR THE FUTURE

Of the various directions in which our work can be ex-
tended, we enumerate three that we consider most signi -
cant.

1. The basic premise of this paper is that, from the point
of view of saving energy, computing a k-domatic par-
tition for k > 1 may be better than computing a 1-
domatic partition. While this seemsintuitiv ely rea-
sonable and is supported by some preliminary exper-
iments, this premise needs extensive experimental in-
vestigation. Speci cally, for practical models of energy
usage, for a variety of node distributions, and for dif-
ferent network trac patterns, how much energy is
saved by using 2-domatic partitions or 3-domatic par-
tition versususing a 1-domatic partition? Performing
this experimental evaluation is an important part of
our plan for future work.

2. Our paper does not solve the problem of devising an
O(1)-factor approximation algorithm for the domatic
partition problem on UDGs. As far as we know, this
problem is open. This is probably the most signi cant
algorithmic problem that relates to our work. While
a sequeriial O(1)-factor approximation algorithm for
UDGs and more general classesof graphs would be
signi cant, from the point of view of wireless sensor
networks, it would be even more signicant if such
an algorithm has a distributed version that runs in
constant or polylogarithmic number of rounds.

3. The second algorithm in our paper, k-DP2 runs in
O(log n) communication rounds. This algorithms as-
sumes that nodes know distances to neighbors and

these distances induce a metric spaceof low doubling
dimension. The third algorithm, k-DP3assumesno ac-
cessto geometric information and relying only on con-
nectivity information, runs in O(log log n) com-
munication rounds. Can k-DP3 be improved to run

in O(log n) rounds? This question is signicant be-
causeit focuseson the role of geometric information

in devising fast distributed proto cols for wireless net-
works. The running time of k-DP2and k-DP3is domi-
nated by MIS construction. Sothe question of whether
k-DP3beimprovedto run in O(log n) rounds reduces
to the question of whether an MIS can be computed
for growth-b ounded graphs in O(log n) rounds.
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