Examples of Regular Expressions

- B

0*10*, L(0*10*) = {w | w contains exactly a single 1}
¥*1¥%*, L(X*1¥X*) = {w | w contains at least one 1}

¥*0012*, L(X*001%*) = {w | w contains the string 001 as a
substring}

(XX)*, L(XX)* = {w | wis a string of even length}
(E¥X)*, L(XXX)* = {w| the length of w is a multiple of three}
01U 01, L(01U01) = {01,01}

0X*0U1E*1U0Ul, L(0X*0U1X*1 U0 U 1) = {w | w starts and ends
with the same symbol}

(0Ue)1*, L((0Ue)1*) = {01* U1*}
9. (0Ue)(1Ue), L((0U€)(1Ue€)) ={¢0,1,01}
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Example of Using fl ex
fIZIIGT

[0-9]
LETTER [AZa-z ]
%%
") { retunCyyted); )
{DGT({DGT})*
{ oget_integer(*yytext); return(I NTEER) ; }

{LEMR ({LEMR{DGT})*

{ get_syniol (*yytext); return(SYMBQ) ; }
[ \t]+ { /* jup over blanks */ }
\n { /* ignore newines */ }
{ report_error("Uhknown syntool *, *yytext); }
%%

Save the above text in a file called try. |

Lflex - try.l

and type

> try.c

]
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Application
N

Regular expressions are useful tools for the design of
compilers

Language lexicon is described by regular expressions.
Example: humerical constants can be described by:

{+,—,e}(DD* U DD*.D* U D.DD*) where

D =1{0,1,2,3,4,5,6,7,8,9}

From the lexicon description by regular expressions on
can generate automatically lexical analyzers, such as
lex and flex on unix/linux machines.
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Theorem 1.28

- B

A language can be recognized by a finite automaton iff it
can be represented by a regular expression.

Proof Idea: This proof has two parts:

® First part: (Lemma 1.29) We show that if a language is represented by
a regular expression, then there is a fi nite automaton that recognizes
it.

® Ssecond part: (Lemma 1.32) We show that if a language is recognized
by a fi nite automaton, then there is a regular expression that
represents it.

]
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Equivalence with Finite Automata
N

# Regular expressions and finite automata are equivalent
in their descriptive power.

# Any regular language L can be recognized by a finite
automaton Mj..

# Any finite automaton recognizing a language A can be
represented by a regular expression r4 specifying the
language A.

]
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Step 1:

- B

If r=a € X, then L(r) = {a} and the NFA N recognizing
L(R) is:

Note: this is an NFA but not a DFA because it has states
with no exiting arrow for each possible input symbol

Formal construction: N = ({q1,¢2},%,9,q1,{q2}) where §(¢1,a) = {q2}.

5(r,b) =0, forr #¢q, and b # a

]
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Lemma 1.29
]

If a language is represented by a regular expression, then
there is a finite automaton that recognizes it.

Proof idea: Assume that we have a regular expression r that represents the
language A.

1. We will show how to construct from r an NFA that recognizes A,
using a six-step procedure.

2. Then by Corollary 1.20, if an NFA recognizes A then A is
recognizable by a DFA.

]
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Step 3:

If = 0 then L(r) = 0, and the NFA N that recognizes L(r) T

is:

e

Formal construction: N = ({¢}, %, d, q,0) where §(r,b) = 0 for any r and b

]
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Step 2:
| B

If r = e then L(r) = {e} and the NFA N that recognizes L(r)
is:

Formal construction: N = ({¢1}, 2,6, q1,{¢:}) where §(r,b) = 0 for any r and

beX
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NFA N recognizing L(ry) U L(rs)
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Step 4:
| B

If r =ry Urg then L(r) = L(r1) U L(r2).
Note: in view with the inductive nature of » we may assume that:

1. Ny = (Q1,%,01,q, F1) is an NFA recognizing L(ry)
2. Ny =(Q2,%, 069, q2, F») is an NFA recognizing L(rs)

The NFA N recognizing L(r1 Urg) IS given in the next slide.

L |
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Step 5:

If r =ryorgthen L(r) = L(r1) o L(ra).

Note: in view with the inductive nature of » we may assume that:
1. Ny = (Q1,%,01,q, F1) is an NFA recognizing L(ry)
2. Ny =(Q2,%,062,q2, F») is an NFA recognizing L(rz).

The NFA N recognizing L(ry o o) is given in the next slide.

]
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Construction procedure

. Q@ ={q0} UQ1UQ2: Thatis, the states of N are all states on N; and

N> with the addition of a new state ¢q

The start state of NV is qq

N

The accept states of N are F' = F; U F»: That is, the accept states of
N are all the accept states of N; and N,

Define ¢ so that for any ¢ € Q and any a € %

6(g,a) =

61 (Q7 CL),
62((]7 a)v
{qla q2}7

0,

ifge @
if g e Qs
ifg=qoanda =c¢
if g =qoand a # e.

]
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Construction procedure
N

Q = Q1 U Q. The states of NV are all states of N; and N,
The start state is the state ¢; of Ny

The accept states is the set F; of the accept states of N,

P 0 b P

Define ¢ so that forany ¢ € Q and any a € %;:

01(q, @), ifge@ andq ¢ I,
(qa )7 iquFlanda#G
01(q,a) U{q2}, ifge Franda=¢
(¢,a)

) IfquZ

q,a

(=2

Q

1

6(g,a) =

62 q,a

]
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Construction of NFA N
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Procedure for the construction of N

N

]
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Step 6:

If r = TT then L(T) = UizoL(Tl)i.

Note: in view with the inductive nature of » we may assume that:

1. Ny =(Q1,%,01,q1, F1) is an NFA recognizing L(ry)

The NFA N recognizing L(r7) is given in the next slide.

]
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Examples conversion

Convert the following regular expressions into NFA
following the procedure presented above

1. (abUa)* to an NFA
2. (aUb)*aba

N

]
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Construction procedure

state gy

Start state if IV is qq

. Q = {q0} UQq; that is, states of N are the states of N; plus a new

N

F ={qo} U Fy; that is, the accept states of N are the accept states of
Ny plus the new start state

Define ¢ so thatforany ¢ € Q and a € X;:

§(q,a) =

d1(q, a),

61(q, a),
d1(g,a) U{ar},
{ar},

0,

ifge @ and g & Fy
ifge Franda [ =€
ifge Franda=¢
ifq=qgoanda=c¢
if g =qo and a # e.

]
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L

Procedure
]

# Because A is regular, there is a DFA D4 that
recognizes A

» D, will be converted into a regular expression r 4 that
specifies A
Note: This procedure is broken in two parts:

1. Convert a DFA into a generalized nondeterministic finite
automaton GNFA

2. Convert GNFA into a regular expression

]

Computation Theory — p.22/??

—

Lemma 1.32
|

If a language can be recognized by a finite automaton, then
it is specified by a regular expression

Proof idea: For a given regular language A we will construct

a regular expression that specifies A.

]
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Example GNFA
N

]
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What is an GNFA?
]

# A GNFA is an NFA wherein the transition arrows may
have any regular expressions as labels, instead only
members of the alphabet or ¢

# Hence, GNFA reads strings specified by regular
expressions (block of symbols) from the input (not
necessarily just one symbol)

#® GNFA moves along a transition arrow connecting two
states representing regular expression.

]
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GNFA of special form

- |

# The start state has transition arrows to every other state
but no arrow coming from any other state

# There is only one accept state and it has arrows coming
in from every other state, but has no arrows going to
any other state; in addition, the accept state is not the
same with the start state

# Except for start and accept states,one arrow go from
every state to every other state and from each state to
itself

L |
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Note

- B

# A GNFA is nondeterministic and so, it may have many
different ways to process the same input string

#® A GNFA accepts its input if its processing can cause the
GNFA to be in an accept state at the end of the input

L |
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Note
-

Adding 0 transitions don’t change the language recognized T
by DFA because a transition labeled by () can never be used

Assumption: from here one we assume that all GNFAs are in

the special form

L |
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Converting DFA to GNFA
-

A DFA is converted to a GNFA of special form as follows:

N

# Add a new start state with an ¢ arrow to the old start
state and a new accept state with an ¢ arrow from all old
accept states

# |[f any arrows have multiple labels or if there are multiple
arrows going between the same two states in the same
direction replace each with a single arrow whose label
is the union of the previous labels

# Add arrows labeled ¢ between states that had now
arrows

L |
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Example DFA conversion Converting GNFA to Regular Expressions

T fAssume that GNFA has & states T
# Because start and accept states are different from each

—

Assuming that the original DFA has 3 states the process of
its conversion is:

3-state DFA [-b-state GNFA->-state GNFA other, it results that & > 2
¥ » If £ > 2 we construct an equivalent GNFA with & — 1
Regular \ | ote GNFA<b-state GNFA states. This can be repeated for each new GNFA until
presss we obtain a GNFA with k£ = 2 states.

# If £ =2, GNFA has a single arrow that goes from start to
accept and is labeled by a regular expression that
specifies the language recognized by the original DFA

L | - |
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Repairing after ripping a state Note
N N

Assume that state of GNFA selected for ripping is ¢ # The crucial step is in constructing an equivalent GNFA
with one fewer states when k£ > 2

N

# After removing ¢, We repair the machine by altering
the regular expressions that label each of the remaining # This is done by selecting a state, ripping it out of the
transitions machine, and repairing the remainder so that the same

# The new labels compensate for the absence of g, by language is still recognized

adding back the lost computation # Any state can be selected for ripping, providing that it is
not start or accept state. Such a state exist because

# The new label of the arrow going from state ¢; to ¢; is a k> 9

regular expression that specifies all strings that would
take the machine from ¢; to ¢; either directly or via ¢,

L | - |
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Note

# New labels are obtained by concatenating regular T
expressions of the arrows that go through ¢,;, and union
them with the labels of the arrows that travel directly
between ¢; and ¢;

# This construct is carried out for each arrow that goes
from state ¢; to any state ¢; including ¢; = ¢;

]
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lllustration
-

We illustrate the approach of ripping and repairing below.

T4

G Oemen)

before ripping after ripping

N

]
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GNFA G obtained from D
]

The following figure shows the four-state GNFA obtained
from D by adding new start state and accept state and
replacing a,b by a U b

]
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Example 1.35
-

Convert the DFA D into the regular expression that
specifies the language accepted by D

a

a,b

N

]
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Eliminating node 1 from G,

fThe following figure shows the GNFA G5 obtained from G» T
by ripping off node 1

a*b(a U b)*

L |
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Eliminating node 2 from G,

fThe following figure shows the GNFA G2 obtained from G T
by ripping off node 2

L |
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Transition function of a GNFA

f # Because an arrow connects every state to every other T
state, except that no arrows are coming from ¢, or going
to ¢,, the domain of the transition function of a GNFA is

0:(Q—A{¢a}) x (@ —{as}) = R

® If §(gi, ¢;) = R the arrow from g; to ¢; has the label r

L |
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Formal Proof

f # First we need to define formally the GNFA T

# Since new labels are regular expressions we use the
symbol R to denote the collection of regular
expressions over an alphabet X

# To simplify, denote by ¢, and ¢, the start and accept
states of the GNFA

L |
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Computation performed by a GNFA

—

A GNFA accepts a string w € ¥* if w = wjws . . . w, Where
w; € ¥*, 1 <1<k, and a sequence of states ¢, q1, - .., g
exits such that:

1. ¢, = g, is the start state
2. qr = q, is the accept state

3. Foreach i, 6(gi—1,q;) = r; and w; € L(r;), i.e., r; is the regular

expression labeling the arrow from ¢;_; to ¢; and w; is an element of

the language specifi ed by this expression
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N

]

—

Definition 1.33

A generalized nondeterministic finite automaton is a 5-tuple

(Q, 27 57 qs, Qa) where:

1.

Q is the fi nite set of state

2. Y is the input alphabet

3. 0:(Q—{qgu}) x (Q —{qs}) — R is the transition function
4.
5

s is the start state

. qq is the unique accept state

.

]
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Convert(G)

. Let k be the number of state of G

N

2. If k = 2 then G must consists of a start state and an accept state and

a single arrow connecting them, labeled by a regular expression r.
Return r

3. While k£ > 2, select any state ¢,;;, € Q, different from ¢, and ¢, and let

G’ be the GNFA (Q', %, ¢, g5, q.) Where:
® Q' =Q—{gip}
® foranyq; € Q' —{q,} and any q; € Q' — {q,} let
8" (gi,q5) = (r1)(r2)*(r3) U (r4) where:
1 = 0(is Grip)s 2 = 0(Qrip, Qrip), 73 = (@rip, q5), T4 = 3(qi, 4;)
® Convert(G');
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—

More proof ideas

Returning to the proof of Lemma 1.32, we assume that M is

|

a DFA recognizing the language A and proceed as follows:

o

X ]

Convert M into a GNFA G by adding a new start state and a new

accept state and the additional arrows

Use the procedure Convert(G) that maps G into a regular

expression, as explained before, while preserving the language A

Note: Convert() is recursive; however that case when GNFA has only two

sates is handled without recursion

]
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Induction Basis:
L, ]

# If G has only two states, by definition, it can have only a
single arrow which goes from ¢, to ¢,

# The regular expression labeling this arrow specify the
language accepted by G

# Since this expression is returned by Convert(G), it
means that G and Convert(G) are equivalent

]
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Claim 1.34
]

For any GNFA G, Convert(G) is equivalent to G

Proof: by induction on k, the number of states of G

]
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Induction Step (2)
N

1. If none of the states g5, ¢1, ¢2, - - -, ¢a IS Grip, Clearly G’ also
accepts w because each of the new regular expressions
labeling arrows of GG’ contain the old regular expressions
as part of a union

2. If ¢,;,, does appear in the computation ¢, ¢1, g2, - . . , g, by
removing each run of consecutive ¢,;, states we obtain an
accepting computation for G’. This is because states ¢;
and ¢, bracketing a run of consecutive ¢,;, states have a
new regular expression on the arrow between them that
specify all strings taking ¢; to ¢, via ¢,;, on G. So, G’
accepts w in this case too.

]
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L

Induction Step
N

Assume that the claim is true for G having £ — 1 states and
use this assumption to show that the claim is true for an
GNFA with £ states

# Observe from construction that G and G’ recognize the
same language

# Suppose G accepts the input w. Then in an accepting
branch of computation, G enters the sequence of states
QSthQQaQ& s aQa

# Show that G’ has an accepting computation for w, too.

]

Computation Theory — p.47/2?




Conclusion

- |

# The induction hypothesis states that when the algorithm
calls itself recursively on input G/, the result is a regular
expression that is equivalent to G’ because G’ has k — 1
states

# Hence, that regular expression is also equivalent to G
because G’ is equivalent to G

# Consequently Convert(G) and G are equivalent

L |
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Induction Step (3)
N N

For the other direction, suppose that G’ accepts w.

1. Each arrow between any two states ¢; and ¢; in G’ is labeled by a
regular expression that specifi es strings specifi ed by arrows in G
from g; directly to ¢; or via g;p

2. Hence, by the defi nition of GNFA it follows that G must also accept w.

That is, G and G’ accept the same language

L |
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