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Properties of a typical problem that can be
solved with dynamic programming

+ Simple Subproblems

» We should be able to break the original problem
to smaller subproblems that have the same
structure

+ Optimal Substructure of the problems

» The solution to the problem must be a
composition of subproblem solutions

+ Subproblem Overlap

» Optimal subproblems to unrelated problems can
contain subproblems in common

RNA Secondary Structure

+ Given a chain of basic units of DNA, { A, C, G,
T}, how to fold the chain so that we have a
maximal number of pairs (A - T) and (C - G)?
The folded structure is called the RNA secondary
structure.




An example
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complementary base pars: A-U, C-6

RNA Secondary Structure

¢ Given achain B = b;b,...b, of basic units of DNA, { A,
C, G, T}, how to fold the chain to maximize the base
pairs?

+ The secondary structure is defined as S = { (i, j) }, where

1<=i<j<=n, satisfying

No sharp turn: i+4 <j

(b, b isin { (A, U), (U, A), (C,G), (G, C) }

No base appears in more than one pair.

No-crossing: If (i,j) and (k, I) in S, then we cannot have i
<k<j<l.
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Subproblems: First Try

* Let OPT(i) be the maximal base pairs of the secondary
structure from the substring b;b,...b;

OPT(n) is the solution we wanted.
If b, matches b,,, we have two substrings:

*

*

match b, and b,

¢ byb,...band b,,...b, ;.
+ The solution of the first substring is OPT(t-1).
How to get the solution of the second string?

*

Subproblems: Second Try

+ Let OPT(i, j) be the maximal base pairs of the secondary
structure from the substring bjby, ;...

OPT(1, n) is the solution we wanted.
If b, matches b,,, we have two substrings:

*

*

match b, and b,

¢ byb,...band by,...b, ;.
+ The solution of the first substring is OPT(1, t-1).
¢ The solution of the second substring is OPT(t+1, n-1).

Optimal Structure of Subproblems

¢ Let OPT(i, j) be the maximal base pairs of the

secondary structure from the substring b;b;, ;...
* OPT(1, n) is the solution we wanted.
* If b;matches by,

» OPT(i, j) =1 + OPT(i, t-1) + OPT(t+1, j-1)
* If b; matches no bases

» OPT(i, J) = OPT(i, j-1)
+ We choose the larger one for OPT(i, j).
* b;matches b, means t+4<j, and (b;,b,) is a base pair.
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Algorithm from Recursive Relation

* Let OPT(i, j) be the maximal base pairs of the secondary structure from the
substring bjb;.,...b;

+ Max-Base-Pair(n)

array M[1..n,1..n] 4lofofo
For any i <= j <= i+4, M[i,j] :=0, 3 one
Fork=5,6,..,n-1 ‘2o
Fori=1,2,...,n-k 1 Pl
ji=itk; x:=0 & 7 8 9
Fort=i,i+l, ..., j-5 j

If (b;,b) is a base pair
If (i> t - 6) X := max(x, 1 + M[t+1, j-1])
Else x := max(x, 1 + M[i, t-1] + M[t+1, j-1])
MT[i,j] := max(x, M[i, j-1])
Return M[1, n]

Steps in Dynamic Programming

1. Characterize structure of an optimal solution.
Define value of optimal solution recursively.

3. Compute optimal solution values either top-
down with caching or bottom-up in a table.

4. Construct an optimal solution from computed
values.

Longest Common Subsequence (LCS)

¢ Problem: Given 2 sequences, X = (X;,...,X,,» and
Y =(yy,....¥,, find a common subsequence whose
length is maximum.

springtime ncaa tournament basketball
VAN A
rinting north carolina krzyzewski

Subsequence need not be consecutive, but must be in order.
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Longest Common Subsequence (LCS)

+ Given two sequences x[1..m] and y[1..n], find the
longest subsequence which occurs in both

* Ex:x=“ABCBDAB”,y=“BDCABA”
+ “B C” and “A A” are both subsequences of both

What is the LCS?
+ Brute-force algorithm: For every subsequence of x,

check if it’s a subsequence of y.

» How many subsequences of x are there?

» What will be the running time of the brute-force
algorithm?

LCS Algorithm

+ Brute-force algorithm: 2™ subsequences of x to
check against n elements of y: O(n 2™)

+ We can do better: For now, let’s only worry
about the problem of finding the length of LCS

» When finished we will see how to backtrack from
this solution back to the actual LCS

+ Using “Divide One Less”

Finding LCS Length
+ Define c[i,j] to be the length of the LCS of X; =
X[1..i] and Y; = y[1..]
» What is the length of LCS of x and y?
+ Theorem:

o [lli-Lj-1+1 if x[i]=y[il,
W= el [Tl [ s

+ What is this really saying?




LCS Length Algorithm 1

LCS-Length(m, n)
LIf(m=0orn=0)return0
2. 1f (A[m] = A[n])

return LCS-Length(m-1, n-1)+1
3.a:= LCS-Length(m, n-1);
4. b := LCS-Length(m-1, n);
5. return max(a, b);

What’s the complexity?

LCS Length Algorithm 1

LCS-Length(m, n)
Fori:=0tomForj:=0tondoCJij]:=-1
return LCS-Length2(m, n)

LCS-Length2(i, j)

L If(i=0o0rj=0)return0

2. If C[i,j] !=-1 return C[i, j];

3. If (A[i] = A[l]) CIi.j] := LCS-Length(i-1, j-1)+1
4. else a := LCS-Length2(i, j-1);

5. b := LCS-Length2(i-1, j);

6. CIi,j] := max(a, b);

7. return C[i,j]

. What’s the complexity?

Properties of a typical problem that can be
solved with dynamic programming

+ Simple Subproblems
» We should be able to break the original problem
to smaller subproblems that have the same
structure
+ Optimal Substructure of the problems
» The solution to the problem must be a
composition of subproblem solutions
¢ Subproblem Overlap

» Optimal subproblems to unrelated problems can
contain subproblems in common




LCS Length Algorithm

LCS-Length(X, Y)

1. m :=length(X) // get the # of symbols in X
2. n :=length(Y) // get the # of symbols in Y
3.fori:=1tom c[i,0] :=0 //special case: Y,
4.forj:=1ton c[0j]:=0 //special case: X,

5.fori:=1tom /1 for all X;
6. forj:=1ton Il forall'y;
7. if (Xi=Y;)
8. clijl :=c[i-1j-1] +1
9. else c[i,j] := max( c[i-1,j], c[i,j-1] )
. 10. return ¢
LCS Example

We’ll see how LCS algorithm works on the
following example:

+ X =ABCB

+ Y =BDCAB

What is the Longest Common Subsequence
of X and Y?

LCS(X, Y) = BCB
X=AB C B
Y= BDCAB

CS Example (0) ABCB
j 0

j 1 2 3 4
i Yj B D @ A B

0 Xi
1 A
2 B
3 C
4

X=ABCB; m=|X|=4
Y =BDCAB; n=|Y|=5
Allocate array c[5,4]

;BDCAB




CS Example (1 Qggis
i 0o 1 2 3 4 =5
i Y B D C A B
0 Xi'ololo|ol|o]o
1 Al
2 B 0
3 Clo
4 B 0
fori=1tom c[i,0] =0
forj=1ton c[0,j]=0
LCS Example (2) gggis
i 0o 1 2 3 4 5
i vi (B) D ¢ A B
0 Xilo|,0]o0 0|0
v
1 @ 0T o0
2 B 0
3 Clo
4 B 0
if (X ==Y;)
ofi,jl = c[i-Lj-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1] )
CS Example (3 gggiB
i 0o 1 2 3 4 5
i Y B D C A B
0 Xitglo|o|o]|o]|o
1 Alolo|o o
2 B 0
3 Clo
4 0
if(X==Y;)

clijl=cli-1j-1]1+1
else c[i,j] = max( c[i-1,j], c[i,j-1])




CS Example (4) ABCB
0

j 1 2 3 4 sBDCAB
i Yi B D c (A) B
0 oo o0 0 0 0
1 @ olo|o o |1
2 B 0
3 Clo
4 B 0
if(X==Y;)
ofij] = cfi-1,j-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])
LCS Example (5) ABCB
. BDCAB
i o 1 2 3 4
i Yf B D C A @
0 Xi'ololo|o /oo
1 @ olo|o o | 141
2 B 0
3 Clo
4 B 0
if (X ==Y,)
ofi,jl = c[i-Lj-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1] )
CS Example (6 Qggis
i o 1 2 3 4 s
i Yi (B D c A B
|
0 Xilglolo|lo|lo|o
1 Alololo o |11
2 0] 1
3 Clo
4 B 0
if(X==Y;)

ofij] = cli-Lj-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])




CS Example (7) ABCB
. BDCAB
j 0 1 4 5
Yj B ms
Xilglolo|lo|lolo
Alololo o |11
4 4 4
ol 1] 17171
Clo
B o
if (X, ==Y,)
ofiij] = cfi-Lj-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])

CS Example (8) ABCB
0

. . > 3 n BDCAB
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0

J
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A
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0

if (X, ==Y;)
ofij] = cfi-1,j-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])

L CS Example (10) ABCB
i 3 4

i o ;BDCAB
Yj ésr_\os C A B
0

Xilglolo]|o]o

Alololo o1

N

0 1 1 1 1 2

LR
0171

B |o

if(X,==Y,)
ofiij] = cfi-1,j-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])
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_ LCS Example (11)

ABCB
BDCAB

i o 1 2 4 s
i Yj B D G:a) A B
0 Xi'ololo|o|o|o
1 Alololo o |11
2 Blo|l 1|11 ]1]2
3 @ 0 1] 1 2
4 B 0
if(X==Y;)
ofij] = cfi-1,j-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])
LCS Example (12) ABCB
. BDCAB
i o 1 2 3
i Yi B8 b c (A B
0 Xi gl o 0] o
1 Alolo|o o |11
2 Blol1 11|12
i
3 @ 0|11 2 T2 2
4 B 0
if (X ==Y,)
ofi,jl = c[i-Lj-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1] )
LCS Example (13) gggiB
i o 1L 2 3 4 s
i Yi (BY D c A B
0 Xitglo|o]|o]|o]|o
1 Alololo o |11
2 Blo| 1|1 |1 ]1]2
3 Clod 11 2 2 2
i o [
if(X==Y;)

olij] = cfi-1,j-1] + 1

else c[i,j] = max( c[i-1,j], c[i,j-1])
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if(X==Y,)
olij] = cfi-1,j-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])

ABCB
| L?S Exarznplf (145) BDOAR

1 5
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4

if (X, ==Y;)
ofi,jl = cfi-1j-1] + 1
else c[i,j] = max( c[i-1,j], c[i,j-1])

LCS Algorithm Running Time

+ LCS algorithm calculates the values of each
entry of the array c[m,n]
+ So what is the running time?

O(m*n)

since each c[i,j] is calculated in
constant time, and there are m*n
elements in the array
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How to Find Actual LCS

+ So far, we have just found the length of LCS,
but not LCS itself.

+ We want to modify this algorithm to make it
output LCS of X and Y

Each c[i,j] depends on c[i-1,j] and c[i,j-1]
or c[i-1, j-1]
For each c[i,j] we can say how it was acquired:

24 2 For example, here
2 3 | clijl=cli-1j-1] +1=2+1=3

37

How to find actual LCS
+ Remember that
i j]:{C[i -1 j-1+1 if X[i1=Vy[]],
' max(c[i, j—1].c[i—1, j]) otherwise

+ So we can start from c[m,n] and go backwards

+ Whenever cli,j] = c[i-1, j-1]+1, remember
X[i] (because x[i] is a part of LCS)

* When i=0 or j=0 (i.e. we reached the
beginning), output remembered letters in
reverse order

38

‘ Finding LCS

i 0 1 2 3 4 5
i vil {8] [D] {c[ [A[ [B
o DR[| [o] | [o] [ o] | [o]
v e e[ o] 3] ][]
2 [B) |[o] Yab-[eh) 3] | [3] | 2]
s [90| 1|1 [elE ]
S CIGIRIIIEIBIE
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LCS (reversed order): B C B

LCS (straight order): BCB
(this string turned out to be a palindrome)

a

Summary: Dynamic programming

+ DP is a method for solving certain kind of problems

+ DP can be applied when the solution of a problem
includes solutions to subproblems

+ We need to find a recursive formula for the solution

+ We can recursively solve subproblems, starting from
the trivial case, and save their solutions in memory

¢ In the end we’ll get the solution of the whole problem
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