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Abstract

Hierarchical matrices (H-matrices) approximate matrices in a data-sparse way, and the approximate arith-
metic for H-matrices is almost optimal. In this paper we present an algebraic approach for constructing
H-matrices which combines multilevel clustering methods with H-matrix arithmetic to compute the
H-inverse, H-LU, and the H-Cholesky factors of a matrix. Then the H-inverse, H-LU or H-Cholesky
factors can be used as preconditioners in iterative methods to solve systems of linear equations. The
numerical results show that this method is efficient and greatly speeds up convergence compared to other
approaches, such as JOR or AMG, for solving some large, sparse linear systems, and is comparable to
other H-matrix constructions based on Nested Dissection.

AMS Subject Classifications: 65F10.
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1. Introduction

The basic concept of hierarchical-matrices (H-matrices) was introduced by
Hackbusch [4]. Following this, much work has been done on the theory and applica-
tions of H-matrices [2], [1], [6], [7], [3]. The basic idea of H-matrix representation is to
use a block cluster tree Ty to store a multilevel block partitioning of a matrix. The
nodes of Ty represent Cartesian products of the corresponding row and column
index sets of the matrix blocks. The leaves of T «; represent the smallest blocks that
are not partitioned further. These blocks are either rank k approximations or full
matrices. H-matrices are very suitable for describing certain sparse matrices arising
from partial differential equations or full matrices arising from integral operators.
The advantage of H-matrix representation is that it can reduce the required storage,
as well as the computational complexity of approximate H-matrix operations, such
as matrix-vector multiplication, matrix-matrix multiplication, matrix addition and
inversion, to almost linear complexity (O (n log® n)) [2], [3].

The classic methods to construct H-matrices rely on the geometric information
related to the problems, and approximation is used to represent the blocks by rank
k matrices [3]. A new method to build H-matrices is proposed in [7] which uses
the graph of the matrix and Nested Dissection. Its advantage is that the H-matrices
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constructed in this way are very suitable for H-LU decomposition, which keeps large
off-diagonal blocks zero.

We present an algebraic method to build H-matrices, which uses the information of
a matrix itself and multilevel clustering methods based on Heavy Edge Matching
(HEM). In this way a sparse matrix can be reordered and represented exactly in
the format of H-matrices. We can compute not only the approximate H-LU and
H-Cholesky factors but also H-inverses by using the H-matrix arithmetic. They can
then be used as preconditioners in iterative methods, such as GMRES. The experi-
mental results show that our method provides an effective method for H construction
and is competitive with the method in [7].

This paper is organized as follows. In the next section, we first review multilevel
clustering methods and then show the way to apply them to the index set partition-
ing. The process to construct an H-matrix using multilevel clustering methods is
discussed in Sect. 3. Section 4 is a brief introduction to H-matrices and H-matrix
arithmetic. Finally in Sect. 5, we present the numerical results of applying these
methods to several problems and compare them with other methods and precondi-
tioners.

2. Multilevel clustering methods

To build a H-matrix for a sparse matrix, we first need to build a cluster tree 7 over
the matrix index set /. 7T describes the partitioning over / from the finest to the
coarsest level. The way to build 77 is based on multilevel clustering methods which
are widely used in graph partitioning.

The basic idea of multilevel clustering is: starting from the finest graph, build clusters
over its nodes, then build a coarse graph by merging the nodes in the same cluster
as one coarse node, and continue this coarsening process on the coarse graphs until
the graph obtained is small enough.

2.1. Coarsening process

The finest graph G for the coarsening process is constructed from a matrix. Given a
sparse matrix M, its corresponding weighted undirected graph Gy = (V(Gy), E(Gy))
is defined as follows: V (Gy), the set of nodes in G, corresponds to the matrix index
set I; node i € V(Gy) represents an index i € I; there is an edge ¢;; € E(G) if and
only if matrix entry m;; # 0; and the edge weight w;; = |m;;|.

An algorithm based on Heavy Edge Matching (HEM) [5] is used to build clusters
over the nodes in G; = (V(G;), E(G;)) and construct a coarser graph G, =
V(Gi+1), E(Git1)).

The basic idea of HEM is: randomly pick up an unmatched node; find another un-
matched node such that these two nodes are connected by an edge with the heaviest
weight and mark them as matched; repeat this process until all nodes are matched.
Pseudocode is shown in Fig. 1. As we continue marking nodes as matched, the
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match(s,V) /* find match for s over unmatched nodes V */
if ( wy =0 for all peV ) then return {s}
else t < argmaxpcy Wep; return {s,t}

end match

while V # ()
pick s€V; Cy « match(s,V)
V—V\Cy; k—k+1

end while
Fig. 1. Basic heavy-edge matching algorithm
{0,1,2,3,4}
{0,1,2.3) 4
{0,1} ; 3\ {4}
{0} {1} {2}

Fig. 2. An example of unbalanced cluster tree 7

unmatched nodes will have higher chance to stay isolated, i.e., they have no un-
matched neighbors. If a node or its corresponding cluster remains isolated as we
continue the coarsening process, then the corresponding cluster tree 77, as discussed
in Sect. 2.2 may be unbalanced, as shown in Fig 2.

To make T; more balanced, we need a less random approach. Instead we divide the
set of nodes V into two groups V| and V,. The nodes in V| have a higher priority
than nodes in V;. This modifies the matching algorithm in Fig. 1 to the algorithm
in Fig. 3.

Priority goes to the nodes in a coarsened graph that consist of a single node at the

previous (finer) level: thus if #C,Ei) = 1 then node k is put into the higher priority
group V| at level i + 1. This usually avoids the problem of isolated nodes causing
unbalanced trees.

Once the clusters C,Ei) for level i are computed, the weights for the next level i + 1
can be computed by the formula

wi™ =" 3w, (1)

rec secy”

Recursively applying the above coarsening process gives a sequence of coarse graphs
G1, Gy, ..., Gp. We end this sequence with G, when #V (G,) is sufficiently small.
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