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A Parallel Davidson-Type Algorithm for Several

Eigenvalues

Abstract

In this paper we propose a new parallelization of the Davidson algo-
rithm adapted for many eigenvalues. In our parallelization we use a rela-
tionship between two consecutive subspaces which allows us to calculate
eigenvalues in the subspace through an arrowhead matrix. Theoretical
timing estimates for the parallel algorithm are developed and compared
against our numerical results on the Paragon. Finally our algorithm is
compared against another recent parallel algorithm for multiple eigenval-

ues, but based on Arnoldi: PARPACK.

1 Introduction

Many iterative methods for eigenvalue problems proceed in a similar way to ob-
tain a solution for the eigenproblem Au = Au. They construct an orthonormal
basis V' and approximate the exact eigenvector u by a vector y in the sub-
space spanned by V [33]. In other words the original problem is projected onto
the subspace which reduces the problem to a smaller eigenproblem Siy = Ay,
where Sy = VT AV. Then the eigenpair (X,y) can be obtained with much less
computational effort. The approximated eigenvector y is mapped back to the
eigenvector of the original problem as u = Vy.

The Arnoldi algorithm starts from a given vector v1 = z1/||z1|| and succes-
sively generates orthogonal bases Qfor Krylov subspaces Ki(A,v1) = span{ v, Avy,..., A¥1o; }.
For a general matrix the projected matrix Sj is a Hessenberg matrix. For a

symmetric matrix the projected matrix is a tridiagonal matrix and the Arnoldi



algorithm is equivalent to the Lanczos algorithm [17]. On the other hand,
Davidson-type methods build an orthonormal basis { vy, vs,...,v; } depending
on the initial vector x;, the matrix A, and a preconditioner M. Specifically,
the preconditioner M) is applied to the current residual, ry = Auy — Xkuk, and
the preconditioned residual ¢ty = Mry is orthonormalized against the previous
columns of Vi = [v1,v2,...,v;]. The new orthonormal basis Vi1 = [Vi, Vk41]
defines the new projected matrix Siy1 = ijjrlAVkH and the process is re-
peated iteratively. In this paper we present a parallel algorithm for Davidson
type methods.

Recently, the Generalized Davidson (GD) algorithm has been modified to
calculate several eigenvalues [30]. We use restarts as suggested in [10, 27] since
it keeps the size of the subspace small, while preserving important information
from previous iterations. This means that the cost of an iteration is kept small,
hopefully without significantly increasing the number of iterations, and making
the overall algorithm more efficient.

Some previous implementations for the Davidson algorithm solve the eigen-
value problem in subspace Sy by using algorithms for dense matrices: early
works [8, 39] adopt EISPACK [34] routines or faster implementations of House-
holder QR [9]. Later implementations [36, 37] use LAPACK [1].

Partial parallelization is obtained by addressing the matrix-vector opera-
tions and sparse format storage for matrix A [36, 35, 37]. The parallelization
of [35] aims the reduction of synchronization needed by inner products and has
fine granularity. In this paper we present a relationship between two succes-
sive subspaces (Si_1 and Sy) which allows us to calculate the eigenvalues in the
subspace S}, through an arrowhead matrix representation. The arrowhead struc-

ture is extremely sparse and the associated eigenvalue problem can be solved



in a highly parallel way . We address the data storage for distributed memory
architectures. Matrices are partitioned along distinct processors so that the fi-
nal distribution is well balanced and most of the computational work can be
performed in place.

In this paper, we present and compare the Davidson for Several Eigenvalues
(DSE) algorithm in two different parallel architectures: the nCUBE and the
Paragon. The words processor and node are used interchangeably. To achieve
portability we used MPI, and level-2 and level-3 BLAS whenever possible, in our
implementations. Theoretical timing estimates for the new parallel algorithms
are developed and compared against our numerical results. Much of the parallel
techniques can be used for parallelization of GD in addition of the parallelization
of the new variant: DSE.

The remainder of the paper is as follows. In Section 2 we present the DSE
algorithm. In Section 3 we design parallel steps for DSE. In Section 4 we develop
timings bounds for the parallel algorithm. In Section 5 we show numerical

results and finally in Section 6 we present our conclusions.

2 Davidson for Several Eigenvalues

Although in the original formulation M) is the diagonal matrix (diag(A4) —
AI)~1)[10], GD algorithms adopt different operators for M. For example in [30],
a multigrid preconditioner was used. The Davidson for Several Eigenvalues
(DSE) algorithm is a new version of GD, adapted for calculating several eigen-
values [30], and implemented in a restarted manner along the lines of [7]. A
nice review of iterative methods for finding a few eigenvalues of large matrices
is given in [11]. DSE computes the first p eigenpairs of A in order, and uses im-

plicit restarts to limit the increasing computational work from successive larger



Vi and S}, subspaces. The DSE algorithm is given as
Algorithm 1 — Restarted Davidson for Several Eigenvalues (DSE)

Given a symmetric matrix A, an initial vector z;, number of eigen-
pairs p, restart index ¢, minimal dimension m for the projected
matrix S (m > p), and convergence tolerance €, compute approxi-

mations A and wu for the p smallest eigenpairs of A.

1. Set v1 < z1/||z1|l2-  (initial guess)
2. Vi« [wn]
3. S0« [;dimS « 0; Wy « [|; k=1,
4. Forj = 1,...,p do (approximation for j-th eigenpair)
While £ =1 or ||rg_1|| < e do
(a) wy « Avy
(b) Wi + [Wi_1,w]
(c) Compute V,'wy, and make it the last column and row
of S, = V,I'AV,. Update dim S « dim S + 1.
(d) If (m+q)<dimS (restart Sk)
Compute Sy = Y;AY,l, the complete symmetric
eigendecomposition of Sy, where Ay is a diagonal

matrix with its entries ordered in increasing order.
Reduce Sk < (Ak)(mxm) to its m smaller eigenvec-
tors, and update Vi and W . Update dim S + m.
(e) Compute the It* smallest eigenpair Ay, yx of Sk, where
I = min(dim S, j).

(f) ur — Viys.



(g) re + Aup — Apur, = Wiyr — M\ Viys. (residual)
(h) If ||rkll2 < € then exit inner loop.

(i) tr + Mry. (preconditioning)

() vkt1 < mgs(Vg,tx). (apply modified Gram Schmidt)
(k) Vigr1r < [Vi,Vkt1]-

End while
End do

5. Stop.

In the original Davidson algorithm the initial guess is a set of unit vectors
corresponding to p diagonal elements (which is a good choice for finding the p
biggest or smallest eigenvalues of a diagonally dominant matrix). In our new
version (DSE), we were not necessarily treating diagonally dominant matrices.
This makes the choice of the initial guesses for the eigenvectors harder. For
simplicity our initial guess is a vector which is generated randomly. The best
random vector choice has independent components taken from a normal distri-
bution. In contrast, the original Davidson algorithm is deterministic but more
susceptible to hidden symmetries in the matrices. Another aspect of our algo-
rithm is that, when coupled with a multigrid or ADI preconditioner, it is often
able to identify the multiplicity of multiple eigenvalues. More numerical results
about the behavior of the DSE algorithm are shown in [4, 30].

In the next section we detail the parallel steps of the DSE algorithm: data
distribution, parallel orthonormalization, parallel calculation of eigenvalues on
subspace Sk, and parallel implicit restarting; these parallel steps appearing in
any variation of GD. In addition to the Diagonal precondioner we will present

numerical results with Multigrid and ADI preconditioners. In this paper we do



not intend to address parallelization issues of the multilevel or ADI precondi-
tioners: For multigrid preconditioners several implementations are available in
the literature [3, 16, 25]. The same is true about the parallelization of the ADI

preconditioner [13, 21, 24].

3 Parallel steps of DSE

A parallel implementation for the restarted Davidson for several eigenvalues
(DSE) should exploit the data parallelism inherent in the algorithm. A message-
passing computer allows good scalability. If different workloads must be man-
aged, as happens in the arrowhead matrix eigenvalue calculation (step 4.e), a

particular processor can be selected to coordinate the task.

3.1 Data representation and distribution

Data storage is an important aspect when parallelizing the algorithm described
above. Matrices are partitioned along distinct processors so that the program
exploits all the best possible data parallelism. At each iteration, a new vector
v, is added to the basis {vg,...,vg—1}. This is reflected by the addition of
a new column to matrices V;, and Wy, (steps 4.b and 4.k). This makes row-
wise storage the best partitioning scheme, since those matrices always have a
constant number of rows and the use of restarts keeps a bound on the num-
ber of columns; this way data distribution is uniform among the processors for
these matrices. Moreover, computations such as matrix-vector multiplies and
modified Gram Schmidt orthogonalization can be performed in place. In the
following description a subscript stands for the iteration number in DSE (algo-

rithm 1), and superscripts indicate which processor allocates the data. Let A



be a matrix of order n and N be the number of processors available. Matrix
A can be split into row blocks A% i =1,..., N, each one containing < [n/N]

rows of A. For simplicity we will assume that n is a multiple of N:

Al
A2
A=
AN
Thus processor i, 4 = 1,..., N stores A?, the i** row block of A. Matrices Vj

and W), are stored in the same fashion

Vi = : and Wj =

vy whN
Figure 1 illustrates the data allocation. This implies that V4 = v; must be
initialized in the same way; that is, the first n/N rows of v; (named v}) are
stored in processor 1, the i*" row-block of v; (v?) is stored in processor 4, and
so on. In the following discussion we present the parallelization steps of the
DSE algorithm when adopting the just described data structure, in a MIMD
architecture.

Even though at first glance we may think w = Av cannot be computed in
place, this can be overcome by sending vector v to all processors so that each
one computes its respective slice of wy, namely wi = A'vy . Thus matrix W}
can be updated in processor i as W} = [W},wi].

Residual computations (steps 4.f, 4.g and 4.h) are also performed in place:
ri = Wiyr — AVjiy,. Specifically, vector y;, is broadcast to all processors, each

processor computes its slice of 7, and obtains the partial value ||ri||3. The
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Figure 1: Matrices are distributed row-wise through the processors.

residual vector rj can be evaluated by concatenating the slices

and the respective norm is given by |[rx|l2 = (3, ||ri||2)V/2 .

3.2 Parallel orthonormalization (steps 4.j and 4.k)

Steps 4.j and 4.k correspond to applying the column version ! of modified Gram-
Schmidt (mgs) to the extended matrix [Vj,tx] . The data distribution implies
that the mgs algorithm will be implemented with a row-wise partitioning scheme
similar to the one of [29]. In the mgs algorithm we do not have significant loss
of orthogonality; thus only the new column ¢; needs to be modified since the
current basis Vj has been previously obtained by mgs algorithm in previous

iteration steps. Summarizing, t; is orthonormalized in relation to the current

IThe reader should not confuse the implementation of mgs (in this case column version
and is determined by the ordering of loops in the mgs algorithm) with the storage scheme

chosen: row-wise.
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basis Vj, by

For j =1 to dimV}

¢j <Ujatk>

tr < tr —Cjv;

Ukt1 <t/ tk]

Figure 2 represents data distribution among N processors for steps 4.j and
4.k.. Bach processor i computes the partial inner products ¢§ = (vi, ), j =
1,...,dimVy, where v} and t}, represents the rows of v; and t; stored in processor
i, respectively. The partial results cj- are added in a host processor to evaluate

the coefficient ¢; = Efil c;'. which is then broadcasted and used to perform the

related projection on each processor tj « t; — v, i = 1,...,N. The new

5
v/ N\
T N T S Y Y
|
! nodel vi[ v} Vi th| !
| |
r-——~>=>"==-=-= . - I e - 7717 77 -r-0
| |
| |
| node2 V3 v? Vg tg|
| |
] T
|
' nodeN vy | % vl tN
L. [N/ U N S N/ N A
Vi Vj Vi ty

Figure 2: Data distribution for the modified Gram-Schmidt algorithm.

column v4; is obtained by the normalization of ty, v}, = t}/|[tx]]-
The orthonormalization process is accomplished using O(k) broadcast-type
communications where k = dim S, the number of columns for V' at iteration k,

which depends on the restart indexes ¢ and m in the DSE algorithm. Notice that

11



a column-wise storage might have a smaller upper bound included for its com-
munication time: groups of consecutive columns v; would be stored in the same
processor and the new column t; broadcasted to all processors so that the coef-
ficients ¢; in the code loop (1) would be performed locally. Thus, the resulting
communication time should be O(NN) point-to-point communications. However,
those coefficients must be evaluated in order to guarantee the stability provided
by the modified Gram-Schmidt algorithm. So a column-wise implementation
would result in a sequential algorithm: only one processor at time would be
calculating c;. The parallel implementation of the mgs presented here differs
from the pipelined algorithm of [29], partially because mgs does not implement
the outer loop of the full version of the modified Gram-Schmidt algorithm. The
Davidson algorithm itself implicitly supplies the outer loop of modified Gram-
Schmidt since each iteration creates a new t; which is orthogonalized against

the previous basis vectors.

3.3 Parallel calculation of eigenvalues of Sy (step 4.e)

Since the complete eigendecomposition of Sy, = V; AV, must be found for every
k, the solution method used for the eigenproblem Syyr = Agyx is important.
Although the eigenvalues calculation in the subspace is O(k%) and the MGS
step cost is O(kn), if O(k?) approaches n, the eigenvalue calculation of Sy is a
significant step of the Davidson algorithm. Restarts can keep k small and also
avoid this problem. It should be noted however that the constant in O(k®) may
be large. The relationship between S and Si_1 [30] provides an alternative

way to parallelize this step. Let Sx_1 = Yk_lAk_lY,g;l be the orthonormal

12



decomposition of the symmetric matrix Si_;, Notice that

Sk—1 Sk
Sk = Vi1, 08]" A [Vie1, vi] = (2)
Sg’ Skk

where spr = viwg, and s, = V,.L , Av, = Vi.T  wy,. Let
k k—1 k-1

. I, 0 YVici O Aoy YT s
3, = k—1 S, 1 _ k—1 k—1°Fk ) (3)
0 1 0 1 SiYko1 Sk

We can see that matrix Sy, is similar to matrix Sj, and is in the form of an

arrowhead matrix

- A1 8
Sk = T )
Sk Skk

where 3, is the column vector YkT_lsk. Thus, the eigenvalues of Sj can be
obtained by evaluating the eigenvalues of the arrowhead matrix Si. Given the

orthogonal eigendecomposition of S
Sk = QrArQF (4)

identity (3) is equivalent to

0 1 0 1

Since S is symmetric it also has an orthonormal decomposition Sy = YAV,

the previous equation establishes the recursive relation

Y1 O
Y = Qrk » (5)
0 1

for the eigenvectors of Sy. Given the eigenvalues Ax_; and eigenvectors Yj_1 of

Sk_1, after using (3) for construction of Sy, decomposition (4) can be used to

13



find the eigenvalues Ay, and respective eigenvectors Y}, of Sy, by (5). Oliveira im-
proved the parallelization of eigenvalue algorithms for arrowhead matrices [31].
Here we choose to use the O’Leary and Stewart algorithm presented in [28].
Their algorithm is for symmetric arrowhead matrices and can be applied to find
Ay and Qj with O(k?) computational effort. Consider the following represen-

tation for Sg

d1 0 0 0 k(1)
0 do 0 0 5k(2)
5 0 0 ds 0 51 (3) .
0 0 0 diy  E(k-1)
5r(1) 3,(2) 5(3) Sp(k—1) Skk

where % stands for the order of S and d; are the eigenvalues \; of Ag_1, or,
eigenvalues of S ;. Assume all reducible? eigenvalues d; have already been
removed from Sj.

The interlacing theorem [32] (or bracketing theorem for quantum chemists)
is the basis for the method. This theorem has roots which go back to [2] and
more recently has become known as Cauchy’s interlacing theorem; it states that
if Ay_1 has its entries ordered in increasing order d; < d» < ... < dj_;; then
the sequence of diagonal elements in (6) define a set of intervals {(d;_1,d;) :
j = 1,...,k} each one containing one and only one eigenvalue of Sk, unless
d;j_1 = d;. Numerically, d;_; and d; are considered to be equal if their relative

difference is less than machine epsilon (2 x 10716 for IEEE double precision).

2For a reducible eigenvalue d; we have §;(i) = 0. In other words, the corresponding

eigenvector is the " unit vector.
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Bounds dy and dj, are derived from Gershgorin’s localization theorem [22]:

do = min{ di = [x(D],- -, di 1= [5(k = DI, s = T [3(0)] ),

dy = min{ di+ |56V, ..., di_y+ |36k — 1), swr + 50 136G } -
If dj_1 < d; then the associated eigenvalue \; satisfies d;_; < A; < d; and can
be found as a root of det(Sy — AI) = 0. Since d; — A # 0, j = 0,...,k, for any
eigenvalue A of Sy, the j-th entry in the last row of Sy can be eliminated by
using the diagonal values d; — A as pivot elements. That is, Gaussian elimination

is applied on the last row of S;. The resulting matrix is

G=x 0 e &)
0 A - 5 o
0 0 0 o)
where
P(N) = sk — A : & O (®)

Consequently, condition det(S; — AI) = 0 is equivalent to have the determi-
nant of (7) equal to zero, and \ is an eigenvalue of Sy, iff @()\) = 0. A root-

finding method can be applied to evaluate A; and the associated eigenvector

q; = (g;(1),-- ';C]j(k))T, where

gy =4 N~ . )

Notice that if a diagonal entry d; is already close to an actual eigenvalue A,
then the norm of the associated term 3§ (l) may be small so that some terms in
equation (9) may generate significant roundoff errors. We address this problem

in the appendix of this paper.
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Repeated values dj_; < dj = -+ - = dj4, < dj4pu+1 indicate multiplicity p for
the eigenvalue d; 1. In this case, the p associated eigenvectors g;y;, ¢ = 1,...,u

are obtained by

r

0, I=1,...,j—1

— o , =4, ...,j+i—1
gail) =4 @)+ -+ 8G+i- 17 . (10)
0, l=j+i+1,...,k

(

Eigenvalues are grouped by increasing order so that Ay will define a new
ordered set of intervals {(d;_1,d;)} in the next iteration. Moreover, the I*
eigenpair (Ag,yx) of Sk can be retrieved from Ay and Y}, as required in the
DSE algorithm.

The arrowhead algorithm of [29] for decomposition Sy = QrArQT is highly
parallelizable. Distinct eigenvalues can be processed simultaneously. In this
case, a unit of work consists of computing the eigenvalue A; and related eigen-
vector(s) gjyi, ¢ = 1,..., p residing in the given interval (d;_1,d;). Notice that
different intervals may generate distinct amounts of work due to different steps
for calculation of roots of ¢(\), and if d;—» < dj—1 = d; < dj+1, A\j; = d; and
the root-finding algorithm does not even need to be applied. Thus, it is difficult
to predict the amount of work performed by each processor. An efficient syn-
chronization among these concurrent computations must resolve the scheduling
problem [19]. A particular processor is selected as a host to coordinate the work.
It removes the set I = {i : d; is reducible} of reducible eigenpairs from matrix
Sy, and begins by sending one or a group of intervals {(d;j-1,d;) : j € J} from
the irreducible set J = {1,...,k = dimS;} — I to the processors. Results are
sent back to the host, indicating that the respective processor is ready to receive

another group of intervals. Simultaneously, the host groups all eigenvalues \;,
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i € I, and Aj, j € J, in the vector Ay and respective eigenvectors ¢; and g¢; as
columns of Q.

Recall from equation (2) that S is obtained by adding s =V, wy, as a
new row and column for S;_;. Moreover, each processor computes locally its
respective slice of wy as wi = A'vg. This data distribution allows the host
to obtain sj, as a sum of partial terms o = (V})Tw{ which can be computed

simultaneously. In other words, sy = Y., of is given by

In practice, the matrix Sy will not be stored: only a vector for A and a
matrix for Y}, are required from one iteration to the next.

The recursive relation (5) for calculation of eigenvectors is based on the
updating of Y} at each iteration and can also be performed in parallel. We
rewrite the eigenvectors calculated from decomposition Sy, = QkAkaT as

T (11)

a4
where q,{ is the last row of (. Under this notation, the new set of eigenvectors
Y}, can be obtained by computing Vi = Yk,lék (which adds one more column
into Yj_1), and by appending the new row ¢! into matrix Vi. At first look,
this update could be performed at the host after gathering the individual eigen-
vectors (columns of Qi) from the processors. Further insight reveals that the

update (5) can be performed in a distributed way, provided that each processor
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contains a copy of Y;_1: as soon as a given processor obtains a new eigenvector
g of Sy, (i.e., a column of Qy), it uses the splitting ¢ = [¢7, ¢]7 similarly to (11),
so that the corresponding column of Y} is given by y = [(YVz_14)7,q]T. After
that, the processors send the new columns of Y}, back to the host, instead of a
column of Q.

Notice that each processor contains a copy of matrix Y;. It may look re-
dundant, however this data structure allows the parallelization for update (5)
as described above. Moreover, restarting imposes an upper-bound for the size
of matrix Yy independent of the number of iterations. It guarantees a modest
storage requirement for Y. In the remaining sections of this paper, we will be

addressing the implementations of DSE which maintains a copy of Y, on each

processor. Combining the above considerations we obtain

Algorithm 2 — Parallel Arrowhead-Decomposition

Given the previous set of eigenvalues A;_; and the new row s for

Sk, compute the new set of eigenpairs Ay and Y.

LA« [} Qe < [
2. Compute 3 + (Yi)%sg.
3.d « Ak—l-

4. Remove all reducible eigenvalues on d and compute multiplicity

for the remaining intervals (d;_1,d;) on d.
5. Broadcast d, §; and sgy-
6. Dispatch a interval (or a group) to each node.
7. host:

While there are eigenpairs to be received back

18



Receive a eigenpair (or a group) from any node 3.
If there is a interval (or group) to be sent
Send it to node .
else
Node i is done.
Add the new eigenpair (or group) to A and Y.
other nodes:

While node is not done
Receive a interval (or group) from host.
Compute the eigenpair (or group).
Compute update (5) for the new eigenvector(s).

Send the associated eigenpair (or group) to the host.
8. Broadcast Y.

9. Stop.

If no restarting is applied or if a large number of eigenvalues is desired, the
dimension of Y will increase considerably. Then, storage may turn out to be
a dominant issue. To overcome this problem, we would scatter Y; throughout
the processors. Matrix Yj can be partitioned by rows, as were V; and Wy, but
in a wraparound manner: since it is a square matrix that increases after each
iteration, a row-wise cyclic striping may be applied to provide a well balanced
distribution of data between processors. Thus, the 1x1 matrix Y7 will be stored
in processor 1; in the next iteration, it will be updated as a 2x2 matrix Y>
which will be stored in processors 1 and 2, and so on. Figure 3 shows a general
situation where V¢ denotes the rows of Y}, stored in processor i. Under this

storage scheme, 3 = YkT_lsk is obtained by sending the respective rows of s

19



to their related processors. That is, since processor ¢ contains rows i,7 + N, +
2N,...,i+ N|k/N] — N of Yj_1, it receives the same subset si of rows from
sk, and perform
51@ = (YI:—1)T32 .

This information is sent to the host which computes 3 as §; = Ef;l &%, and
proceeds with the eigendecomposition for the arrowhead matrix of shape shown
in (6).

For this case, the host splits matrix @, as in (11). Each component Y}_; is

update by sending Qy to processor i which performs
Yki = chilek .

This multiplication adds one more column to Y}. Finally, the host sends row
qkT to the next unbalanced processor in the cyclic process (processor i, in the
example shown in Figure 3). It is important to notice that this choice contributes

for storage-savings but it increases communication overhead.

3.4 Parallel implicit restart (step 4.d)

After each iteration, the matrix Sy increases its dimension by one row and
column, causing the computation of eigenvalues in the subspace to increase its
cost. An implicit restart scheme is used to periodically reduce the dimension of

Sk. Recall the orthogonal decomposition of Sk:
Ay =YV I S, Y. (12)

Let ¢ be a fixed restart index, and m the minimal dimension for the projected
matrix Si. Since m > p, the desired eigenvalue approximations are contained

on the first m entries of A. If dimension of Sy exceeds the value m + ¢, one
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Figure 3: Rows of Y}, are distributed in a cyclic order through the processors.
The shadowed area indicates the new entries for Y}, i = 1... N, and the new

row g} in the wraparound process.

can drop the ¢ largest eigenvalues. This can be done by splitting
Ay = '

and Yy, = [Yi1, Yk,2] where Ay 1 and Yy 1 correspond to the m smallest eigen-
pairs. (Remember that Ay and Y}, are already sorted, as specified in the previous
paragraph.) Projecting Sj over the space spanned by its m smallest eigenvec-

tors, we obtain the m X m reduced matrix
ST = VL SkYin = Aga - (13)

Thus, a particular computation occurs during a restarted iteration. Since

relation Sy = V; AV, must be preserved for S,(CJF), decomposition (12) imposes
Mgy = ViYie)T AV Y
which corresponds to update Vk(+) = V4Y%,1 and consequently W,SH =WiYp1.

21



Also, equation (13) claims that the new eigenvectors of S,(:) are canonical vec-
tors. It reduces relation (5) to Y, = Qy when performed right after a restarted
iteration. It is important to note that if Y ; is not orthonormal the update
Vk(+) = VY1 may compromise the condition that Vk(+) must be an orthonor-
mal basis. Loss of orthogonality may happen due to roundoff errors in equa-
tions (9) and (10). To avoid such problem the modified Gram-Schmidt method
is applied to Y}, 1 before computing Vk(+) and W,§+).

A restarted iteration requires one more group of updates: Vi + V; Y, 1 and
Wy < WiYg 1. Thus, each processor ¢ may discard the last g columns of Yj,
because the number of columns is reduced from m + ¢ to m, and compute the

updates Vji + VjiYy 1 and Wi + WiY} ;.
Algorithm 3 — Parallel Implicit Restart

Given the set of eigenvalues Ay and eigenvectors Yy and the associ-

ated matrices Vi and Wy, check for restart.

1L.If (m+gq) <dimS (dimension of Ay)

Ap < (Ak)(mxm)-
Orthonormalize Y} ; = first m columns of Y.
For all nodes i, i € {1,...,N}
Vi ViV
Wi+ WiYe.
dim S <+ m.

2. Stop.
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4 Timing analysis for the parallel algorithm

All the pieces presented above can be integrated to form the complete parallel

version for the DSE algorithm (Algorithm 4 shown below). Next estimates for

computational and communication timings are presented.

Algorithm 4 — Parallel Restarted Davidson for Several Eigenvalues

Given a matrix A, an initial vector 1, iteration limit 7, number of eigenpairs p,

restart indexes ¢ and m, and convergence tolerance €, compute approximations

A and u for the p smallest eigenpairs of A. N indicates the number of processors

being used.
1. Set v1 < z1/||z1]l2-  (initial guess)
2. For all nodes ¢,4 € {1,...,N}

Vi [vil; W§ < []; Yo <[]

Ao~ [ dim S « 0.

.Forj=1,...,p do (approximation for j-th eigenpair)

Fork =1,...,n do
(a) Broadcast vy.
(b) For all nodes i, i € {1,...,N}
Receive vy.
Compute wi = A'v, and update Wi = [W} |, wi].

T

Compute si, = (Vi ;)Twi and send to the host.

(¢) Compute sg = Zfil st in the host and use algorithm 2 to obtain
the eigendecomposition Ay and Y. Update dim S « dim S+1.

(d) Use algorithm 3 to check and apply restart when it is necessary.
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(e) Broadcast the I*" smallest eigenpair Mg, yx from A; and Y,
where | = min(dim S, j).

(f) For all nodes 4, i € {1,...,N}
Receive yi, and Ag.
Compute 7 = Wiyr — AViyy.

Broadcast rj, by appending all ri. (residual vector)

If ||rgll2 < € then exit inner loop.

)
)
(i) tr « Mry. (preconditioning)
) Send slice t¢ to node i, i € {1,...,N}.
)

vp+1  pmgs(Vi,tx). (parallel modified Gram Schmidt)
5. Stop.

The DSE algorithm performs matrix multiplies at various times, e.g. the
computation of wy, = Awvy, and tp = M r; this is the most time consuming step
of the algorithm. However, we do not include these operations in our theoretical
operation count because the structure of matrix A changes for different prob-
lems. Nevertheless, in our numerical experiments the timings shown include
these matrix vector multiplications. Also, in our implementations we resort to
BLAS, which is an efficient matrix library and is optimized for each computer.

For the operation count, one iteration of the algorithm was divided into four
major tasks: 1. residual calculation; 2. arrowhead-eigendecomposition; 3. im-
plicit restart (when applicable); and 4. modified Gram-Schmidt orthonormal-
ization. The residual calculation ri = Wiy, — A\ Viys, depends on the order
k of V and W,. Each r}'c is obtained with 4kn/N flops. The arrowhead-
eigendecomposition employs three sub-steps, namely, the matrix multiplica-

tion st = (Vi |)Twi, eigenvalue-eigenvector computations, and updating Y} =
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Yi_1Qp. The first two sub-steps are accomplished in 2kn/N and ck? flops,
respectively for some constant ¢. The last sub-step can be understood as k&
matrix-vector multiplications distributed across N processors, which leads to
2k®/N flops. Implicit restart occurs sporadically and proceeds the updating
Vki = V,ij,l and W,z = W,iYk,l in 4kmn/N flops. Finally, the mgs orthonor-
malization requires 2kn/N flops. The resulting lower-bound for the computa-
tional time T°P(k) spent in one iteration, excluding the restart operations, is

determined by adding all the above float point operations:
TP(k) = 208 4+ ck? + 8%k .
N N

Such estimate reflects time dependencies on the order of the problem (n), the
number of processors used (N), and the current dimension (k) of the subspace
Sk. Given the total number of iterations (s) taken by the DSE algorithm to con-
verge, the global computational time can be estimated, for both non-restarted
and restarted cases. First consider the case where no restart (nr) was applied.
In this case, the dimension k of the subspace successively increases and the
resulting time TSP (s) is a straightforward summation of the times for each iter-

ation

s 8

2 El El
TE(s) = Y TPk = Y K +ed K +8% k
k=1 k=1 k=

k=1 1
_ s c 1, 4 n c 1., n c
= onTE+R)E UGty lg s

Notice that updates Y, = Yi;_1Qy produce the higher order term in s. It
demonstrates the overall effect of growing matrices Y;. The restart parameter
g imposes the upper bound (m + ¢) for the order of Y. To develop an estimate
for the restarted case, we need to understand the behavior of dimension k. At

the beginning, dimension k£ grows from 1 to m + q. After the first restart, & is
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reduced to m and begins to grow again, ranging from m to m + ¢, until the next
restart is applied. So, the number of restarts, excluding the first, is an integer
division by ¢q. More precisely, the total number of restarts for s iterations is

given by 1+ [@J

= [*5™]. And the number of remaining iterations after
the last restart is 6 = (s—m—gq) mod q. Notice that the case with restarts can
be written in terms of times without restarts, T)°P, by adding the time spent
before the first restart, the time from the first restart until the last restart, the
remaining time after the last restart, and all the extra times due to re-starts.

Thus the total computational time T,°P(s) using restarts is given by

TP(s) = Tmta) + (151 = 1) (T20m +) = T2(m = 1))
HTRm =14 6) = T2(m = 1)) + =) 77
= 177 (Tirm + ) = Tizom —1) +777)
+TE(m+6—1), (14)

where 7P represents the extra computational work performed on each restart
step. We can derive an upper-bound by noticing that § < ¢

Tr(s) < T

(Teztm + ) = T(m = 1) + 77) + TeZ(m + ) -

A restarted iteration applies modified Gram-Schmidt to Y1 in (m + ¢)(2m? +
m) — 3(m? —m) flops, and performs the updates Vi = V;iYy 1 and W} = WiV}
in 4m$:(m + q) flops. By recalling that the update Yz = Yx_1 Qr in (5) does

not occur after a restarted iteration, we obtain

3

n 1 m
P — 4 2 2 _ 2 _ -2
7§ m—N(m+q)+(m+q)(m +m) 2(m m) N
n md 1
= 2 dm— + 2m? —2— ——(m?—m).
(m + g)( mN+ m” +m) N 2(m m)

For the communication timing, consider s as the message startup time and

ty the per-word transfer time. We assume three distinct communication oper-
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ations and their theoretical time estimates in a mesh architecture [23]. One-
to-one communication is performed by sending a message from one processor
to another; it takes time t; + £t, for a message of size £. This operation is
presented in the arrowhead solver where the host sends specific messages to
each processor. For an iteration step of DSE, it takes time k(ts + 2¢,) for
the host to distribute the k intervals (d;_1,d;) across all processors and time
k(ts + kt,) to receive the k associated eigenvectors, each one of size k. One-to-
all broadcast is characterized by a single processor sending the same message
to all other processors. It takes time (t; + £t,)log N and is also related with
the arrowhead solver: function ¢(-) is transfered from host to all processors as
a vector of size 2k which takes time (t5 + 2kt,)log N; Matrix Yy has order
k and costs (ts; + k?t,)log N to be broadcasted. All-to-all broadcast, reduc-
tion and data gathering belong to the most expensive class of communication
taking time (t5 + £1,,)(IN — 1) for a message of size £. These operations em-
ploy communications where all processors broadcast different data to be added
(reduction operation) or grouped (gathering operation) into one single proces-
sor. In one iteration of the algorithm reduction is performed when computing
Sk = Ef\; st by using a reduction operation for N arrays of size k each; when
computing the norm |[rg||2 = YN ||ri||? by a reduction of N arrays of size
1 each; and when applying mgs which employs k reductions for N arrays of
size 1 each for the inner products. The above operations are accomplished with
times (s +kty)(N —1), (ts+ty)(N—=1), and k(ts +ty) (N — 1), respectively.
Data gathering is applied to concatenate the eigenvector approximation y; and
the new vector viy1. The associated timings are based on the respective sizes:
(ts + kty)(N — 1) and (ts + ftw)(IN — 1). Notice that there is no particu-

lar communication during a restarted iteration. Combining the estimates given
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above, we obtain the communication time 7°™(k) for one iteration

T(k) = [k(1+ N)+2(logN + 2N —2)]ts +

+[k2(1 +log N) + k(3N + 2log N — 1) + (% F1) (N = 1)t

Similarly to the computational timing analysis, we deduce the time TS (s)

spent on s iterations of the non-restarted algorithm as

Tor(s) = Y T(k)=[1+N)> k+2(logN +2N —2)> 1], +
k=1 k=1 k=1
B 5 B S ﬁ B B
+[(1+1og N) Y " k* + (3N + 2log N 1)Zk+(N+1)(N DS 1]ty
k=1 k=1 k=1
1 s 1 3 )
= g(1+1ogN)tws +[§(1+N)t3+§(logN+N)tw]s +
9 7 5 7 4 1
+[(210gN+§N—5)t8+(§N+610gN—§+n(1—ﬁ))tw]s,

and the communication time T,f™(s) for the restarted version as

s = [

| (Temom + q) = Tr(m = 1)) + T (m + 8 = 1)(15)

When § < ¢ we can also derive an upper bound for the total restarted time as

S—m

L) < —

(Tarm + @) =T m = 1) + Ti(m+0)

5 Numerical results

The parallel code for DSE was written in C. To achieve portability, we used
MPI [15, 18] for the communication standard. The Message Passing Interface
(MPI) is a set of standards which describes the user interface for a message
passing library. It provides a large set of functions which controls point to
point and collective communication. The application can either migrate to a

different implementation of MPI or a different computer just by recompiling
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the code. Also, level 1, 2 and 3 BLAS routines [14] were employed. Currently
many computer vendors provide optimized BLAS libraries which achieve a good
performance for vector and matrix computations.

Our computational results were obtained for the coefficient matrix which
arises from using a finite difference (based on a 5 point stencil) method for

solving the following problem:
—Au+gu=f (16)

on a unitary square domain. Consider g to be null inside a 0.2 x 0.2 square on the
center of the rectangle and g = 100 for the rest of the domain. Algorithm 4 was
used for finding the ten smallest eigenpairs (p = 10) and assumed convergence
for residual norms less than or equal to 107 (¢ = 10~7). The restart indexes
were ¢ = 10 and m = 15. (This corresponds to apply restarting every time that
the projected matrix S, achieves order 25, reducing its order to 15.)

For the numerical results, we used a diagonal preconditioner as in the original
Davidson algorithm, an ADI preconditioner, and a multigrid preconditioner [30].
The ADI preconditioner can be derived by considering a splitting of the matrix
into two parts. In terms of differential equations this corresponds to solving
the linear system, first in relation to one direction and then in the other direc-
tion. An acceleration parameter in a fashion similar to the SOR method can be
incorporated. Details of these methods are shown in [38, 40, 41].

The multigrid solver is a well established iterative method for solving the
systems arising from discretizations of partial differential equations. In con-
trast with classical iterative methods (Jacobi, Gauss-Seidel, SOR, or SSOR
with Chebyshev acceleration) the convergence rate of multigrid methods does
not slow down as the size of the problems increase [12]; in other words, for a

given accuracy, it can solve problems in n unknowns in O(n) time. A good
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Actual times compared with theoretical estimates
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22

20 — actual time

estimated time
O order 16129
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161
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number of processors

Figure 4: Actual and estimated times for equation (16). Results for two different

matrix sizes performance on the Paragon are shown.

introduction for multigrid algorithms is given in [6].

For the calculation of eigenvalues of Sy, through equation (8), we followed [28]
but used Brent’s root finder [5] instead of bisection and secant methods.

Figure 4 compares estimates developed in Section 4 with the actual running
timings for two distinct grid sizes: 63x63 and 127x127 (matrices of orders
3969 and 16129, respectively.). Each problem was solved using 4, 8, 12, 16,
20, and 24 processors on the Intel Paragon computer and the observed running
timings® were plotted. Thus, the two values of s (number of iterations), for the
two different matrices sizes were used in equations (14) and (15) and then the
estimated timings in Figure 4 were derived.

Since the timing analysis only considers the major communication and com-

3Running times refer to the DSE algorithm excluding the time spent applying the precon-

ditioner M.
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putational efforts, the timing estimates are expected to be smaller than the
actual algorithm timings. This can be demonstrated in Figure 4. Neverthe-
less it can describe the behavior and performance as the number of processors
increases. The model proved to be very satisfactory in detecting potential bot-
tlenecks prior to coding the algorithm.

As MPI and BLAS libraries were available in both platforms, migration
between the Intel Paragon and nCUBE is straightforward. Optimized BLAS
is available on Paragon’s operating system [20]. A Fortran implementation of
BLAS from Netlib [14] was compiled on the nCUBE. Table 1 compares actual
running times in seconds for our test case on both computers. The different
curves are due to different granularities. Also after a certain number of pro-
cessors is reached, each curve rises away from its minimum point; this is due
to increased interprocessor communication overhead. Our theoretical model

predicts the optimal number of processors associated for each granularity.

processors | matrix order 961 (31x31) | matrix order 3969 (63x63) | order 16129
Paragon nCUBE Paragon nCUBE Paragon
4 6.4 13 11 52 22
8 4.5 11 7.3 33 14
16 4.5 11 7.1 27 11
20 4.7 1 71 x! 11
24 4.9 1 7.2 ! 11

«1 not a subcube size.

Table 1: Timings in seconds for problem (16) in the nCUBE and Paragon

computers.

The number N of processors for which the total parallel running time 7T} =
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TFP + TF™ achieves its minimum is determined by 87;—1(\,1\[) = (0 . This equation
provides an upper-bound for the number of processors to be allocated on a
given problem. As the number of processors exceeds the upper-bound, either
the parallel run time stays asymptotically at minimal value, or rises away from
the it. Equations (14) and (15) were differentiated? in relation to N resulting
in a function depending on 1/N2. The positive root, which indicates that the
maximum number of processors to be allocated is N = 5 for a matrix of order
961, N = 10 for order 3969, and N = 20 for a matrix order of 16129. The
data in Figure 4 and Table 1 show that our timings for the mesh architecture
(Paragon in our case) followed the theoretical estimates.

Preconditioning is another relevant issue concerning performance [30]. Fig-
ure 5 compares the convergence history of the residual norm for the first five
eigenpairs for a matrix of order 3969. Here convergence was estimated us-
ing € = 1075, The restart indexes were ¢ = 10 and m = 15. For the nu-
merical results in Figure 5(a), a diagonal preconditioner was applied, that is,
M = (D — X)~! where D is the main diagonal of A, the matrix discretiza-
tion for (16). At first, one may think that the points of sudden increase in the
residual are a consequence of restart steps. However, the multigrid precondi-
tioner do not present such problem (Figure 5(b)). Moreover, with the multigrid
preconditioner DSE finds all five eigenvalues after 39 iterations while the di-
agonal version requires 358 iterations. The variations in Figure 5(a) are due
to the poor performance provided by a diagonal preconditioner. Indeed, each

eigenvector approximation is obtained by preconditioning the residual of the

4Notice the above calculations still depend on the parameter s, the number of iterations
performed by the DSE algorithm. Further analysis may provide a prior upper bound for s
dependent on the kind of matrix studied, so that the timing model can be applied as a tool

when deciding the number of processors to be allocated.
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current approximate solution. Although the eigenvalue approximation Ay con-
verges monotonically to the actual eigenvalue, the preconditioner may worsen
the angle between successive eigenvectors vy, and span(V%). It can also worsen
the convergence rate by reducing the accuracy of the approximate eigenvectors.
Moreover, the diagonal preconditioner may induce the lock in phenomena; that
is, the algorithm will converge to eigenvalue A defined by the current matrix
(D — MXI)~! instead of the actual p'* eigenvalue. Consequently, the algorithm
can attribute wrong multiplicity to the eigenvalues. In our example, the second
eigenvalue is repeated, but the DSE algorithm with preconditioner (D — AI)~!
does not demonstrate the eigenvalue multiplicity of two. Our last Figure il-
lustrates numerical results with an ADI preconditioner. For our test cases, we
obtained the best results with this preconditioner. Figure 6 compares our tim-
ings against PARPACK [26]. PARPACK is a parallel package available for the
calculation of several eigenvalues based on the Arnoldi method. For the cases
studied, our timings are always competitive with PARPACK and significantly

better for increased problem size.

6 Conclusions

Recently, progress has been made in the use of Generalized Davidson algorithms
for finding several eigenvalues [30]. In this paper we describe the a Davidson
for Several Eigenvalues (DSE) algorithm, and develop its parallelization. The
main improvement of this paper is the way the eigenvalues are calculated for
the subspaces. The relationship between the consecutive subspaces allowed
us to develop a highly parallel step for this part of Davidson type algorithms,
particularly DSE. The greatest part of the computational work consists of matrix

vector multiplies. For the parallel implementation, row partitioning of data was
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Figure 5: Residual norms for the first five eigenpairs for an 63x63 discretization

of equation (16). Figure (a): Diagonal Preconditioner. Figure (b): Multigrid
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DSE (ADI) and PARPACK for four distinct problem sizes
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Figure 6: Comparison with PARPACK.

used; BLAS and the MPI library were incorporated. Other parts of the code,
additional to matrix vector multiplies, generated the timing model and predicted
the general behavior well. From the numerical results, when multigrid is used
instead of the diagonal preconditioner (as in the Davidson algorithm) we showed
that the number of iterations is significantly decreased. Even better results were
obtained with an ADI preconditioner. Our implementation is portable, and
numerical results were compared between the the nCUBE and Paragon, with
better results on the latter. Finally, our code is competitive with PARPACK

and better in some cases.
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Appendix: Stabilizing the eigenvector calculation

The DSE algorithm employs the arrowhead-decomposition iteratively. Using
the arrowhead representation, the first p columns of V},_1 approach eigenvectors
of A. Thus the corresponding entries of §; approach zero. Such behavior may
produce roundoff errors on the eigenvector calculation: as the j** diagonal entry
d; converges to the j'* eigenvalue \; of the original problem, the eigenvalue
approximation \; also converges to A;. Consequently, the ratio u = 35 (j)/(\; —
d;) presented in the eigenvector calculation (9), will operate on 5;(j) — 0 and
Aj—d; = 0 which may result in a wrong estimate for one entry of the eigenvector
q;- To overcome this we avoid evaluating ratio u explicitly. Instead, the identity
©(Aj) = 0 can be used to obtain v in (9). From (8) we have

OO

—dj:(P()\j)_dj:>)‘j_dj:8kk_dj+m /\j—dl,

1=1
1]

which is divided by §x(j) # 0, leading to

T ~ l 2
Skk — dj + E’gzlll %

5k(4)

WwHou—-1=0, a=

Thus u = (—a £ va? + 4)/2, where the choice of the positive or negative root

is made according to the sign of 3;(j)/(\; — d;).
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