PARALLEL MULTIGRID METHODS FOR TRANSPORT
EQUATIONS: THE ANISOTROPIC CASE*

S. OLIVEIRA'

Abstract. A efficient parallel multilevel algorithm is developed for solving the transport equa-
tions on parallel computers for one-dimensional anisotropic scattering. The parallel algorithm is
developed by using a multigrid in angle scheme that is known to attenuate both rapidly and slowly
varying errors in angle. The spatial discretization scheme used is the modified linear discontinu-
ous finite element method, which represents a lumped version of the standard linear discontinuous
scheme. The angular discretization is accomplished by expanding the angular dependence in Legen-
dre polynomials and is known as the Sy approximation when the first N Legendre polynomials are

used. Legendre transforms of complexity O(N) and a anisotropic parallel algorithm of complexity

O(Nlog, mlog, N) are developed.

Key Words. Transport equations, Legendre tranforms, cyclic reduction, multigrid, SIMD and

MIMD computers, Connection Machine.

1. Introduction. The transport of neutrally charged particles can be modeled
by the linear Boltzmann transport equation. For steady-state problems, within the

same energy group this equation can be written as

(1.1) Q- Vip(u, Q) + oth(u, Q) = S(u, Q) + Q(u, Q),

where ¥(u, ) is the particle flux at position u moving in direction Q (unit vector)
and o; du represents the expected number of interactions (absorptive or scattering)
that a particle will have in traveling a distance du. The first term on the left-hand
side represents particle loss due to streaming, the second term represents loss due
to scattering or absorption, the first term on the right-hand side represent sources
due to rescattering, and the second term represents source due to external sources.

The source term S(u, Q) contains the particles that are scattered from every other

* This work was supported by AFOSR under grant AFOSR 86-0126, the NSF under grant
DMS-8704169,the DOE under grant DE-FG02-90ER25086 and Los Alamos National Laboratory.
t Computer Science Department, Texas A&M University, College Station, TX 77843-3112.
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direction Q' to direction § and can be modeled as
S(w.2) = 0. [ 4% (0,2 — Dz D)

where X, is the probability density that a particle will be scattered from direction Q'
into direction 2 and osdu represents the expected number of collisions that result in
a scattering along a path du.

When o, — oo and o5/0; — 1, equation (1.1) will be singularly perturbed. In
fact, it is often the case that this equation is nearly singular in all spatial frequencies of
interest. This fact causes difficulties for numerical solution techniques, and multigrid
in particular.

Consider equation (1.1) in a semi-infinite slab of width b in the z-dimension.

Assuming that the solution is constant in y and z, then % = % = 0. Equation (1.1)
becomes

o
(1.2) oo +ob = Sz, u)+ gz, p),

Oz

Here, ¢(x, p) represents the flux of particles at position  traveling at an angle § =
arccos(p) from the z-axis. The quantity o; was already defined. The source term in

one dimension is given by

1
S(.Z‘HLL) =05 /;1 dﬂlzs(wﬂﬂl - lLL)’l/}(JZ,ILLI)

The boundary conditions prescribing particles entering the slab are

(1.3) (0, 1) = go(p), ¥(b,—p)=gq(n), we(,1).

For the isotropic scattering model, X, is constant in angle, that is the particle is
equally likely to scatter in any direction. The anisotropic scattering is modeled under
the assumption that the probability of scattering from direction Q' into direction Q
is a function of the angle between these directions (- Q). In this paper we consider

the anisotropic scattering case. The scattering source term

S(u,Q) = / A, (1, 2 — Q)i(z, ),
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are integral operators with spherical harmonics as their singular vectors. We assume
that the variation in angle can be described by a finite collection of singular vectors,
resulting in an Sy discretization. In one-dimensional problems, the singular vectors
for the integral operators are Legendre polynomials. Let po(u),...,pn—1(p) be the
Legendre polynomials and oy, ..., on_1 be the associated singular values. Expressing
the flux ¢(z, p) as a finite summation of the first N Legendre polynomials we have

N-1

(1.4) W(a,p) = Y 2+ Doi(@)m(n),

=0

where (2{ 4 1) is a normalization factor and the moments ¢; are

1 1
(L5) dle) =5 [ Aml e ).
-1
which can be written exactly as
N
(1.6) $i(x) = > wepi (i) ¥z, ),
k=1
for!{ =0,..., N—1, where the variables p1, 2, . . ., uy are the Gauss quadrature points
and wi,wsy,...,wyn are the Gauss quadrature weights of degree N. The scattering

term in one dimension then becomes

1 N-1

(1.7) Ss(:v,p):as/ dp'Ss(z, p' — p)v Z?l—{—lmqﬁ; (x)pi(p),
-1 1=0
Thus the anisotropic transport equation in 1-D can be written as
3 N-
(1.8) po Z 20+ Dougu(x)pi(p) + (2, 1)

=0

In this paper we develop an efficient parallel algorithm for solving the anisotropic
neutron transport equation on parallel computers. We use an angular multigrid algo-
rithm that requires a shifted source iteration at each level. Performing this iteration
with a shifted transport sweep would take 2m sequential steps for a grid with m cells.
We develop a data parallel block cyclic reduction scheme based on [14] for this step of
the angular multigrid method, which takes log, m steps. One issue dealt with is the
stability of the parallel block cyclic reduction. We can get a stable algorithm if we

choose to write the system of equations in such a way that the right-hand side remains
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bounded at all levels of cyclic reduction. The stability of this method is proved. The
coarsest level of angular multigrid involves an isotropic Ss equation. We use our paral-
lel multigrid algorithm for the isotropic model to solve this equation. There are other
aspects of the angular multigrid that need attention in the development of a parallel
angular multigrid, such as calculation of the scattering term. This step is completely
parallelized in the spatial direction and partially parallelized in the angular direction.
In addition, we attempted to minimize the number of communications in the angular
direction. At diverse stages of the algorithm, we need to perform Legendre transforms.
An algorithm for these transforms is developed that takes O(N) steps. We compare
two kinds of angular multigrid schemes, a V (1, 1)-cycle and a V' (1, 0)-cycle, and con-
clude that V(1,1) is superior on Connection Machine architectures. The algorithms
are also compared to sequential implementations on the Cray Y-MP.

An outline of the remainder of this paper is as follows. In Section 3.2 we describe
the angular multigrid algorithm in the flux notation. In Section 3.3 we describe the
spatial discretization used. In Section 3.4 we show how to perform the shifted source
iteration as a cyclic reduction for the MLD discretization. In Section 3.5 we develop
the parallel angular multigrid algorithm. In Section 3.6 we develop the parallel cyclic
reduction algorithm. In Section 3.7 we analyze the stability of our cyclic reduction.
In Section 3.8 we report on convergence rates and timings tests. Finally, in Section
3.9 we make a few conclusions.

For the most part, the following notational conventions are used in this paper.
Particular usage and exceptions should be clear from context.

Hy, ... — Operator or Matrix at level k& of angular multigrid cycle
BF, FF DE ... — Sub-matrices at level k of cyclic reduction,

on row ¢ of a bigger matrix (corresponding to spatial cell 7).

N —  Number of Gauss quadrature points (n = %)
Ny — Number of Gauss quadrature points at level k.
i —  Legendre polynomial of degree i (i =10,...,N —1).



P — Processor i (i=1,...,N).
o; — Singular values associated with the Legendre

polynomial p; (degree i) (i=10,...,N —1).

2,7, ... —  Vectors.
a, €, ... —  Scalars or functions.
SIMD (MIMD) - Single (multiple) Instruction Multiple Data computer

2. Angular Multigrid. Notice that equations (1.4), (1.6), and (1.7) can be

written, for all the quadrature points, in the matrix notation

Y(x) = T o(x), o(x) = Ty(x),and Sz, p) = T_lDTﬁ(x),

respectively. The vector ¥(x) is equal to (¢(x, 1), ¥(x, p2), ..., ¥(x, pn )Y, and the

vector ¢(z) = (do(x), ¢1(x), . .., ¢n—-1(z))T represents the Legendre moments. The

N x N matrices T and T~!, are defined by their respective elements

Ti; = wipima(ps), 173 = (25 — D)pj—1(m),

and the N x N diagonal matrix D has diagonal elements

D;; =o0;_1.

)

The requirement that (1.8) holds at each quadrature point yields a coupled system of
ODE’s:

(2.9) My (x) + opp(x) = T DT (2) + q(x),

where M=diag(-- -, p;j,---) and D = diag(---,0j,---). This is the flux representation
of the Sy equations. If the right-hand side of (2.9) is known, it becomes an uncoupled

system of ODE’s . This leads to the iteration

(2100 My @) + (00 — )"t (2) = T7HD — a)TY (2) + g(x),

which is called a shifted source iteration. The variable « is a shift parameter. The

system of ODE’s will be stable for « < ¢y. Suppose oy =09 > 01> ... > on_1 >0
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Fic. 1. Computational grid levels angular multigrid.

and o; > 1. If o is chosen to be (on/2 + on-1)/2, a shifted source iteration will
attenuate all the errors in the upper half of the flux moments (pyy» through py_1).
In other words, it will attenuate the errors that vary rapidly in angle, but poorly
attenuate those that vary slowly in angle. This suggests that multigrid in angle
be used together with a shifted source iteration at each grid level k as Morel and
Manteuffel developed in [13]. Figure 1 illustrates the first two grid levels for the
angular multilevel scheme where n is the number of scattering angles. In order to
solve (2.10) at level k, we use the same spatial discretization used for the isotropic
model in [11] and [12]: the modified linear discontinous (MLD) scheme. When this

discretization is used we obtain

Hyplth = Sl + g,



where Hy and S both contain the shift oy at angular level k. Matrix Hy, is described

in Section 3.4 and
(2.11) Sy = Ty YDy — agIy)Ty.

The transport sweep has been used before to perform the shifted source iteration
[9]. Letting m be the number of cells (2m + 2 spatial points) used in the MLD
spatial discretization, the transport sweep is a sequential algorithm that takes 2m
steps, corresponding to solving a block lower bidiagonal system by block forward
substitution and a block upper bidiagonal system by block backward substitution. To
make the source iteration economical on SIMD architectures such as the CM200, we
perform it at each angular level by using cyclic reduction, which takes log, m parallel
steps. Throughout the angular multigrid cycle, multiplications by 7" and 7!, which
represent Legendre transforms, will be performed many times. Our storage design
and algorithm for these multiplications allow Legendre transforms to be performed in
O(N) parallel steps.

The angular multigrid method was designed to accelerate problems with highly
forward-peaked scattering [13], where the probability that a neutron is scattered
through a small angle is higher than for a large angle. It takes log, NV steps. Before we
describe the implementation details of this algorithm, we give a general description
of the V(n, v) angular multigrid cycle. Again, consider the discretized shifted source

iteration
Hkﬂijl = Skﬂ; +4q,.
The angular multigrid method proceeds as follows
Set £ =1 and Ny = N for the first angular grid level.
1. Perform 7 shifted source iterations on the fine grid:
Hyt ™ = Sety + 4,

l=0,---,7—1. Set ﬂk = ﬁz Compute the residual r, = Sk(ﬁ;jl — y;), where
l = p— 1. Calculate the moments for this residual: Ad¢p = (f“ — Ql)k = Tyry.

Disregard the high moments: A¢ry1 = [I,0]Ady
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2. Set Ngi1 = Nip/2 and k = k + 1. Perform a source iteration on the coarse grid

with q, equal to Tk_lAqﬁk
A 141 -1
Hypy = Se¥y + 4

{=0,---,m—1. Set @ = én. Repeat Steps 1 and 2 until Ny, is equal to 2.

3. On the coarsest grid (N = 2), this problem will be reduced to the isotropic model.
Solve it exactly using the parallel spatial multigrid algorithm developed in [10] and
[11].

4. Add the corrections from the coarser grid to the flux solution on the finer grid:

-0 I 41

=1, + 17" Tk+1@k+1'
0

5. Perform v shifted source iterations using the newest calculated solution for level k:
A 141 1
Hkﬁk :Skﬁk—i—gk’

[=0,---,v—1. Set %k :ﬁ: Set Ny—1 = 2Ny and k = k — 1. Repeat steps 4 and 5

until £ =1 and N, = N.

In the next two subsections we detail our V(1,0) and V(1,1) implementations.
The V(1,0)-cycle, in general, does not need a special description, but in order to
develop an algorithm that takes advantage of the greater simplicity of the V' (1, 0)-cycle
over the V(1,1)-cycle and to avoid redundant calculations, we write the algorithms

in a slightly different way for the interpolation steps (Steps 56 in the next section).
2.1. The V(1,0) cycle. Consider writing the transport equation in its discretized
form

(2.12) Hypl P = Se + g,

e Step 0. Initialization.
Set k=1and N, = N.

eStep 1. Shifted source iteration in parallel.



The shifted source iteration is given by
(2.13) HypiH =1, where  fi = Spi + 4,

At level k, the number of angles is half the number in the previous grid. This indi-
cates that the Gauss quadrature points are different at each angular grid level and,
consequently, the matrices Hy, Sk, and My will depend on the grid level. This step
is performed using cyclic reduction (Section 4). The initial guess for the flux on the
right-hand side of the matrix equation is ﬁ: = 0. Here and in the next steps we
assume n = 1. Set ¢, = 7.

e Step 2. Calculating the residual.

The residual is given by

(2.14) rp = Se(t — ¢ ) = Ty (De — o) Te (Wi — ).

Multiplication by matrix Sy is applied in conjunction with the restriction operation
as described in the next step.
e Step 3. Restriction of the residual

The external source term on the next grid level ( is equal to the restricted

Qk+1)

residual. The restriction operator is given by

(2.15) NP =T e, 01T

Putting (2.14) and (2.15) together, we have
(216) 2k+1 = Tk_+11[Ik+1a 0](Dk - aka)Tk(ﬁ?_l - ﬂ;)

To compute this efficiently, we proceed as follows
. _ i1 1
e Calculate Aﬁk. Aﬁk = ﬂk —ﬁk.
e Multiply Afk by T%. Agk = TkAﬁk.

This represents a change from flux representation to moment representation.



The matrix Ty is given by T} =

wipo(p1) wapo(p2) wapo(ps) -+ wy—ipo(pn—1) wnpo(un)
wip(p1) wap1 (p2) wap1(ps) - wn_ipi(py—1) wnpr(un)
wipz(p1) wapz (p2) wapa(ps) -+ wy_ip2(pN—1) wnp2(un)
| wipn—1(p1) wepn—1(p2) wapn—1(pa) -+ wy-_ipyv-1(pnv-1) wnpN-1(pN) | .
(2.17)

We should notice here that whenever we present a matrix with its elements
shown explicitly we omit the k£ index for simplicity (N = Ny, u; = u}“, w; =
w}“ and so on).

Multiplications by [Iz4+1, 0] and by (Dy — apI) are interchangeable. We
multiply by [Ix+1, 0] first, thus disregarding the second half of the moments
(higher moments) and considering only the first half of the moments (lower

moments) on the coarser grid (k 4+ 1). This can be written as

Ay = [I O]EXJVA%

At angular level k we multiply by the scattering matrix (Dy — a]) truncated
to N /2 rows and columns. Notice that Dy is a truncation of the scattering

matrix used with the Py_; expansion on the fine grid (k) and is given by

g0
g1

Dk = g9 ’

ON
5-1

wfz

X

wfz

and «y is the shift on the fine grid (k) and is equal to (on/2 +on_1)/2.
Finally, multiply by T/,;Ll1 (Nk4+1 = Ni/2), which is calculated using the Gauss
quadrature points of level k+1. Recall that the N, Gauss quadrature points

are not a subset of the N points. This matrix is given by Tk_+11 =
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[ po(m)  3pi(u) Spa(m) o (N = 3)pyoa(m) (2N — Dpyoi(m) |
po(p2)  3pi(p2)  dpa(pe) -+ (2N =3)pn-2(p2) (2N — L)pn-1(p2)
po(uz)  3pi(ps)  dpa(ps) -+ (2N —3)pn-2(uz) (2N — L)pn-1(ps)
po(pn) 3pi(pn) dp2(pn) - (2N =3)py-a(pn) (2N — pn-1(pn)
(2.18) e

Using Qpyp 38 the new source term, repeat Steps 1 through 3 until we have a
P; expansion on the right-hand-side (when N3 /2 = 2).
e Step 4. Calculation of the error at the coarsest level.
With the appropriate shift (¢ = o1) at this level (kK = log, n), we have an

isotropic transport equation:

S141 1
Hyy, =Sk, +4q,

where
4, =T kg1 0)(Dk—1 — al)Toor (B — &%),
1 3
-1 — 3 3
g Loy, ’
2 2 2%x2
w1 Wa
Tk‘ = ;
Wi Wals
2x2
and
Og — 01 0
Dy =
0 0
2x2

At this level, instead of performing the source iteration through cyclic reduc-

tion as was done in finer angular grid levels, we use the parallel multigrid in
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space algorithm for solving the isotropic equations. For N = 2, multigrid in
space solves this system of equations exactly in one V-cycle.

e Step b. Interpolation of the correction.

Starting with k& = log, n, transform each correction from the flux domain to

the moment domain:
(2.19) gy = Tkyk.

The padding is not actually performed in the CM codes, since the entries
(or the processors) where ¢ is not calculated were previously initialized to
zero. Set k = k — 1 and calculate a new ¢;,. Repeat this process until k = 2,

summing the moments for levels [ = 2,-- -, log, n as

(220) 51:§2+§3+"'+§10g2n'

e Step 6. Addition of the corrections.
At the finest angular grid, the summation of the errors at all angular levels
is transformed from moment to flux representation and this flux-correction is

then added to the latest flux solution at this level:

(2.21) ¥, =9, + T e

Recall that, at this level, 7-! will be an N x N matrix generated by using

the Gauss quadrature points for all V scattering angles.

2.2. The V(1,1) cycle. For the V(1,1) cycle, we modify the interpola-
tion steps (Steps 5 through 6). The general interpolation operation at level

k can be described as

. I+

~0 _ N
(2.22) b, =0, + T Te1¥,,,-



After we calculate ﬂ , we perform shifted source iteration:
A1 N
(2.23) Hkﬁk Iskﬁk—l-gk,

where q, is the restricted residual used at level k& when going down the cycle.
Notice that we assume v = 1 (one iteration when ascending). Set k = k — 1

and repeat this process until k£ = 1.

3. Discretization. The spatial discretization is accomplished by the MLD scheme,
which uses elements that are linear across each cell and discontinuous in the upwind
direction In our grid representation, the variable 1/);-;(_) denotes the flux of particles
at position z; in the direction p; (—p;).

For the 1-D anisotropic scattering model the source term can be written as

1 N-1
(3.24)  S(z,p) =0, / dp' S (@, ' — )i, f') = Y (26 + Doedepe(p),
-1 £=0
Assuming o/o;=1, the nodal equations using variables at the edges are
N-1
(3~25) Hj (1/}:” + 1/}:}7]') - 2#]'1/};'1—_1%1' + Uthu‘};w =h (QE + 1)"'[@,1,[}”(#]’):
£=0
N-1
(3.26) wi (g = o )+ oehd, = h Y20+ Doudirepe(iy),
£=0
t=1,...,m,7=1,...,n and the negative angle equations are
N-1
(3'27) /J]'(wi_ylyj + wi_,r,j) - Q/Jj"/};.l’z’j + Uthwi_yr,j =h (QE + I)Ul¢i,r,£pl(ﬂj)=
£=0
N-1
(3.28) Wi (Wi = Vi) oD = h Y 20+ Dordsepe(py),
£=0

1=1,....m,3=1,...,n.
Using the vector notation such that ﬂf(_) is an n-vector (ﬁj(_) = (1/);(_), . 1/);(_))T),

we can rewrite these equations in matrix form as

(3.29) Mi(yf +uf ) —eMigt | ot = st ur)

i L

(3.30) Mi(gr — g,) + atgr =St 7))

T’ Zir

13



t=1,...,m and the negative angle equations are

(3.31) AMZ'(Q;I + ﬂ_r) —2M;y L + Utﬂ;r (wj'r ﬂ_r)

(332) Ml(ﬂ;] _E;r)—i—o-tﬂ;] (1/}2 I’EZ 1)

i = 1,...,m where the matrices ST and S~ represent the upper and lower part of
matrix S = T~ DT, respectively, and matrix M; = diag(£*,-- -, 5=). If we use shifted

source iteration to solve these matrix equations, the right-hand sides are assumed
known, the matrix S = 7=1(D — «I)T and the o;’s are replaced by € = oy — « in the

above equations.

4. Source Iteration in Parallel. The source iteration is performed using cyclic
reduction [14]. Using equations (3.29-3.32), the source iteration for the entire domain

1 il, where the matrices ' and the vector f already contain

can be written as H
the shifts («). The matrix H is 4 x m X n. A sub matrix of H, corresponding to 2

cells of a spatial domain with m cells (an 8n x 8n matrix), is

1y M0 —M; 0 0 0 0 0

0 e+ M; 0 M; 0 0 0 0

M; 0 e+ M, 0 —OM; 0 0 0

0 M 0 e+ M 0 0 0 0

0 0 0 eI+ My 0 Mg 0

0 0 0 —2Mip 0 el + My 0 Mt

0 0 0 0 M 0 el + My 0

0 0 0 0 0 Mg 0 e + My
(4.1)

the variables for this matrix are

(4.2) v =, 0

- - + T
wz ,r’ 1/}z+1 v’ wz-l—l v’ 1/}z'+1,7"gi+1,r) :

i,r’

The right-hand side for this two-cell system can be represented as

(43) f (le’le’f f+ fz_-}—ll’fz-}—ll’fi_+1r’fz++1r)T'

14
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Notice that this relaxation can be performed separately for the negative and positive
variables, since the above system of equations can be decoupled into two systems, one
for the positive and another for the negative variables.
e Positive variable cyclic reduction

Writing the above system for the positive variables over the entire domain gener-
ates a block lower bidiagonal (BLB) system with block matrices of size 2n x 2n. The

assoclated matrix is

Dy 0 0 0 0 0 0 0
—Fs Dy 0 0 0 0 0 0
0 —Fs Dz 0 0 0 0 0
0 0 0 0 0 0
(4.4)
0 0 0 —F D; 0 0 0
0 0 0 0 —Fiyy Digy 0 0
0 0 0 0 0 0
0 0 0 0 0 0 —Fn Dpn
L 4 2mnX2mn

The variables for this matrix are

(4.5) N P AR TR AN i

where ﬁ:’ = (ﬂ:’l, ﬁj’r) The right-hand side for this smaller system is
(4.6) i:(ii’i;’.“’i:-’iz-':l’“"i:;)T

where L’*’ = (ff':l,ijjr),

—

el + M; M;
—M; el + M;
and
0 2M;
(4.7) Fi =
0 0



Notice that index 7 in this notation represents the variables evaluated for cell i:

(w’,*:l, Z’"r) If we multiply the above system by

—1

I 0 0 0 0 0 0
FyDT! I 0 0 0 0 0
0 FsD3! I 0 0 0 0
0 0 FuD3Y T 0 0 0
0 0 0 0 0
0 0 0 0 Fn,_1Dt, I 0
|0 0 0 0 0 FuDply 1|
we have
D 0 0 0 0 o 0 0 o0 |
0 Dy 0 0 0 0 0 0 0
-F} 0 Dz 0 0 0 0 0 0
0 —F} 0 Dy 0 0o 0 0 0
(4.8) 0 0o . 0 0 0 0 ;
0 0o 0 —-F* 0 D; 0 0 0
0 0 0 0 —F% 0 Dy 0 0
0 0 0 0 0 0
|0 0 0 0 0 0 —F2 0 Dp I
where
0 0

and A; = QMZ-2—|—2€MZ- +¢21. Matrices D;’s are unchanged. If this process is performed
recursively, at each level &£ a matrix is obtained with the same block diagonal matrices
as in the initial stage and with off-diagonal matrices whose elements depend on k. The

multiplying matrix to go from level k£ — 1 to level £k is

16



[ 0 0 0 0 0 0 0 |
0 I 0 0 0 0 0 0
0 0 I 0 0 0 0 0
(9) 0 0 0 0 0 0 0 |
0 0 0 0 0 0 0
FESIDTY 0 0 0 0 I 0 0
0 0 o 0o 0 . 0
0 0 FF'D7Y o0 0 0 0 I

- - mnXmn

where § is the stride at level k — 1 (§ = 2(F=2)). Also,

M?
ok—1) M2 | M7, im(2(k=1) _1
0 2 Mix=r3=2 . R

(4.10) FF = i—(a(k=1) _1)

K3

0 0

To obtain ik, the restriction operator is applied repeatedly to the right-hand side of
the original matrix equation until level k is reached. At level k, matrix Hy assumes

the following form:

0o 0 0 . 0 0 0 0
(4.11) Hy = :
0 0 0 0 Ds 0 0 O
Ffy 0 0 0 0 Dspr 0 0
0 . 0 0 0 . .0

0o 0 FfE 0 0 0 0 Dp

where 6 = 2(8=1)_ At level k = log, m we have a block diagonal matrix which can be

solved for each diagonal block

(4.12) Dip.=fF i=1,-- m,
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Fi1c. 2. Data structure for a particular spacial grid point and for different angular levels, showing

the fluzes and the Legendre moments.

where
el+M; -M;
— Ay A
(4.13) Dyt =
M; el+M;
Ay Ay

The n-vector i:i is obtained through multiplication through the same matrices used
on the left-hand side of the matrix equations,
e Negative variable cyclic reduction.

The same process can be applied to the negative variable relaxation matrix. in
which case we have a block upper bidiagonal (BUB) system with block matrices of

size 2n X 2n.

5. Angular Multigrid in Parallel. The parallel algorithms described here
work for both kind of architectures SIMD (CM200) and MIMD (CM5). As expected,
the codes have demonstrated the same behavior on both computers due to the ability

of MIMD computers to simulate SIMD architectures.

5.1. Storage. We assign one processor to each point (i.e., each (z;,y;) pair).

At different angular levels we have different Gauss quadrature points. Consider a
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k=1 %(Pi) po(l-li)
P(H1) CIQPPY
pz(uz) RS uE)
p3(U1) %(Uz)
=2
p(H5)

Fic. 3. Data structure for Legendre polynomials for a particular spatial grid point and for two

angular levels starting with N =4.

set of processors that contains the same spatial grid point and different angular grid
points. Each one of these processors will contain one angle from each angular level.
For example, processor P; will store p; for level 1 and all the variables calculated
at this point. It will also contain p; for level 2. Figure 2 illustrates the distribution
of data for N = 8 (n = 4) in the CM200. In our implementation we will always
have two variables associated with the same quantity (one for the positive angles, and
another for the negative angles), for example, ¥¥(z;, u;) and ¥~ (x4, i), ¢¥ (i, i)
and ¢~ (z;, ; ), and so on. We use some duplication of data to avoid communication.
For example, variables w; (a one-dimensional array) are stored as a two-dimensional
array (w; ;). The diagonal matrices M; are stored as full matrices, where each column
is a replication of the diagonal. At each processor we store the Legendre polynomials of
all degrees evaluated for the angle associated with that processor. Figure 3 illustrates

this for the case where the starting number of scattering angles is four.

5.2. Algorithm. Now we describe the steps to perform angular multigrid on the
CM200.
1. Initialization.

This is performed completely with in-place calculations.
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2. Calculation of the right-hand side for the shifted source iteration.

The right-hand side variables for the shifted source iteration step are assumed
known. They are calculated through the following expression: il = Sgl + ¢, where
S = T~1DT (the matrix D contains the shift ). The initial guess for the flux on the
right hand side of the matrix equation may be the zero vector (ﬁo = 0) or may be a
nonzero vector. For a nonzero vector we notice that multiplication of the f vector
by the matrix S can be performed in three stages:

e Multiplication by matrix 7.

e Multiplication by the diagonal matrix D.

e Multiplication by matrix 7~ 1.
The above three steps will be performed at different points of the algorithm and will
be described next. After multiplication by the matrix S is performed, we have a
resultant vector in which entries are stored conformable to the entries of vector g.
Consequently, the addition of this vector to ¢ takes only one parallel step. Details
about the implementation of the parallel cyclic reduction are discussed in the following

section.

Multiplication of a vector by the N x N matrix Ty: z = Try

Every row of matrix 7', given in (2.17), will update an entry of the n-vector z
for all the spatial grid points. For example, processor F; ; representing angle p; and
a spatial point z; will use row j of matrix T' to update its entry (z;) of vector z. In
particular, the processors that contain the entries of angle p; will use the first row of
matrix T for updating variables at p; (z1). Looking back at the data structure, we
can observe that the multiplications of w;pi(g;)y; will all be performed in place and
are done simultaneously for all the points in the spatial and angular domain. The
next step is to perform a summation across the angles. This summation is done with
the CM200/CM5 intrinsic function sum, and is also done for all the spatial points
simultaneously. The only sequential part of this matrix multiplication is due to the
single instruction mode of the CM200. The different processors will use different
polynomials (because they are updated with different rows of matrix 7') to update
the entries of vector z, and this has to be done sequentially for this kind of data
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structure on an SIMD computer. This step will be executed in N different stages for

the entire angular and spatial domain. We can express this as

do k=1N
t; = wipp—1(pj)y; for all procs; (j=1,...,N)
zi = sum(t;,2)
cont
for all : = 1,...,2m 4+ 2 simultaneously. In MIMD computers, e.g. CM5, differ-
ent processors can perform different kind of instructions simultaneously. Thus an
algorithm like this could take one parallel step on MIMD computers with the appro-
priate data structure (each processor would be evaluating a different degree Legendre
polynomial). In future work, the author will address MIMD archtectures.

Multiplication of a vector by an N x N matrix Tk_lz z= Tk_ly.

Multiplication by 71, given in (2.18), is performed in a manner similar to that
for T'. To illustrate, consider updating for the processors that store variables pu; and
any of the 2m + 2 spatial grid points. These updates are done using the first row of
matrix T~!. Here we notice that the entries of this row are all stored at the processor
that contains p; (as is shown in Figure 3), but will be multiplied by array elements
of y distributed across different processors throughout the CM200. Furthermore, it
is not convenient to take advantage of the CM200 shifts since the shifts for different
rows will be different for the same elements of y. Consider rows 1 and 2 in (2.18):
variable yz, for example, needs a shift of 2 for row 1 and a shift of 1 for row 2. If
we create a new vector that stores the partial summations for all spatial and angular
points, the multiplication will be completed in IV steps, where N — 1 is the maximum
degree of the polynomials at each processor. The partial summations are calculated

as

do d=1,N

spj = spj + (2d — V)pg—1(pj)ya  for all proes;(j =1,...,n.)
cont
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fori=1,...,2m + 1 simultaneously.

Multiplication of a vector by the N x N matrix Dy: z = Dy

This multiplication is done in place since each processor has the appropriate entry

of the matrix and only multiplies its own vector entry:

z=0Y

fori=1,...,2m+1, j=1,...,n simultaneously.
3. Calculation of the residual.

This step is performed completely in parallel and takes only one step for the whole
spatial and angular domain.

4. Restriction of the residual (coarsening).

First, we change from the flux to moment domain. This is accomplished through
the multiplication by matrix 7y and was previously described for a generic vector.
Second, we perform the truncation of moments. This is obtained automatically by
just disregarding the appropriate processors that store the high moments at that level.
Finally, we transform our moments into fluxes through multiplication by Tk_+11 as was
described previously for a generic vector.

5. Calculation of the error on the finest grid.

This is performed by using the parallel isotropic scattering solver developed in

Chapter 1.
6. Interpolation of the error.
Multiplication by matrix 7" is performed as described previously. The addition of

the vectors ¢,, €5, - are performed with in-place calculations in one parallel

1 &log, n
step.
7. Correction of the flux at the first angular level.

Multiplication by matrix 7! is as previously described. The addition of the

resultant vector to the flux at the finest angular level is done in-place.

6. Parallel Cyclic Reduction.
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6.1. Storage and Initialization. Each column of the matrix in (4.1) will mul-
tiply data belonging to a unique cell (for each level of the cyclic reduction algorithm).

k

Each F} (4.10) has a single nonzero submatrix, that we call ef,

which depends on
the grid level k and spatial cell i. For nonuniform grids, the matrices F} are differ-
ent for distinct cells. The level index for this variable is stored sequentially for each
processor, as is the case for all the variables that contain a level index. The storage
is done this way since the different calculation levels of the cyclic reduction have to
be performed sequentially (it takes log, m steps and each level uses results from the
preceding level). Throughout the transference of data between levels, this storage
minimizes communication.

In this section we omit the angular index, since all the steps for the parallel
cyclic reduction are performed for all angles simultaneously. Most of the steps for the
spatial grid points will also be performed in parallel, even in the case where we have
variable mesh sizes. For example, all processors will have their own definition of ef
and perform their calculation simultaneously. Notice that ef has more product terms
on coarser grid levels (larger k). The algorithm for the calculation of e¥ on the CM200
is shown below. In the following description shift(v,c,d) is a CM operation which
shifts the contents of the array v either to the right (d = 1) or to the left (d = —1)

along coordinate c.

do?2 k=1,ml
t=M
tl=M
t2=M

dol it=12%xk—1)—1
tl = shift(tl,2,—1)
12 = shift(t2,2,—1)
t=tl**x2%1/t2
1 continue
e(k) =tx(2x+(2+x(k —1)))
2 continue
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forall: =1,...,2m+2,5 = 1,...,n simultaneously, ml is the number of levels in the

cyclic reduction (ml = log, m).

6.2. Algorithm for Parallel Cyclic Reduction. Here we describe the algo-
rithm for the positive variable cyclic reduction. The algorithm for the negative variable
cyclic reduction is performed in a similar way.

1. Descending.

Descending for cyclic reduction at each level k is performed through the multi-
plication of the matrix in (4.11) by the matrix in (4.9). Note that the only nonzero
elements for the latter matrix belong to the identity and block matrices like FfD;lé.

Matrix DZ»_1 is calculated analytically in (4.13) and can be represented here as

dll d12
(6.1) Dyt =

(3

d21 d22

Consequently matrix Fl-kDZ-__i_lé is represented by

ekd ebd
(6.2) pEp7l = | T T
0 0

Notice that this matrix has only 2 n X n nonzero submatrices: ef ds1 and ef dy2, which
are henceforth denoted as r; and rs respectively. These submatrices will multiply ¢o;
and gai+1 (source terms at the left and right sides of cell i, respectively). The first

step of the coarsening algorithm on the CM200 is
t1 = riq and t9 = raq.

At cell 4, these multiplications are required from its left neighbor (cell i — §). Thus,

we need to shift the two arrays (¢; and t2) from the left by é:
t3 = Shlft(tl s 2, —(S) + Shift(tQ, 2, —6),

where § is the stride at step k — 1 (6 = 2¥~1). The algorithm to update the variables

in the descending levels in the CM200 is
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¢ = g 4ty
Notice that during this step there is no communication between the processors.
2. Solving the block diagonal system.

When we get to level &k = log, m, we have a block diagonal system as shown
in (4.12). The inverse of matrix D, is calculated analytically in (4.13) and will be
represented in the following algorithm as (6.1). We can update the right and left side
variables for each cell through the use of two masks that differentiate the right and
left side of each spatial cell (in the matrix, the left and right sides of a cell correspond
to the first n rows and the second n rows of each 2n block row, respectively).
maske - represents all the left side variables for all the cells.
masko - represents all the right side variables for all the cells.

Since the first n rows of each system ﬂ = Di_li; represent the variables at the
left side of cell m, we use maske to update these variables. Recall that vector if
represents the right hand side of the matrix system at level k = log, m for block row
t. The algorithm for the left side variables update of each cell is
t =shift(f,1,1)
where(maske)
Y = duf + dist

endwhere
The algorithm for the right side variable update of each cell is

t =shift(f,1,-1)

where(masko)

Y o= douf + daot.
endwhere

Notice that the shifts at this level are both unitary shifts.

7. Stability of Cyclic Reduction. The transport sweep is performed by cyclic
reduction, as was shown in Section 4. In proceeding from level k to level k + 1, sub-
vectors of the right-hand side vector are multiplied by Fik__élDi_l. To prove stability,
it is necessary to prove that the elements of matrices F* at all levels k are bounded.

K3

For positive variables, we have shown that

25



2

o(k—1) 'M,Z_1 M2, Ml_(Q(k—l)_l)
(73) sz — 0 2 M; Aiog Az "7 Ai_(2(k—1)_1) ’
0 0
where
(7.4) A = 2MP + 2eM; + €1
and
el +M; —M;
(7.5) pit=| & A
! M; I +M;
A; A;

We want to prove that |F}|| < ||F?|| for k =1, -, log, m.

LEMMA 7.1. Let M; and A; be diagonal matrices, where A; is given by (7.4).
Then ||M2ATY]| < 1.

Proof. From the definition of matrix norm we have

h2
2u? + 2¢hp; + e2h?

i 2
[MEATH| = [|M7(2M7 + 2eM; + 1) 71| = mgX(u—) (

1
< =
h )_2

THEOREM 7.1. (Stability of the positive variables cyclic reduction). Let FF
and F} be given by (4.10) and (4.7), respectively. Then ||FF|| < ||F3|| for k =
1,...,log, m.

Proof. From the definition of F¥  we can see that its norm is equal to its nonzero

n X n block sub-matrix norm:

|| = ||22(k_1)MiMlz_lAi—l_le?—ZAi_—lz .. .Mf_@(k—l)_1)A;_1(z<k—1)_1)||
= ||22(’°—1)—1QMiMiQ_lAi_—llez_zAi_—lz e 'Mi2—(2(’°—1)—UA;}(Z“_U_UH
We thus have
IFEL < 20| AT INME S AT M AT M ms ) AT e
< 22T ()2 = 2l = |

The stability theorem for the negative variable cyclic reduction follows in a cor-

responding way.
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TaBLE 1
Convergence rates for the V(1,1) and V(1,0) angular multigrid cycles for constant m (m = 4) and

various values of N (Sy cases).

n 2 4 8 16 32 64 | 128

V(1,0) | 0.32 | 0.47 | 0.54 | 0.56 | 0.57 | 0.57 | 0.57

V(1,1)]0.1210.22|0.29 | 0.33 | 0.34 | 0.34 | 0.34

8. Experimental Results. In this section we first compare the convergence
factors for the two kinds of angular multigrid cycles used in this paper: V(1,0) and
V(1,1). Then we compare the timings between one V(1,0)-cycle and one V(1,1)-
cycle to show which one gives the best convergence factor considering the difference
in time. The convergence factor is defined as the limit ratio between consecutive error
norms. Our convergent factor estimates were these ratios after 5 angular multigrid
V cycles. We also show how these algorithms behave when m is increased and when
n is increased. The convergence factors are measured for the forward peaked Fokker-
Planck scattering model.

Table 1 shows the convergence factors for m = 4 and various values of n. The
convergence factors for V(1,0) (p1,0) and V(1,1) (p1,1) increase as n increases, but
seem to reach an upper bound for n > 32 (p10 = .57 and p11 = .34). This agrees
with the Fourier analysis in [13] which predicts p < .36 for the V(1,1) cycle. Since
we have twice as many smoothing steps in the V(1,1) cycle compared with V(1,0),
it was not surprising that the convergence factors for V(1,1) are approximately the
squares of the convergence factors of V(1,0) (i.e. p11 & p1,0?) for the various values
of N. The two methods would be equivalent if a V(1,1) cycle took twice as long as

a V(1,0) cycle. The parallel timings presented in this section were measured on a

27



TABLE 2
Timings in seconds for the V(1,1) and V(1,0) angular multigrid cycles for constant m (m = 4) and

various values of n (Sy cases, N = 2n) on the CM5 and Cray Y-MP.

n 2 4 8 16 32 64 128

V(1,0) — Cray | 0.023 | 0.062 | 0.180 | 0.665 | 2.872 | 14.780 | 87.920

V(1,1) = Cray | 0.024 | 0.065 | 0.188 | 0.694 | 2.973 | 15.102 | 88.593

V(1,0)—CM |0.185|0.232 | 0.315 | 0.47 | 0.773 | 1.341 | 2.533

V(1,1)—CM |0.227 | 0.302 | 0.425 | 0.676 | 1.145 | 2.131 | 3.923

TABLE 3

Timings in seconds for the V(1,1) and V(1,0) angular multigrid cycles for constant m (m = 64)
and various values of n (Sy cases, N = 2n) on the CM5 and Cray Y-MP.

n 2 4 8 16 32 64 128

V(1,0) — Cray | 0.335 | 0.590 | 0.922 | 1.943 | 5.768 | 22.993 | 114.980

V(1,1) = Cray | 0.363 | 0.671 | 1.093 | 2.320 | 6.790 | 26.010 | 125.210

V(1,0)—CM |0.699 | 0.875 | 1.046 | 1.457 | 2.110 | 3.799 | 7.389

V(1,1)-—CM |0.917 | 1.203 | 1.603 | 2.771 | 3.371 | 6.134 | 11.800
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TaBLE 4
Comparison between V(1,1) & V(1,0) where (p11,%11) and (pi0,t10) were the convergence factors

and timings on the CM5, respectively (m = 4 and varying N = 2n).

n 2 4 8 16 32 64 | 128

P10 1095 10.37 | 0.43 | 0.43 | 0.43 | 0.41 | 0.42

)

P11 0.1210.220.29]0.33]0.34 | 0.34 | 0.34

seconds
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0 f4—*% | T |
2 8 16 32 64 128

Number of angles ( n )
o- CM V(1,1) timings

* - Cray V(1,1) timings

Fig. 4. Timings for a V(1,1) cycle varying (n) and m = 4.
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Fig. 5. Timings for a V(1,1) cycle varying (n) and m = 64.

32-node CM5. The CM2 timings are in general slower than the CM5 but follow the
same behaviour and conclusions. Tables 2 and 3 show the timings on the Cray Y-MP
and CM5 for m = 4 and m = 64, respectively. If we consider the parallel timings on
the CMb for V(1,1) (¢11) and V(1,0) (¢10), we notice that using the time for V(1, 1)
as the standard unit we can compare the convergence factors for the two algorithms
(Table 4). Tt is obvious from this table that V(1,1) is superior to V(1,0) on the
CMb5. The same conclusions are true for our sequential codes on the Cray Y-MP.
This computer has 64 vector registers of length 64 bits. For our timings we used only
one of the 8 processors available on the Cray Y-MP. Graphs 4 and 5 show how much
faster the CM5 V(1,1) codes are than the Cray-YMP sequential version.

In general, our algorithms behaved as expected. When N increases, we notice
that, even though the number of levels for the angular multigrid scheme is log, n,
the timings for the whole algorithm are proportional to N. This is caused mostly

by the 77! and 7' multiplications, which were shown to take N steps in Section 5.
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TABLE 5

Convergence rates for the V(1,0) and V(1,1) angular multigrid cycles for N = 16 and various values

of m.

m 4 16 | 32 64
V(1,0) | 0.53 | 0.53 | 0.53 | 0.53
V(1,1)]0.22 | 0.28 | 0.28 | 0.28

TABLE 6

Timings on the CM5 for the V(1,0) and V(1,1) angular multigrid cycles for N = 8 and various

values of m.

m 4 8 16 | 32 | 64
V(1,0) | .32 | 0.43]0.59 | 0.80 | 1.05
V(1,1){0.42 | 0.61 | 0.83 | 1.15| 1.61

This means that whenever N is doubled, the timings on the CM) will at least double.
This is exactly what is shown on Tables 2 and 3. Of course, if we consider the same
algorithm sequentially, we should expect the time spent on this algorithm to be at

least proportional to N2 due to the matrix multiplications. This can be observed on

the same table for the sequential timings on the Cray Y-MP.

Still for varying N, Figures 4 and 5 show the improvement of our parallel al-
gorithms. The differences in timings are even bigger for a large number of angles.
This may be significant for many problems, since a larger number of Gauss quadra-

ture points may be needed to obtain a satisfactory approximation for the solution.
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For two dimensional problems, the number of angles is even larger. Consequently an
extension of these parallel algorithms for two dimensions should be very useful.

For the same number of angles, as m increases the convergence factors do not
change considerably (Table 5) and the timings will increase, due mainly to the cyclic
reduction step. These increases are proportional to log, m for the V(1,0) cycle and
2log, m for V(1,1) cycle. The same happens at the coarsest level when the parallel
multigrid isotropic code is used, as shown earlier in [11]. The behavior when we

increase m 1s shown in Table 6.

9. Conclusions. An efficient parallel algorithm for solving the anisotropic neu-
tron transport equations was developed. The sequential angular multigrid algorithm
was developed before by Morel and Manteuffel [13] and contains a step that is tradi-
tionally sequential. In this paper this step was parallelized by using cyclic reduction.
Depending on the way we write the matrix equations, this process can be stable or
not. We wrote these equations in a convenient way, and proved their stability. Cyclic
reduction is a well known algorithm for solving linear systems of equations and is
available in some software libraries. These libraries, however, are written for generic
matrix equations and do not exploit the specific matrix structure that we have. This
makes our development of parallel cyclic reduction an important example of optional
approaches for parallel computers, where paying special attention to the structure of
the problem pays off. The steps we used to create an efficient parallel cyclic reduction
algorithm can also be applied when cyclic reduction appears in other contexts. We
improved our sequential versions, with a few compiler directives and small changes,
towards more vectorizable codes, but we do not claim to have used a completely
vectorized implementation in our measurings. From our experimental results we con-
clude that the V' (1, 1)-cycle is, in general, preferable to the V(1,0)-cycle on the CM5.
Notice that both of these algorithms are faster than their sequential versions; our
parallel timings behaved like O(V), while our sequential codes were like O(N?). This
behavior was dictated by the transformations from flux domain to moment domain
and vice-versa, which are accomplished through multiplications by N x N matrices.

These matrix multiplications represent the numerical tools used to obtain a Legendre
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expansion of a function f (multiplication by 7") and the evaluation of a function at N
nodes, given an N-term Legendre expansion (multiplication by 7'~1). The sequential
steps for these algorithms are known to be O(N?) and recently a fast algorithm was
developed in [1], which takes O(N log N) sequential steps. However, this algorithm
requires evaluation at the Chebyshev points in [—1, 1] rather than Gauss quadrature
which would imply that the transformation between the moment and flux represen-
tation is not exact. Our data parallel algorithm for the Legendre transforms is O(N)
. It represents an improvement that can be used in many applications including al-
gorithms involving quadratures, approximation theory, and the solution of PDE’s.
In this paper we dealt with non-absorption scattering cases (¢5/0; = 1). The work
developed here was for the one-dimensional transport equations, but the same kind
of algorithms can be applied for two-dimensional and three-dimensional transport
equations. The improvement from using cyclic reduction in higher dimensions will
not be as straighforward as here, unless further parallel algorithms are developed.
There will still be some improvement, due to (in the worst case) the replacement of
a linear factor with a logarithmic one in the complexity estimate [15]. In addition
to choosing very accurate methods when using parallel computers, we should search
for algorithms that take advantage of the kind of architecture we are using. The best
algorithms thus will represent a compromise between accuracy and time efficiency,

will be architecture dependent, and will evolve as new architectures are designed.
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