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Theorem2.19

If L � � � is a regular language then there is a right linear
grammar G with L(G) = L

Proof: by construction. Since L is regular let DFA D = (Q; � ; � ; q0; F ) with
L(D ) = L and � \ Q = ; . Construct G = (Q; � ; P; q0) where:
P = f q ! tq0jt 2 � ^ � (q; t) = q0g [ f q ! � jq 2 F g

1. G is right-linear and directly simulates D

2. if x = x1x2 : : : xn 2 L(D ) with � (q0; x1) = q1, � (q1; x2) = q2, : : :,
� (qn � 1; xn ) = qn then q0 ) x1q1 ) x1x2q2 ) : : : ) x1x2 : : : xn qn

3. Since qn 2 F and qn ! � 2 P, x1x2 : : : xn 2 L(D )

4. Hence, L (D ) = L(G)

Computation Theory – p.2/??

Example

DFA D accepts the language 0� 1�
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Grammar associatedwith D

Using the construction from the proof we obtain GD =
(f q0; q1; q2g; f 0; 1g; f q0 ! 0q0j1q1j�; q1 ! 1q1j0q2j�; q2 ! 0q2j1q2g; q0)

Since q2 is dead we can eliminate its rules obtaining:
GD = (f q0; q1; q2g; f 0; 1g; f q0 ! 0q0j1q1j�; q1 ! 1q1j� g; q0)
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Lemma 2.20

For each right-linear grammar G = (N; � ; P; S) there is a
right-linear grammar G0= (V 0; � ; P0; S) where each
non-terminating rule A ! � 2 P0has j� j � 2 and each
terminating rule A ! x 2 P0 has jxj � 1.

Proof idea: Note that G does not forbid erasing � or unit rules (� may belong

to a regular language). For A ! � 2 P with j� j > 2, to transform it

equivalently we can use construction from Fleck's book...
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Example

Consider G = (f A; B g; f a; bg; f A ! abA j abB; B ! aaaB j bg; A). G0

stated in Lemma 2.20 is G0 = (f A; X 1; Y1; B ; Z1; Z2g; f a; bg; P 0; A)
where P0 is:
A ! aX 1 j aY1; X 1 ! bA;Y1 ! bB;

B ! aZ1 j b;Z1 ! aZ2; Z2 ! aB
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Theorem2.21

For each right-linear grammar G, L(G) is regular

Proof: by construction

1. For G = (V; � ; P; S), using Lemma 2.20 we may assume that P has
only productions of the form X ! xY and X ! z, X ; Y 2 V ,
z 2 � [ f � g.

2. An NFA M that accepts L(G) is M = (V [ f � g; � ; � ; S; f � g) where for
each X 2 V and z 2 � [ f � g:

if X ! z 2 P then � (X ; z) = f � g [ f Y j X ! zY 2 Pg

if X ! z 62P then � (X ; z) = f Y j X ! zY 2 Pg

3. It can be directly checked that L (M ) = L(G)
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Example

The NFA M accepting the language speci�ed by G0

constructed in the above example
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Note

There is a perfect duality between recognition and
generation of regular languages: when an acceptor makes
an atomic step it consumes one input symbol; when a grammar rule
is used in an atomic step it produces one symbol

The results established for right-linear grammars hold
also for left-linear grammars:
Theorem : A language is right-linear iff it's left-linear.

The term regular grammar is further used to refer to a
grammar which is right-linear or left-linear.

Computation Theory – p.9/??

Relationship

The results produced here for regular grammars show
that any regular language, RL, is a context-free
language, CFL.

However, as we know, the language L = f 0n 1n j n � 0g is
not regular

A CFG that generates L = f 0n 1n j n � 0g is:
G = (f Sg; f 0; 1g; f S ! 0S1 j � g which shows that not every
context free language is regular

Hence, RL � CF L
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Context-freeLanguages

The collection of languages speci�ed by context-free
grammars are called context-free language

Context-free languages include regular languages and
many others.

We abbreviate the phrase context-free grammar to
CFG.

We abbreviate the phrase context-free language to
CFL.

We abbreviate the concept of a CFG speci�cation rule
to the tuple lhs � ! r hs where lhs (left hand side) is a
variable and and rhs (right hand side) is a string of
variables and terminals.
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Historical notes

Context-free grammars were �rst used to study human
languages

One way of understanding the relationship between
syntactic categories (such as noun, verb, preposition,
etc) and their respective phrases leads to natural
recursion

This is because noun phrases may occur inside the
verb phrases and vice versa.
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Important Application

Context-free grammars are used as basis for compiler
design and implementation

Context-free grammars are used as speci®cation mechanisms for
programming languages

Designers of compilers use such grammars to implement compiler's
components, such a scanners, parsers, and code generators

The implementation of any programming language is preceded by a
context-free grammar that speci®es it
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Examplesof CFGs

Consider the grammar
G3 = (f Sg; f a;bg; f S � ! aSb j SS j � g; S)

L(G3) contains strings such as
abab, aaabbb, aababb ;

Note: if one think at a as ( and b as ) then we can see that

L(G3) is the language of all strings of properly nested paren-

theses
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Mor eExamplesof CFGs

Consider the grammar
G0

3 = (f Sg; f a;bg; f S � ! aSb j bSa j SS j � g; S)

L(G3) contains strings such as
abab, baab, aaabbb, aababb ;

Note: L(G3) � L(G0
3) and the latter contains all the strings

containing the same number of a's and b's.
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Arithmetic Expressions

Consider the grammar G4 = (f E ; T; F g; f a; + ; � ; (; )g; R; E)
where R is:

E � ! E + T j T

T � ! T � F j F

F � ! (E ) j a

L(G4) is the language of arithmetic expressions
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Note

The variables and constants in L(G4) are represented
by the terminal a

Arithmetic operations in L(G4) are addition, represented
by +, and multiplication, represented by *
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ExampleDerivation with G4

a + a � a

E
���
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a a

Computation Theory – p.18/??

DesigningCFGs

As with the design of automata, the design of CFGs
requires creativity

CFGs are even trickier to construct than �nite automata
because “we are more accustomed to programming a
machine than we are to specify programming
languages"
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Designtechniques

Many CFG are unions of simpler CFGs. Hence the
suggestion is to construct smaller, simpler grammars
�rst and then to join them into a larger grammar

The mechanism of grammar combination consists of
putting all their rules together and adding the new rules
S � ! S1 j S2 j : : : j Sk where the variables Si ,1 � i � k, are
the start variables of the individual grammars and S is a
new variable
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Examplegrammar design

Design a grammar for the language
f 0n 1n j n � 0g [ f 1n 0n j n � 0g

1. Construct the grammar S1 � ! 0S11 j � for the language
f 0n 1n j n � 0g

2. Construct the grammar S2 � ! 1S20 j � for the language
f 1n 0n j n � 0g

3. Put them together adding the rule S � ! S1 j S2 thus getting

S � ! S1 j S2

S1 � ! 0S11 j �

S2 � ! 1S20 j �
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SecondDesignTechnique

Constructing a CFG for a regular language is easy if
one can �rst construct a DFA for that language

Conversion procedure:
1. Make a variable Ri for each state qi of DFA

2. Add the rule Ri � ! aRj to the CFG if � (qi ; a) = qj is a transition
in the DFA

3. Add the rule Ri � ! � if qi is an accept state of the DFA

4. If q0 is the start state of the DFA make R0 the start variable of the
CFG.
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Third DesignTechnique

Certain CFLs contain strings with two related substrings
as are 0i and 1j in f 0i 1j j i � j g

Example of relationship: to recognize such a language
a machine would need to remember an unbounded
amount of info about one of the substrings

A CFG that handles this situation uses a rule of the form
R � ! uRv which generates strings wherein the portion
containing u's corresponds to the portion containing v's
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Fourth DesignTechnique

In a complex language, strings may contain certain
structures that appear recursively

Example: in arithmetic expressions any time the symbol
a appear, the entire parenthesized expression may
appear.

To achieve this effect one needs to place the variable
generating the structure (E in case of G4) in the location
of the rule corresponding to where the structure may
recursively appear as in: E � ! E + T
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Theorem2.1

Let G = (V; � ; R; S) be a CFG. Suppose that
w = w1w2 : : : wk, k � 1, where wi 2 (V [ �) � , 1 � i � k and
w �) x. Then there exist xi 2 (V [ �) � , 1 � i � k, so that
x = x1x2 : : : xk and wi

�) xi

Proof: By induction on the length of the derivation of x (or on the height of

the derivation tree of x).
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Proof, continuation

Induction base: derivation length zero. In this case w = x and wi = xi ,
1 � i � k

Induction step: assume the result for all derivations of n � 0 steps and
consider the n + 1 step derivation w1w2 : : : wk

�) x.

1. Suppose this derivation ®rst rewrites wm , 1 � m � k, i.e.,
w1w2 : : : wk ) w1w2 : : : wm � 1y1y2 : : : ypwm +1 : : : wk

�) x

2. Applying the induction hypothesis to the last n steps of this
derivation, there must exist x1; x2; : : : ; xm � 1, xm +1 ; : : : ; xk ,
z1; z2; : : : ; zp so that wi

�) xi , i = 1; 2; : : : ; m � 1; m + 1; : : : ; k and
yj

�) zi , 1 � j � p, and x = x1x2 : : : xm � 1z1z2 : : : zpxm +1 : : : xk .

3. Taking xm = z1z2 : : : zp and wm ) y1y2 : : : yp
�) xm the induction is

extended to n + 1 length derivation
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ExampleApplication

Consider the CFG G = (f S;B g; f a; bg; f S ! aSB j �; B ! bB j � g; S).

The following are derivations with G:
S ) aSB ! aaSB B ) aaSbBB ;
S ) aSB ! aaSB B ) aaSB bB;
S ) aSB ! aaSB B ) aaSB ;
S ) aSB ! aaSB B ) aaBB
which show that derivations in this grammar are quite complex

According to Theorem 2.1, when rewriting the string aaSB B we can
consider further derivations of each of its symbols in isolation

Derivations from B are B ) bB ) bbB ) bk B , k � 0

Therefore aaSB B �) aaSbpbq, p;q � 0

Hence, L (G)� = f an (b� )n j n � 0g

Computation Theory – p.27/??

UselessSymbols

Let G = (V; � ; R; S) be a CFG.

A symbol X 2 (V [ �) is reachable if S �) � X � for some
� ; � 2 (S [ �) � ; otherwise X is unreac hable

A symbol X 2 V is alive if X �) x for some x 2 � � ;
otherwise X is dead.

A symbol X 2 (X [ �) is useless if it is either
unreachable or dead
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Note

Unreachable symbols and their productions can
contribute nothing to the language speci�ed by a CFG

The occurrence of a dead variable in a derivation insure
that that derivation contribute no string in the language,
even if that variable is reachable

While useless symbols are no value to the description
of a language, they are not prohibited.
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Example

Consider the CFG G = (f S;A; B ; Cg; f a; bg; R; S) where R is the
set

S ! bbj AB

A ! a j Aa

B ! bB j B a j AB

C ! ba j aA j B b j aCb

1. C is unreachable and B is dead

2. A is live and reachable but contributes nothing to the language
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Grammar Simpli�cation

Cleaning up a grammar is the process of eliminating
useless symbols and their productions

1. Remove dead symbols

2. Remove unreachable symbols

The order cannot be changed.
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DeadSymbolElimination

For each CFG G = (V; � ; R; S) with L(G) 6= ; , there is a
CFG G0= (V 0; � ; R0; S) so that L(G0) = L(G), V 0 � V ,
R0� R, and G0has no dead symbols.

The Bottom-Up Procedure:
Partition inductively the variables of G as follows:

1. V0 = f X 2 V j X ! w 2 R ^ w 2 � � g

2. For i � 0 de�ne
Vi+1 = Vi [ f X 2 V j X ! w 2 R ^ w 2 (Vi [ �) �

3. De�ne V 0= [ 1
i=0 Vi and

R0= f X ! w 2 R j ^ w 2 (V 0[ �) � g
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Unreachablesymbolelimination

For each CFG G = (V; � ; R; S) with L(G) 6= ; there is
G0= (V 0; � 0; R0; S) so that L(G0) = L(G), V 0 � V , � 0 � � ,
R0 � R, and G0has no dead symbols and no unreachable
symbols.

The Top-do wn Procedure:

By the previous result, assume that G has no dead
variables.

Split the symbols in V [ � inductively by the procedure:
1. S0 = f Sg
2. For i � 0, Si+1 = Si [ f � 2 (V [ �) j 9X 2 Si ^

9� ; � 2 (V [ �) � ^ X ! � � � 2 Rg

3. Set V 0= V \ ([ 1
i=0 Si ), � 0= � \ ([ 1

i=0 Si ),
R0= f r 2 R j lhs(r ) 2 V 0^ rhs(r ) 2 (V 0[ � 0)� g
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Application

Clean G = (f S;A; B ; Cg; f a; bg; R; S) where R is:

S ! bbj AB

A ! a j Aa

B ! bB j B a j AB

C ! ba j aA j B b j aCb

1. V0 = f S;A; Cg = V1 = V 0;
G0 = (f S;A; Cg; f a; bg; f S ! bb;A ! a j Aa; C ! ba j aA j aCbg; S)

2. S0 = f Sg, S1 = f S;bg, S2 = S1;
G00= (f Sg; f bg; f S ! bbg; S)

3. L (G00= L(G) = f bbg
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LanguageElement Inter pretation

Sometimes a CFG can generate the same string in
several different ways

Such a string will have several different derivation trees

Since each derivation tree represents an interpretation
of the string it de�nes , different derivation trees means
different meanings for the same language element

Multiple meanings of the same language element are
undesirable for some applications

For example, multiple meanings of a program are
unacceptable in a programming language

Each language element in a programming language
should have a unique interpretation
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Ambiguity

If a CFG generates the same string in several different
ways, we say that the string is derived ambiguously in
that grammar.

If a CFG generates some string ambiguously we say
that the grammar is ambiguous

Example: the grammar G5, whose rules are:

E � ! E + E j E � E j (E) j a

generate ambiguously some arithmetic expressions
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Ambiguousexpressions

Two different derivation trees for a + a � a

E E
���

H HH
E * E

�� @@
E + E a

a a

���
H HH

E + E

�� @@
a E * E

a a
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Note

The grammar G5 does not capture the usual
precedence relations and so groups the + before * and
vice versa

In contrast, the grammar G4 generates the same
language, but every generated string has a unique
derivation tree

Hence, G5 is ambiguous and G4 is not, i.e., G4 is
unambiguous

G4 = (f E ; T; F g; f a; + ; � ; (; )g; R; E) where R is:

E � ! E + T j T

T � ! T � F j F

F � ! (E ) j a
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Note

When a grammar generates a string ambiguously it
means that the string has two different derivation trees.

Two different derivations however, may produce the
same derivation tree because they may differ in the
order in which they replace nonterminals not in the
rules they use

To concentrate on the structure of derivations we need
to �x the order of rule application
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Fixing Rule Application Order

Leftmost deriv ation: a derivation of a string w in a
grammar G is a leftmost derivation if at every step the
leftmost nonterminal is replaced

Rightmost deriv ation: a derivation of a string w in a
grammar G is a rightmost derivation if at every step the
rightmost nonterminal is replaced

The leftmost and rightmost derivations of a string w are
unique, so they are equivalent to the derivation tree

A string w is derived ambiguously in the CFG G if it has
two or more different leftmost (or rightmost) derivations.

A CFG G is ambiguous if it generates some string
ambiguously
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Inherent Ambiguity

Sometimes when we have an ambiguous grammar
(such as G5) we can �nd an unambiguous grammar
(such as G4) that generates the same language

Some CFL, however, can be generated only by
ambiguous grammar.

A CFL that can be generated only by ambiguous
grammars is called inherently ambiguous

Example of inherentl y ambiguous langua ge:

f 0i 1j 2k j i = j _ j = kg
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Corollary

No regular language is inherently ambiguous

Proof: Let L be regular and DFA D accepting it.

Each x 2 L has a unique accepting run in D

D runs are in one-to-one correspondence with the
leftmost derivations in the associated right-linear
grammar GD

Hence, each x 2 L has a unique leftmost derivation in
GD
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Normal Forms of CFG

It is often convenient to simplify CFG into a standard
form.

One of the simplest and most useful simpli�ed forms of
CFG is called the Chomsky normal form

Another normal form usually used in algebraic
speci�cations is Greibach normal form

Computation Theory – p.43/??

GreibachNormal Form

A context-free grammar G = (V; � ; R; S) is in Greibach
normal form if each rule r 2 R has the property: lhs(r ) 2 V,
rhs(r ) = a� , a 2 � and � 2 V � .

Note: the rule S � ! � , where S is the start variable and does
not appear in the right-hand side, is not excluded.

Example: S ! � j aB j aCB; C ! aB j aCB; B ! b

Theorem: Every context-free language can be generated by

a CFG in Greibach normal form.
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Chomsky Normal Form

A context-free grammar G is in Chomsky normal form if
every rule is of the form:

A � ! BC or A � ! a

where a is a terminal, A; B ; C are nonterminals.

Note: the rule S � ! � , where S is the start variable and does
not appear in the right-hand side, is not excluded.

Example:
S ! � j AB j AC; D ! AB j AC; C ! DB; A ! a; B ! b

Theorem: Every context-free language is generated by a
CFG in Chomsky normal form.
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Propertiesof Normal Forms

Given a CFG G = (V; � ; P; S), if S ) � x for some x 2 � + ,
then the length of the derivation S ) � x is

jxj if G is in Greinback normal form;

2jxj � 1 if G is in Chomsky normal form.

Note that jxj > 0.
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Propertiesof Normal Forms

Given a CFG G = (V; � ; P; S), if S ) � x for some x 2 � + ,
then the height of the derivation tree of S ) � x is

at least blog2(jxj)c + 1 if G is in Chomsky normal form.

Note that jxj > 0.
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Theorem2.6

Every context-free language is generated by a CFG in
Chomsky normal form.

Proof idea:

Show that any grammar G can be converted into Chomsky normal
form

Conversion procedure has several stages where the rules that violate
Chomsky normal form conditions are replaced with equivalent rules
that satisfy these conditions

Order of transformations: (1) eliminate all � -rules, (2) eliminate
unit-rules, (3) convert rules

Check that the obtained grammar de®ne the same language as the
initial
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Eliminate � -rules

Repeat for each � -rule A � ! �

1. Eliminate A � ! � from P.

2. For each occurrence of A on the rhs of a rule, add a
new rule with that occurrence of A deleted.
Example: replace B � ! uAv by B � ! uAv j uv;
replace R � ! uAvAw by B � ! uAvAw j uvAw j aAvw j uvw

3. Replace the rule B � ! A, (if it is present) by B � ! A j �
unless the rule B � ! � has not been previously
eliminated

4. If A is the original start symbol S, add a new start
symbol S0 and the rule S0 � ! S. (This change
guarantees that the start symbol does not occur on the
rhs of any rule.)

until all � -rules are eliminated Computation Theory – p.49/??

Removeunit rules

Repeat for each unit rule A � ! B

1. Remove A � ! B from P.

2. For each B-rule B � ! u that appears in P, add the rule
A � ! u, unless it was a unit rule previously removed

until all unit rules are eliminated

Note: u is a string of variables and terminals
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Convert all remaining rules

Repeat

1. Replace a rule A � ! u1u2 : : : uk, k � 3, where each ui ,
1 � i � k, is a variable or a terminal, by:
A � ! u1A1, A1 � ! u2A2, : : :, Ak� 2 � ! uk� 1uk
where A1,A2, : : :, Ak� 2 are new variables

2. If k � 2 replace any terminal ui with a new variable Ui
and add the rule Ui � ! ui

until no rules of the form A � ! u1u2 : : : uk with k � 3 remain
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ExampleCFG conversion

Consider the grammar G6 whose rules are:

S � ! ASA j aB

A � ! B j S

B � ! b j �
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Removing � rules

Removing B ! � :

S � ! ASA j aB j a

A � ! B j S j �

B � ! b

Removing A ! � :

S � ! ASA j aB j a j SA j AS j S

A � ! B j S

B � ! b
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Removing unit rule

Removing S ! S:

S � ! ASA j aB j a j SA j AS

A � ! B j S

B � ! b

Removing A ! B and A ! S:

S � ! ASA j aB j a j SA j AS

A � ! b j ASA j aB j a j SA j AS

B � ! b
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Converting the remaining rules

S � ! AA 1 j UB j a j SA j AS

A � ! b j AA 1 j UB j a j SA j AS

A1 � ! SA

U � ! a

B � ! b
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Note

The conversion procedure produces several variables
Ui along with several rules Ui ! a .

Since all these represent the same rule, we may
simplify the result using a single variable U and a single
rule U ! a
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ClosureProperties

Theorem 2.22: Class of CFL is closed under union,
concatenation, and star

Proof: by construction. Consider two CFL, L 1; L 2 speci®ed by the CFG
G1; G2, Gi = (Vi ; � ; Pi ; Si ), i = 1; 2, where V1 \ V2 = ; .

1. G[ = (V1 [ V2 [ f Sg; � ; P1 [ P2 [ f S ! S1; S ! S2g; S), where S is a
new nonterminal symbol, speci®es L1 [ L 2

2. G� = (V1 [ V2 [ f Sg; � ; P1 [ P2 [ f S ! S1S2g; S), where S is a new
nonterminal symbol, speci®es L1 � L 2

3. G� = (V1 [ f Sg; � ; P1 [ f S ! S1Sj� g; S), where S is a new
nonterminal symbol, speci®es L�

1.

Computation Theory – p.57/??

Theorem2.23

If L is a context-free language and R is a regular language

then L \ R is a context-free language.
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Corollary:

Each language that differ from a context-free language by a
regular language is context-free.

Proof: By construction. If L is context-free and L 0 differ from L by a regular
language then either L 0 = L [ R or L 0 = L � R

1. If L 0 = L [ R then by CFL closure for union L 0 is a CFL

2. If L 0 = L � R then L 0 = L \ : R which by previous theorem is a CFL
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Homomorphism

Let � and � be two alphabets.

A homomorphism is a function h : � ! � � assigning
words in � � to symbols in �

Extension: h : � ! � � can be extended to h : � � ! � �

by: h(� ) = � and for all x = ay with a 2 � ,
h(ay) = h(a) � h(y)

h may be extended to operate on languages by: for
L � � � , h(L) = f h(x)jx 2 Lg
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Substitution

Consider again two alphabets, � and � .

A substitution is a function � : � ! P(� � )

A substitution assigns to each letter of � a (possible
in�nite) set of words over � .

Extension: by element-wise application: � (� ) = � ; for all
x = ay, a 2 � , y 2 � � , � (x) = � (a) � � (y)
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Operation on languages

Let � be a substitution.

For L � � � , L = f x1; x2; x3; : : :g,
� (L) = � (x1) [ � (x2) [ � (x3) [ : : :

� is regular if � (a) is regular for each a 2 � ;

� is context-free is � (a) is a CFL for each a 2 � .
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Fact

For each X ; Y � � � , and for each substitution
(homomorphism) � : � ! � � :

1. � (X [ Y ) = � (X ) [ � (Y )

2. � (X � Y ) = � (X ) � � (Y )

3. � (X � ) = (� (X )) �
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Theorem2.24

The class of CFL is closed under CF substitution and
homomorphism.

Proof: by construction. Consider a CFL L � � � and � : � ! P(� � ) a CF

substitution.
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Proof, continuation

1. There exist a CFG G = (V; � ; P; S) and for each a 2 � ,
Ga = (Va; � ; Pa; Sa) with L(G) = L , and L(Ga) = � (a)

2. We may assume without loss of generality that V \ ([ a2 � Va) = ; and
\ a2 � Va = ;

3. Construct G0 = (V 0; � ; P 0; S), where V 0 = V [ ([ a2 � Va),
P0 = P� [ ([ a2 � Pa) where P� consists of P where each terminal
a 2 � is replaced by Sa.

4. G0 is a CFG and derivations initiated in P� are strings in L(G) where
each terminal a 2 � is replaced by Sa.

5. Derivations in (4) may be continued with rules in Pa, a 2 � thus
obtaining L(G0) = � (L (G)) = � (L )
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Proving Context-Freeness

We develop here a mechanism for proving that a given
language is or is not context-free

This mechanism starts by recalling that pumping lemma
was used for proving that a given language is or is not
regular.

Here we present a similar lemma for context-free
languages
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Inf ormal

Pumping lemma for context-free languages states that
every CFL has a speci�c value called pumping length
such that all longer strings in the language can be
pumped

However, the meaning of pumping is a bit more
complex than in case of regular languages

Here pumping means that a string can be divided into
�v e parts so that the second and fourth parts may be
repeated any number of times and the resulting string is
in the language
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Pumping Lemma for CFL

Theorem 2.18: If A is a context-free language, then there is a
number p (the pumping length) where, if s 2 A and jsj � p,
then s may be divided into �v e pieces, s = uvxyz satisfying
the conditions:

1. For each i � 0, uvi xyi z 2 A

2. jvyj > 0

3. jvxyj � p
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Inter pretation

Condition 1 states that length of strings of A can be
unlimited but have a �x ed structure uvxyz

Condition 2 says that in the structure uvxyz either v or y
is not empty; otherwise theorem would be trivially true

Condition 3 states that pieces v, x, y together have
length at most p; this is useful for proving that some
languages are not context-free
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Proof idea

Let A be a CFL and G be the CFG generating A. We must
show that any suf�ciently long s 2 A can be pumped and
remains in A.

The idea behind this proof is:

1. Because s 2 A it is derivable from G and has a derivation tree D s

2. The derivation tree D s of s must be very tall because s is very long

3. This means that Ds contains some long path from start variable at
the root to one of terminal symbols at a leaf

4. On this long path some variable symbol X must be repeated
because of pigeonhole principle
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Note

Repetition of X in Ds noticed before allows us to
replace the subtree under the second occurrence of X
with the subtree under the �rst occurrence of X and still
get a legal derivation tree.

Hence, we may cut s into �v e pieces, as shown in
Figures ??, and we may repeat the second and fourth
piece and obtain a string uvi xyi z 2 A, for any i � 0
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Figure 1: Tall derivation trees
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Formal proof

Let G = (V; � ; R; S) be a CFG that generates A and G is in Chomsky
normal form.

Let Ds be the derivation tree of s, where jsj � p = 2jV j . Then the
height Ds is at least

blog2(jwj)c + 1 � blog2(2jV j )c + 1 = jV j + 1

so the longest path in D s is also jV j + 1.

The longest path in Ds has at least jV j + 1 nodes labeled by
variables because only the leaf is a terminal.

Since there are only jV j variables in V , some variable X appear
more than once on the longest path in D s; we may assume that X is
the closest variables to the leaf that repeat on this path.
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Formal proof, continuation

Now we divide s into uvxyz according to Figure ??

Each occurrence of X has a subtree under it, generating a portion of
s

The upper occurrence of X has the larger subtree and generates
vxy, whereas the lower occurrence generates just x

Since both of the trees mentioned above are generated by X we may
substitute one for the other and still obtain a valid derivation tree

Replacing the smaller tree by the larger repeatedly, gives derivation
trees for the string uvi xyi z, at each i > 1.

Replacing the larger tree by the smaller one generates the string uxz.
This establishes condition 1 of the lemma.
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Condition 2

To get condition 2 we must ensure that not both v and y are
� .

If both v and y were � , then we have X ) + X . That is
impossible in Chomsky normal form because there are
no � -rules and unit rules.
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Condition 3

Now we need to be sure that jvxyj � p

In the derivation tree D s the upper occurrence of X generates vxy

We chose X so that both occurrences fall within the bottom jV j + 1
variables on the path and we chose the longest path in D s

Hence, the subtree where X generates vxy is at most jV j + 1 high.

A tree of this height can generates a string of length at most 2jV j = p
in Chmosky normal form.
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Example2.20

Use pumping lemma to show that the language
B = f an bn cn jn � 0g is not context-free

Proof: assume that B is context-free to obtain a contradiction

Let p be the pumping length for B that is guaranteed to exists by
pumping lemma

Consider the string s = apbpcp 2 B of length at least p

The pumping lemma states that s can be pumped and here we show
that it cannot be pumped

I.e, we will show that no matter how we divide s into uvxyz one of the
three conditions of the pumping lemma is violated
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Checkingcondition 2

Condition 2 stipulates that either v or y is not empty.

1. When both v and y contain only one type of symbols (a,b,c) v does
not contain both a's and b's or both b's and c's; the same hold for y.
In this case uv2xy2z cannot contain equal number of a's, b's and c's.,
hence it cannot be in B which violates condition 1 of the lemma

2. When either v of y contain more than one type of symbols (a,b,c)
uv2xy2z may contain equal numbers of a's, b's, c's but they don't
come in the right order. Hence, it cannot be in B either

One of these cases must occur. Because both cases result in contradiction,

a contradiction is unavoidable so the assumption B is a CFL must be false
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Example2.21

Use pumping lemma to show that C = f ai bj ck j0 � i � j � kg is
not a context-free language

Proof: assume that C is CFL and obtain a contradiction. Let p be the
pumping length and s = apbpcp. We will try to pump it down and pump up.
Let s = uvxyz and again consider two cases

1. Both v and y contain only one of the symbols a,b,c

2. Either v or y contain more than one of symbols a,b,c
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Case1

Because v or y contains one symbol, one of the symbols a,
b, or c does not appear in v or y.

1. The a's do not appear in v and y. Consider the string uv0xy0z = uxz
which contains the same number of a's as s but it contain fewer b's or
fewer c's. Therefore uxz is not a member of C.

2. The b's do not appear in v and y. Since not both v and y may be
empty strings, a's or c's must appear in v or y. If a's appear the string
uv2xy2z contains more a's than b's so it is not in C; if c's appear, the
string uv0xy0z contains more b's than c's so it is not in C. Either way
we obtain a contradiction

3. The c's do not appear. Then uv2xy2z contains more a's or b's than
c's so it is not in C, and a contradiction occurs.
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Case2

When either v or y contain more than one of a, b, c, then
uv2xy2z will not contain the symbols a, b, c in the correct
order. Hence it cannot be a member of C and a
contradiction occurs.

Conc lusion : s cannot be pumped in violation of pumping

lemma and C is not a CFL.

Computation Theory – p.81/??

Example2.22

Use pumping lemma to show that D = f wwjw 2 f 0; 1g� g is not
a CFL

Proof: assume that D is CFL and obtain a contradiction. Let p be the
pumping length given by pumping lemma. However, the choosing of s is
less obvious

1. Try s = 0p10p1. But we may chose: u = 0p� 1, v = 0, x = 1, y = 0,
z = 0p� 11 and we can see that it can be pumped.

2. Another candidate is s = 0p1p0p1p. We shows that this string cannot
be pumped using condition 3 of the pumping lemma.
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Using s = 0p1p0p1p

Assume that s can be pumped and set s = uvxyz where jvxyj � p.

String vxy must contain the midpoint of s. If vxy would occur only in
the ®rst half of s, pumping uv2xy2z moves a 1 into the ®rst position of
the second half and so it cannot be of the form ww.

Similarly if vxy is in the second part of s. pumping uv2xy2z moves a
0 into the last position of the ®rst half of s so it cannot be of the form
ww.

If vxz contains the midpoint of s, when we pump s down to uxz, it has
the form 0p1i 0j 1p where i and j cannot be both p. Hence this string is
not of the form ww either.

Hence, s cannot be pumped and D is not a CFL
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