Computational models

- N B

# The theory of computation should begin with the

guestion what is a computer? Finite Automata
# Real computers are however quite complicated so it is

dif cult to set up a manageable mathematical theory for Hantao Zhang

them hzhang@cs.uiowa.edu

# Instead we can use an idealized computer called
computational model in order to begin the theory of
computation

The University of lowa, Department of Computer Science
Based on the slides prepared by Professor Rus
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Tabular Representation Finite Automata
fThe transition of the controller can also be represented by aT f # The simplest computational model is called a nite stateT
table whose lines are labeled by the states and whose machine or a nite automaton

columns are labeled by the input, as seen in Table ?? . . .
y P # Before developing the mathematics of nite automata

we will examine the usage of a concrete nite

Table 1: Controller's tabular representation automaton: the air-conditioning controller.

State/Input | low  high
po o on # States of the controller: on or off
on off  on # There are two input conditions from the thermometer:
high , meaning that the room temperatrue is high
Interpretation: T (state;input) = N ewState low , meaning that the room temperatrue is low

L | - |
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Other applications:

# Finite automata and their probabilistic counterparts,
Markov chain, are useful tools for pattern recognition
used in speech processing and optical character recognition

# Markov chains have been used to model and predict
price changes in nancial applications
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Note
N

This controller is a computer that has just a single bit of
memory that is used to record the controller's state

Other similar devices need controllers with larger
memory. example: a state of the controller of an elevator may
represent the oor the elevator is on and the inputs may be signals
received from the bottoms

Controllers of various household appliances may be
more complex. However the methodology is the same:
they are all nite automata

]
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The concept
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Figure 1: The ®nite automaton M,

N

]
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Generalizing the controller
|

All controllers of the applications mentioned above have
a common property: they are nite automata

The mathematical theory of nite automata must be
done in abstract, without reference to any particular
application

Hence, the concept of a nite automaton, Figure 8,
without reference to application must be developed

]
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How doesit work? Note

- N B

°

# When the automaton receives an input string, such as
1101, it processes that string and produces an output
which is either accept or reject

Figure 8 is the state diagram of the automaton M1

# The automaton M1 has three states labeled ¢, g, and
o<

# The start state, ¢, is indicated by an arrow pointing to it
from nowhere

# Processing begins in M1's start state

# The accept state, o, is indicated by a double circle

# The arrows going from one state to another are called
transitions

L | - |
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Example processing Processingprocedure
fExamine the work produced by M, Figure[8, on the input 1101: T f # The automaton receives the input symbols one by one T
1. M starts in state ¢ from left to right
2. M reads 1 and follows transition from ¢y to o; # After reading each symbol, M1 moves from one state to
3. In state op M; reads next symbol 1 and follows transition from ¢, to another along the transition that has that symbol as its

: label
(b, - -
4. Then M; reads next symbol, 0, and follows transition from ¢, to g # When M, reads th? last _Sy_mbOI of the input it prOd_uce_S
the output: accept if M1 is in an accept state, or reject if

5. In state g M; reads 1 and follows transition to gz to ¢ M1 is not in an accept state

6. In state @ is input was consumed, @, is an accept state and M
outputs accept

L | - |
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Other Applications
N

# Other similar devices need controllers with larger
memory. example: a state of the controller of an elevator may
represent the oor the elevator is on and the inputs may be signals
received from the bottoms

# Controllers of various household appliances may be
more complex. However the methodology is the same:
they are all nite automata

# Finite automata and their probabilistic counterparts,
Markov chain, are useful tools for pattern recognition
used in speech processing and optical character recognition

# Markov chains have been used to model and predict
price changes in nancial applications

]
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Note
]

#® M accepts strings that end with 1; Why?

# M1 accepts strings that end with an even number of 0-s
following the last symbol 1; Why?

#® M rejects all other strings

Q: can you describe the language consisting from all strings

accepted by M1?

]
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ProcessingProcedure
N

# The automaton receives the input symbols one by one
from left to right

# After reading each symbol, M1 moves from one state to
another along the transition that has that symbol as its
label

# When M reads the last symbol of the input it produces
the output: accept if M1 is in an accept state, or reject if
M1 is not in an accept state

]
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The Concept
N

0 1
1 0
NNy
— 87 01 S<]

I\’/
Figure 2: Finite automaton M,

# The start state, ¢, is indicated by an arrow pointing to it
from nowhere

# The accept state, o, is indicated by a double circle

# The arrows going from one state to another are called
transitions

]
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Note Example Processing
N N

# M accepts strings that end with 1; Why? Examine the work produced by M 1, Figure (8, on the input 1101 : T

# M; accepts strings that end with an even number of 0-s 1. M starts in state ¢;
following the last symbol 1; Why? 2. M, reads 1 and follows transition from gy to p;
#® M rejects all other strings 3. In state qp M1 reads next symbol 1 and follows transition from ¢ to
G
Q: can you describe the language consisting from all strings 4. Then M reads next symbol, 0, and follows transition from ¢, to ¢g
accepted by M1? 5. In state gz M; reads 1 and follows transition to ¢z to ¢

6. In state @, is input was consumed, @, is an accept state and M
outputs accept

L | - |

Computation Theory — p.18/148 Computation Theory — p.17/148

Parts of a nite automaton Why a formal de nition?

N B

# A set of states # A formal de nition is precise. It resolves any uncertainties

» Rules for going from one state to another depending about what is allowed in a ®nite al_Jt_omator_l §uch as the number of
upon the input symbol accept states and number of transitions exiting from a state

# Aninput alphabet that indicates the allowed symbols # A formal de nition provides a notation; good notation

helps think and express thoughts clearly
# It has a start state

# [t has a set of accept states

A formal de nition will state that a nite automaton is a list

of this v e components

L | - |
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A nite automaton is a 5-tuple (Q;

Formal de nition

;1 0o; F) where:

N

—

Note
]

called a 5-tuple, hence nite automaton can be de ned

# In mathematical language a list of v e elements is

1. Qis a nite set called the states
_ _ ed as a 5-tuple
2. is a nite set called the alphabet . :
) B _ We can denote the transition rules by a function called
3. :Q I Qis the transition function the transition function, : States Alphabet! States
4. g 2 Q is the start state also called initial state Example: (X;0) =y
5. F Qs the set of accept states, also called the nal
states
Example nite automaton Note

—

The automaton M1 have been de ned by the transition
diagram in Figure 9

0 1
1 0
/\J/\U/\N/\u
— G 01 <]

Figure 3: The ®nite automaton M,

N

]
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N

Since the set F can be emptyset ; a nite automaton
may have zero accept states

Since transitions are described by a function, the
function species exactly one next state for each
possible combination of state and input symbol

]
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Languageof a machine Formalizing M,

Since a nite automaton is used here as the model of a T f
computer we also refer to a nite automaton as a “machine”

—

M1 =(Q; ; ;a;F) where
1. Q= fou;p; kg

# If A is the set of all strings that a machine M accepts, — £
) . 2. =10;1g
we say that A is the language of the machine M and . ]
write L(M) = A. 3. is described by the table:
# Because the term accept has a different meaning when
we refer to machines accepting strings and machines o 1
accepting languages, we prefer the term recognize for Q| @
languages in order to avoid confusion ©l® o
B|® @

4.  is the start state
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Machine M Conseqguences
fThe state diagram in Figure [10 describes a machine M T f # A machine may accept several strings, but it always T
o . recognizes only one language
/\o/l\uf\f, # [f a machine accepts no strings, it still recognizes one
— P language, namely the empty language ;
K>

# Language recognized by machine M1 is:

A = fwj w contains at least one 1 and an even number of Os follow the last 1g

Figure 4: State diagram of the ®nite automaton M,
Formally, M2 = (fan; opg; f0;1g; ; on; fcpg) where (o;0) = ap, Then L(M1) = A, or equivalently, M1 recognizes A

()=, (20)=q, ()=

L | - |
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Another example

—

L

Consider the nite automaton M3 in Figure 11

0 1

/\'Vl\u/\o

— 0 Q@
K—"

Figure 5: State diagram of the ®nite automaton Ms

Note: M 3 is similar to M, except for the location of the accept state
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X ]

X ]

Note
]

State diagram of M, and its formal description contain
the same information, in different form

A good way of understanding any machine is to try it on
some sample input string

Use this method to discover the language of M5,
L(M2) = fwjwendsinalg

]
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Example 1.4

Consider the v e-state machine M4, Figure 6

| @ .~
RIS
»qZ ra

Figure 6: Finite automaton M4

N

]
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X ]

Observations
]

As usual, M3 accepts all strings that leave it in an
accept state when it has consumed the input

Because M3's start state is also accept state, M3
accepts the empty string : as soon as M3 begins the
reading of itis at the end, so it accepts it

In addition to , M3 accepts any string that ends in 0

L(M3) = fwjw is the empty string or ends in Og

]
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L

Mor e obsewations
]

# Once M4 goes to the left or to the right it can never
return to the start state

# |Ifthe rst symbol in the string is a then it goes to the left
and accept when the strings ends with an a

# Ifthe rst symbol in the string is bthen it goes to the
right and accept when the strings ends with a b

In conclusion:

L(My) = fwjw = axag[ fwjw = bybg for x;y 2

]
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Observations

N

°

M4 has two accept states, qg and r1
® M, operates over the alphabet = fa;bg

# Some experimentation with M4 shows that it accepts
strings asa, b, aa, bb, bab and does not accept
strings as ab, ba, bbba

# M, begins in state s and after it reads the rst symbol in
the input it either goes to the left to g states or to the
right to r states

]
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Running M5
N

#® M5 keeps a running count of the sum of the numerical
input symbols it reads, modulo 3.

# The three states of the automaton correspond to the
three numbers 0,1,2, the sum could ever be

# Every time the automaton receives the RESETi symbol
it resets the count to 0 while moving to state ¢

# Ms accepts if the sum is 0 modulo 3, i.e., if the sum is a
multiple of 3.

]

Computation Theory — p.36/148

—

Example 1.5
.

The state diagram in Figure [7 shows the machine M5 which
has a four-symbol input alphabet, = fhRESETI;0;1;2g
where RRESETi is treated as a single symbol

0

N

o3

2, RESETI 1
1 2
0
o;hRESETi(|§6 2

2
- =
P 1, FRESETi i

Figure 7: Finite automaton M5

]
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Example 1.6
N

Consider a generalization of the Example 1.5 using the
same four symbol alphabet

® Foreachi OletA; be the language of all strings
where the sum of the numbers making up the input is a
multiple of i, except that the sum is reset to 0 whenever
a symbol RESETi appears

® For each Aj we construct a nite automaton Bj
recognizing A;

]
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Limitation of statediagrams
N

# |[tis not always possible to describe a nite automaton
using a state diagram

# That may occur when the diagram would be too big to
draw, or if, as in the Example 1.5, the description
depends on some unspeci ed parameter

#® In these cases one needs to resort to a formal
description to specify the machine

]
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Computation model
|

# The model of computation considered so far is the work
performed by a nite automaton

# Finite automata were described informally, using state
diagrams, and formally, as a 5-tuple

# Informal description is easier to grasp rst, but the
formal de nition is useful for making this notion precise,
resolving any ambiguities that may occur in formal
description

]
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The automaton B;
-

The machine B; is described formally as follows:
Bi = (Qi; ; i;00;fapg) where

K ] =f0;1,2,hRESETIg

® isdesignedsothatforeachj,0 j i 1,ifB; isin the state g
then the running sum is j modulo i. For each ¢ we set:

i(G:0) = g

i(g;1) = o;k=j+ 1moduloi

i(4;2) = ack=j+ 2moduloi
i(g;RESETI) = o

]
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L

Inter pretation
N

# Condition (1) says that the machine starts its
computation in the start state

# Condition (2) says that the machine goes from state to
state according to its transition function

# Condition (3) says that the machine accepts its input if it
ends up in an accept state

Can you translate interpretation into the computation per-

formed by a program?

]
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Formal de nition of computation
N

LetM = (Q; ; ;o;F) be a nite automaton and
W = WiWz:::Wp be a string over

in Q such that the following hold:

1. o=
2. (ri;wis1) =rjsg fori=0;1;:::;n 1
3.\ 2F

]
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Note
]

We say that a machine M recognizes the language A if
A = fwjM acceptswg

How is this interpreted in terms of a program execution?

]
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Translation

- B

A program behaves like a nite automaton:

# |ts start state is a function mapping program variables
to their initial values

# Program execution goes from state to state by
transitions performed according to program control ow

# The language of this machine is the class of problems
solved by program execution

Note: program computation differs from FA computation because its states

may be potential in®nite and program can run forever

]

Computation Theory — p.43/148




—

Example computation
N

Take the machine Ms from Example 1.5 and
w = 10hRESETi22hRESETIi012

Ms accepts w according to the formal de nition of
computation because the sequence of states it enters when
computing on w is

Go; G1; Gus Go; ;s Qi Gos, Gos Qs Co-

® ( is the ®rst state by de®nition

® (0:1)= 0, (Q:0)= ), (wMRESETI)= 0

® (2=, (@2)= o (@;RESETI)= g

® (0= (D=0, (1;2)=o

]
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Regular language

De nition 1.7 A language is called regular language if some

nite automaton recognizes it

|

]
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Designing nite automata
N

# Whether it be of automaton or artwork, design is a
creative process

# Consequently it cannot be reduced to a simple recipe or
formula

# However, for a given design task one can nd a
particular approach useful; here we consider a useful
approach for designing various types of automata

]
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The languageL (M5)

L(Ms) = fwj the sum of the symbols in w is 0 modulo 3,
except that RESETi resets the count to Og

Since M5 is a nite automaton L(Ms) is a regular language

N

]
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Suppose that you are given some language and want to
design a nite automaton that recognizes it

Using the approach
N

Remember: a language is a set of strings over a given alpha-

]
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The approach

Be yourself the machine you are trying to design!

N

As the machine you try to design, answer the question:
how would you go about performing the machine's task?

Pretending that you are the machine is a psychological
trick that helps engage your whole mind in the design

process

]
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Making decisions

In order to make decisions, you have to gure out what T
you need to remember about string as you are reading it

Bear in mind that as you are pretending to be a nite
automaton, you have a nite number of states and thus
a nite memory, say a single sheet of paper

Fortunately, you don't need to remember entire input,
you only need to remember certain crucial information

]
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Pretendingto be the automaton

Pretending that you are the automaton, you receive an

N

input string and must determine whether it belongs to

the language

You got to see the symbols in the string one by one.
After each symbols you must decide whether the string
seen so far is in the language.

The reason is that you, like the machine, don't know
when the end of the string is comings; so you must
always be ready with the answer.

]
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Example design
|

= f0; 1g and the language consists of all strings

—

Suppose
with an odd number of 1s. You want to construct a nite

automaton E to recognize this language

L |
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Note
B

Which information is crucial depends on the particular lan-

—

guage considered

L |
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Constructing transitions

- B

To construct transitions you need to observe the way of
going between possibilities while reading the input
Example: the transition to ip state on a 1 and stay put on 0
is shown in Figure 9

fr

Codd

I

1
D .
Ceven 1

Figure 9: Adding the start and accept state

L |
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Constructing the states
N N

Start getting an input string of Os and 1s symbol by
symbol

Remember whether the number of 1s seen so far is
even or odd;

Represent the information you need as a nite list: (1)
even so far, (2) odd so far

Assign a state to each possibility, Figure 8

Qeven Codd

Figure 8: The two states Geven aNd Qg

L |
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The result
]

The result of the example considered above is in Figure 10

fr

Godd

0
1
Mo A
——Ceven \gl/

Figure 10: Adding the start and accept state

]
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Start stateand nal states

Set the start state to the state corresponding to the T
possibility associated with having seen 0 symbols so far
(i.e., the empty string )

In our example this correspond t0 geyen

Set the accept states to be those corresponding to
possibilities where you want to accept the input

In our example this is the set f gyqq0

]
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Pretendingto be E,
N

If you come to a 0, then you note that you may have just seen the ®rst
of the three symbols in the pattern 001

As symbols come in, you would initially skip over all 1s

If after the ®rst 0 you see a 1, then there were too few 0s so you back
to skipping over 1s

If after the ®rst 0 you see another 0 then you should remember that
you have seen two symbols of the pattern

Once you have seen two symbols of the pattern you need to scan the
input until you see a 1; if you ®nd it, remember that you succeeded to
®nd the pattern and continue skipping all symbols to the end

L |
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Example 1.9

This example shows how to design a nite automaton E» toT
recognize the regular language of all strings over the
alphabet = f0;1gthat contain the string 001as a substring

Example:
strings 0010, 1001, 001, 11111110011111 are inthatlanguage
strings 11, 000, 110111 are notin that language

]
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Designingstatesand transitions
N

In state g: while reading 1 remain in g, but reading 0 you
move to g

Assign the states q; go; 0oo; Goo1 to the four possibilities

In state q: reading 0 you transit to gyo but reading 1 you
transit to q

In state qyo: reading 1 you move to gpo1 While reading 0
you remain in state gpo

In state qyo1: Whatever you read remain in gooz.

]
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The list of possibilities

1. Haven't see any symbol of the pattern
2. Have just seena 0

3. Have just seen 00

4. Have seen the entire pattern 001

]
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Intr oduction
]

Once automata and computation have been de ned,
their properties need be studied

This requires appropriate tools and technique which we
initiate here

We also need tools and techniques for studying
non-regular languages, i.e., languages which are
beyond the capability of nite automata

]
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Star and nal states
]

Start state is q
The only accept state is qpo1

The result is in Figure 11

1 0 01
Mo 2 M2 M2
— q \Ll/ Go o Goo Goo1

Figure 11: Accepting strings containing 001

]
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Let A and B be languages. We de ne regular operations
union, concatenation, and star as follows:

De nition 1.10
]

Union: A[ B =1fxjs2 A_x2Bg
Concatenation: A B = fxyjx2 Ay 2 Bg

Contrast
]

In Arithmetic, the basic objects are numbers and the
tools are operations for number manipulation, such as
+

In Theory of Computation the objects are languages
and the tools for language manipulation are speci cally

Star: A = fxixa:iixgjk 0N x;2A;1 0 kg designed
The three common operations on languages, called
regular operations are union, [ , concatenation, , and
star, ?.
Observations Question

Union is the usual operation on sets T

Concatenation is a little trickier; it attaches a string from
A in front of a string from B in all possible ways to get
strings from A B

Star operation is different; it applies to one language,
i.e., it is unary rather then binary. Star works by
attaching any number of strings in A together to get
strings in A

]
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N

A[ B,A B and A arelanguages

Consequently A[ B,A B and A are sets of strings
over some alphabets

What are these alphabets?

]
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Example1.11

- B

Let
then:

= fa;b;:::;zg. If A = fgood;bady and B = fboy; gir Ig,

A [ B = fgood;bad;boy; gir Ig
A B = fgoodboygoodgr I; badboybadgr Ig

A = f ; goobbad;goodgod;goodbadbadgod;badbad,;
goodgpodgrod;goodgodbadgoodbad@od;goodbadbad;: :g

]
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Note

Because “any number" includes 0, 2 A ,

no matter what A is.

]
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Nondeterminism
]

Nondeterminism is a useful concept that has a great
impact on the theory of computation

So far in our discussion, every step of an FA
computation follows in a unique way from the preceding
step: when the machine is in a given state and reads next input
symbol we know what the next state will be

We call this a deterministic computation. In a
nondeterministic computation, choices may exist for the
next state at any point

]
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Closedset
]

IfAisasetandf : A A! Aistotal, ie.,

8a;b2 A[f (a;b) 2 A] then we say that A is closed under f
Example: consider N = f1;2;3;:::gand ;=:N N!
number multiplication and =is number division.

N where is

Since multiplication of natural numbers is total (i.e., over all de®ned)
N is closed under

Since the division of two natural numbers is not always a natural
number, for example 1=2 62N , N is not closed under division

]
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DFA versusNFA
]

The difference between a deterministic nite
automaton, DFA, and a nondeterministic nite
automaton, NFA, is immediately apparent:

Every state of DFA always has exactly one exiting transition arrow
for each symbol in the alphabet; NFA violates this rule Example:
state ¢ in Figure 19.

In an NFA a state may have zero, one, or many exiting
arrows for each symbol of the alphabet.

L |
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How doesit occur?
]

Nondeterminism is a generalization of determinism;
hence, every DFA is a nondeterministic nite
automaton, NFA.

However, an NFA may have additional features, as N1 in
Figure 19 shows

01 01
Mo Mo
=g -2 0 g L g

Figure 12: Nondeterministic Finite Automaton N,

]
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How doesan NFA compute?

- B

Look at NFA N; in Figure 19 acting on an input:

If N1 is in state g; and the input symbol is 1 the machine split into
multiple copies of itself and follows all the possibilities in parallel

Each copy of the machine takes one of the possible ways to proceed
and continues as before

If there are subsequent choices, the machine splits again

If the next input symbol does not appear on any of the arrows exiting
the state occupied by a copy of the machine, that copy dies along
with the branch of computation associated with it

If any one of these copies of the machine is in an accept state at the
end of the input, the NFA accepts the input; otherwise it rejects the
input

L |
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Mor e differ ences
|

In a DFA, labels on the transition arrows are symbols of
the alphabet;

An NFA may have its arrows labeled with symbols of the
alphabet or

Zero, one, or many arrows may exit from each state
with the label

]
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Observations
]

Hence, nondeterminism may be seen as a kind of
parallel computation wherein several “processes” can
run concurrently

If at least one of these processes accepts then the
entire computation accepts.

]
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Note
]

If a state with an symbol on an exiting arrow is
encountered, the machine split into multiple copies
without reading any input

Each copy follows the exiting labeled arrow, as the
one staying to the current state.

Then the machine proceeds nondeterministically as
before

L |
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Comparison of DFA and NFA
N

DFA computation NFA computation

start stat
P r @r
P r__|@r @r
P or @r
P r @r
? reject ‘?
P i
P P
accept or reject accept

Figure 13: Deterministic and nondeterministic computations

]
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Treecomputation

- B

Another way to think of a nondeterministic computation is
as a tree of possibilities

The root of the tree corresponds to the start of the
computation

Every branching point in the tree corresponds to a point
in the computation at which the machine has multiple
choices

The machine accepts if at least one of the computation
branches ends in an accept state as shown in Figure 13

L |
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L

Examplerun, continuation

When the fourth symbol, 1, is read there are tokens on q; and gs.
Thus, split the token on g keeping it on g and g and move the token
on gz on ¢y; since there is an arrow leaving g split the token on g
to gz too. Now there are tokens on each state.

When ®fth symbol, 1, is read the tokens on g and g result in tokens
on gi, & Gz and qu. The previous token on ¢, is removed and the
token previously on g, stays on qu

Note: there are two valid tokens on g. Remove one of them because we
only need to remember that q, is a possible state at this point, not that it is

possible for multiple reasons

]

Computation Theory — p.82/148

N

—

On input 010110 startin g and read O

Examplerun of N
N

There is only one place to go on 0: back to g;

Next, read the symbol 1. There are two choices: either stay in g, or
move to ¢p. Keep track of possibilities by placing a token on each
state where machine can be, i.e., tokens are on g; and ¢

An arrow exits ¢z, so the machine splits again: keep on token on g
and move the other to gz

When the third symbol, 0, is read take each token in turn: keep token
on ¢ in place, move the token from ¢, to ¢z, and remove the previous
token from gz. The last token had no 0 arrow to follow and the
corresponding process dies.

]
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L

Computation of N1 0N o110

Symbol read (ﬂ Start
0 b
a
H
1 _ b Hy
a o qu;
0 b b
a o
1 I .
a o %qk %QL
1 & . bk b
a qbr%qk o o
0 P b b :
a d g o?

Figure 14: The computation of N; on 010110

]
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Examplerun, continuation
|

When the sixth symbol, O is read, keep the token on q; in place, move
the token from ¢, to gz, remove previous token from gz, and leave the
token on g4 on g

Now the end of the input is detected, since g, has a token and it is
®nal, the input is accepted. The computation performed in shown in
Figure 14

]
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Why nondeterministic automata
Every NFA can be converted into an equivalent DFA T

Constructing NFA is sometimes easier than
constructing DFA

An NFA may be much smaller than a DFA that performs
the same task

NFA provides good introduction to nondeterminism in
more powerful computational models

]
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Note
]

N1 rejects the string 010, as can be seen on Figure 14

By performing other similar experiments we can see
that N1 accepts all strings that contain either 101 or 11
as substrings

]
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Note
]

N2 stays in qu until it “guess” that it is three places from
the end

When it is three places from the end, ifitreads a 1
symbol, it branches to g and then uses ¢z and o to
check if its “guess” was correct.

]
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Example1.14
N

Let A be the language consisting of all strings over f 0; 1g
containing a 1 in the third position from the end. Example:
0001002 A but 0011 62A

The NFA N3 in Figure 15 recognizes this language

0,1

A? 1

S g 0 g O g

Figure 15: The NFA N, recognizing A

]
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The DFA D>

0
Mo e
- 0
~— Gooo Q100 : Go10 Qi10
1L 1 % o B
Goo1 o1 + 1‘ Go11 L Qui1 >1
W

Figure 16: DFA D, equivalent to NFA N

]
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A DFA equivalentto N 2
N

As we mentioned earlier, every NFA can be converted
into an equivalent DFA

Sometimes that DFA may have many more states.

The smallest DFA, D5, equivalent to N, in Figure 16,
contains 8

Note: while understanding the functionality of N, is easy,
the functionality of D, is more dif cult to understand

]
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The use transitions
]

The NFA N3 in Figure 17 has a unary input alphabet,
f0g

N3 demonstrates the use of transition for the
construction of an NFA that accepts all strings of the
form OX where k is a multiple of 2 or 3.

Example: , 00, 000, 000000 are accepted by N3 but O,
00000 are rejected

]
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Problem
]

Suppose that we added to the labels on the arrows going
from o to gz and from gz to ¢4 in machine N, Figure 15. In
other words, both arrows would have the label , 0, 1

1. What language would the new N, recognize?

2. Modify the DFA D in Figure 16 to recognize the same
language.

]
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Note
]

N3 illustrates a machine operating by initially guessing
whether to test one case or another (multiple of 2 or
multiple of 3) by branching into either one loop or
another and then checking whether it was correct

If incorrect the machine reject, if one or both cases are
correct, the machine accepts

We may try to construct a DFA for this job, but the N3 is
much simpler to understand

]
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The NFA N3
o B

— T~
h\o_/l

- j
0
% n

00
j
Figure 17: The NFA N3

]
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The NFA Ny4
B

7
(o}
_ a
X =
<Q2 @b . (o]

Figure 18: The NFA N4

]
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A working example
N

This example will be used to illustrate the procedure for the
conversionNFA! DFA

The NFA N4 to be used to illustrate this procedure is in
Figure 20.

N4 accepts strings , a, baba,
strings b, bb, babba, etc.

baa, etc., but does not accept

]
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—

For any alphabet , =

Notation

[fg

]
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A comment rst
]

The formal de nition of an NFA is similar to that of a
DFA. Both have states, an alphabet, transition function,
one start state, and a collection of accept states

They differ in one essential way: the transition functions

In a DFA transition functionis : Q I Q;

Inan NFAitis :Q ( [fg! P(Q

where P (Q) is the collection of subsets of Q called the
power set of Q

]

Computation Theory — p.97/148

—

Recall the NFA N1, Figure 19:

Example 1.8
N

0,1 0,1
Mo Mo
=g -2 0 g L g

Figure 19: Nondeterministic Finite Automaton N,

]
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—

(Q
1

2
3
4
5

A nondeterministic nite automaton is a 5-tuple

De nition 1.17
]

, 5 1; F) where
. Q is a ®nite set of states
is a ®nite alphabet
'Q !
. o 2 Q is the start state

P (Q) is the transition function

. F Qs the set of accept states

]
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Computation performed by an NFA

- .

LetN = (Q; ; ;o;F) be an NFA and w a string over . We
say that N accepts w if we can write w as w = y1y2:::¥m,

vi2 ,1 i m,andasequence of statesro;rq;:::;rm
exists in Q such that:

l.ro=

2. ri+1 2 (ri;yi«1), fori=0;1;:::;m 1

3. rm2F

L |
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The formal de nition of N4

- B

Ni=(Q; ; ;m;F) where:
1. Q= foi; ;B ky
2. =f01g

3. isgivenin the table:

0 1
o | fg foniceg
® | fag ; fsg
¢ faug
o | fag faug

L 4. q is the start set; 5. F = fug J

Computation Theory — p.101/148

An important property

n B

Any NFA N can be converted to an equivalent NFA N that
has a single accept state

Proof: by construction. Let N = (Q;
N°=(Q% % %qd;F9 where:

; 1 0o; F) be any NFA. Then

1. Q%= Q[ fau.gwhere g, is a new state
2. 0=
3. &=
4 8
o(q.a)_< (g a); ifa6 orq62F;
’ b (qa)[ faag, ifa= andq2F.
5. FO= faug

L |

Computation Theory — p.104/148

Inter pretation
| N

Condition 1 says that the machine starts its
computation in the start state

Condition 2 says that state rj+1 is one of the allowable
new states when N is in state r;j and reads yj+1. Note
that (ri;yi+1) is a set

Condition 3 says that the machine accepts the input if
the last state is in the accept state set.

L |
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—

Theorem1.19
]

Every nondeterministic automation has an equivalent
deterministic nite automaton

Proof idea: Convert NFA recognizing a language into a DFA

that recognizes the same language by simulating the NFA

]
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—

Equivalenceof NFA and DFA
|

DFAs and NFAs recognize the same class of languages

This equivalence is both surprising and useful

1. Itis surprising because NFAs appears to have more power than
DFA, so we might expect that NFA recognizes more languages

2. ltis useful because describing an NFA for a given language
sometimes is much easier than describing a DFA

]
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Note
]

In the examples of NFA we kept track of various
branches of the computation by placing tokens on each
state that could be activated at given points in the input

Tokens were updated by moving, adding, and removing
them according to the way NFA operates

Hence, all we needed to keep track of was the set of states

with tokens on them.

]
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Mor e on proofidea
N

The approach is to pretend to be an DFA simulating an
NFA. Questions to be answered:

How would you simulate an NFA if you were pretending to be a DFA?

What does one need to keep track of as the input is processed?

]
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The formal proof
|

LetN = (Q; ; ;q;F) be the NFA recognizing the language
A. We construct the DFA M recognizing A. Before doing the
full construction, consider rst the easier case when N has

no transitions.

]
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Conclusion
An NFA with k states has 2% subsets of states T

Each subset correspond to one of the possibilities that
DFA must remember. So, the DFA simulating an NFA

with k states has 2% states

The only thing we need now is to gure out which are
the start state, the accept states, and transition function

]
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Considerthe transitions
]

Notation: for any R 2 Q%°de ne E(R) to be the collection of
states that can be reached from R by going only along
transitions, including the members of R themselves.
Formally:

E(R)=R[fq2Qj9r 2R" (r; )= a9

Note: any g2 E(R) can be reached from R by traveling along

0 or more arrows.

]
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. Q%= P(Q); every state of M is a set of states of N
. ForR2 Q%nda2 let

Constructing m = @ ; eg:r9
N

YR;a) = fq2 Qjg2 (r;a)for somer 2 Rg
Note: YR;a) = [;2r (r;a)

. @9 = fopg; M starts computing in the same state as N

. F9= fR 2 QYR contains an acceptstate of Ng

that is, the machine M accepts if one of the possible states that N
could be in at this point is an accept state

]
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Note
-

M thus constructed obviously simulates N T

At every step in the computation of M it clearly enters a
state that corresponds to the subset of states that N
could be in at that point

]
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Modi cations

N

Modify °to place additional tokens on all states that
can be reached by going along arrows after every
step. This effect is achieved by replacing (r;a) by
E( (r;a)) in de nition of © Thatis

0= fgq2 Qjg2 E( (r;a)) for somer 2 Rg

Modify the start state of M to put tokens initially on all
states that can be reached from ¢y along transitions,

i.e., g = E(fopg)

]
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Corollary 1.20

- B

A language is regular iff some NFA recognizes it

Proof:

If a language A is recognized by an NFA then A is
recognized by the DFA equivalent, hence, A is regular

If a language A is regular, it means that it is recognized
by a DFA. But any DFA is also an NFA hence, the
language is recognized by an NFA

]
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—

Conclusion

|

Since every NFA can be converted into a DFA by the proce-
dure discussed above, NFA provides an alternative way of

characterizing regular sets

]
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Formal description of N4

N4 = (f1;2;3g;fa;bg; ;1;f1g) where is given in the table:

‘ a b
1 ; f2g f3g
2| f2,3g f3g
3| flg

N

]
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Example conversion NFA to DFA
N

Consider the NFA N4 described in Figure 20:

a =
<2—a’b - 3

Figure 20: The NFA N4

]
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—

Transition function

0: P(Q) I P(Q), where for each °2 P(Q) and x 2

we have 4q®x) 2 P(Q)

N

]
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Construction of o, = @ fatg g F9

N

Since N4's set of states is Q = f1;2;3g
Q%= f; ;f1g;f2g;f3g;f1;2g;f1;3g;f2; 3g;f1; 2399

The start state of Q® the set of states reachable from 1
(the start state of Ny) traveling by : E(f1g) = f1;3g

The accept state of Q% are those states of QVthat
contain the accept states of Q: i.e.,
FO= ff 1g;f1;2g;f1;3g;f1;2; 3gg

]
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Putting all together
|

Figure 21 shows the resulting DFA D4 equivalent to NFA N4

a,b
< AT g —R f2g af 1; 2gu
5 =9 la
b a,b
a
b b ° 1/1% 2
AN
13 —2fL;3g>a 2,3 © f1;2; 30
N~ 7 i~
b b

Figure 21: DFA D4 equivalent to NFA N4

]
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Constructing D 4 stransitions

State ;: goesto; onbotha;b ie., {;;a)= ;b =;
State f1g: goesto; onaandtof2gonb

State f2g: goestof2;3gonaandtof3gonb

State f1;2g: goestof2;3gonaandtof2;3gonb

And so on, for each state

N

]
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Application of NFA
N

Now we use the NFA to show that collection of regular
languages is closed under regular operations union,
concatenation, and star

Earlier we have shown this closure for union using a
Cartesian product of DFA

For uniformity reason we reconstruct that proof using
NFA

]
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—

Simplifying D4

The automaton D4 may be simpli ed by observing that no
arrows point at the states f 1g and f 1, 29. Removing these
states we obtain the automaton in Figure 22

2 b
A AT
= f1,3g v—— f3g — : I
b b 60 a
? a m:&
i f2g ——— f2;3g 1 nf1;2;3gn
N

Figure 22: The simpli®ed version of Dy

N

]
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An NFA recognizingA1[ A
N

N
NH_ g
Jh | h
e h e h
e e
e e
— ]
N h S=1oh
eeh e h
h e h
e e

Figure 23: Construction of N to recognize A1 [ A;

]
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L

—

Theorem1.22
]

The class of regular languages is closed under the union
operation

Proof idea:

Let regular languages A; and A, be recognized by NFA N; and N,
respectively

To show that A; [ A; is regular we will construct an NFA N that
recognizes A1 [ Az

N must accept its input if either N; or N, accepts its input. Hence, N
must have a new state that will allow it to guess nondeterministically
which of N1 or N, accepts it

Guessing is implemented by transitions from the new state to the
start states of N; and N2, as seen in Figure 23

]
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Construction procedure
N

. Q=fogpg[ Q1 Q2: Thatis, the states of N are all states on N; and
N> with the addition of a new state ¢

2. The start state of N is g

3. The accept states of N are F = F; [ F;: That is, the accept states of
N are all the accept states of N; and N

4. De®ne sothatforanyg2 Q andanya?2

8
% (g a); ifg2 Q1

. 2ga); ifg2 Q2

(q,a)— 1.2 .
gfoo;oog; ifq= g anda=
" ifg= gandaé

]
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Proof
]

LetN1= (Q1; ; 1,08;F1), and
N2= (Qz ; 2:G8:F2)
Construct N = (Q;

following procedure:

; ;qp; F) to recognize A1 [ A2 using the

]
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Theorem1.23
]

The class of regular languages is closed under
concatenation operation

Proof idea: Assume two regular languages, A1 and A, rec-
ognized by NFAs N; and N3, respectively. Construct N as
suggested in Figure 24

]
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Application
N

Consider the alphabet = f0; 1g and the languages:
A = fwjw begns with 1 and endswith Og

B = fwjw contains at least thr ee 1g

C=fwjw=x010ly;x;y2 g

D = fwjw doesnot contain the substring 110y

Use the construction given in the proof of theorem 1.22 to
give the state diagrams recognizing the languages A [ B
andC[ D.

]
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Construction procedure
.

Combine N1 and N5 into a new automaton N that starts
in the start state of N1

Add transitions from the accept states of N1 to the
start state of N,

Set accept states of N to be the accept states on N

]
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L

Construction of NFA N
]

N1 N2
e h ee h
= h -]
e e h eeh
N
e J:Pglﬁ.ee h
-+ J 1 h
e e | ee

Figure 24: Construction of N to recognize A; As

]
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Construction procedure
N

1. Q= Qi[ Q2. The states of N are all states of N; and N,
2. The start state is the state g of N4
3. The accept states is the set F, of the accept states of N,
4. De®ne sothatforanyg2 Q andany a?2
8
% 1(q;a); ifg2 Q; and q62F;
1(q; a); ifg2 Fpand a6
(Ga) = o
§ (ga)[ fggg, ifg2 Fpanda=
2(q; a); ifq2 Q2.

]
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Proof

Let N7 = (Q1; ; 1;0;F1) recognize A; and
N2 = (Qz2 ; 2:05;F2) recognize A,.

Construct N = (Q; ; ;qd; F2) by the following procedure:

]
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—

Theorem1.24
]

The class of regular languages is closed under star
operation

Proof idea: we have a regular language A1, recognized by
the NFA N1 and want to prove that A, is also a regular
language.

The procedure to prove this theorem is by construction of
the NFA N that recognizes A, as shown in Figure 25

]
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L

Application
N

Consider the alphabet
A = fwjjwj 5g

B = fwjevery odd position of wis 1g
C = fwjw contains at least thr ee 1g
D=fg

= f0; 1g and the languages:

Use the construction given in the proof of theorem 1.23 to
give the state diagrams recognizing the languages A B and

C D where is concatenation operator.

]
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Mor e on the proofidea
N

N is like N1 with a new start state and an transition
from the new start state to g1

Since 2 A, the new start state is an accepts state

We add transitions from the previous accept states of
N1 to the start state of N1 allowing the machine to read
and recognize strings of the form w; wyg Where

]
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Procedure for the construction of N

N
N1
e N 6 e I
— 1 e —h =7 ¢
h g N

Figure 25: Construction of N to recognize A;

N

]
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w N

. Q= fogpg[ Qi;thatis, states of N are the states of N; plus a new

Construction procedure
N

state g

. Start state if N is ¢

F = fgg[ Fy;thatis, the accept states of N are the accept states of
N1 plus the new start state

De®ne so that for any g2Qanda?2

% 1(g; @);
1(g; @); ifq2 Fpandaé
(ga)[ fodg, ifg2 Fpanda=
%f ifgq= panda=
ifgq= pandaé

ifg2 Q1 and q62F;

(goa) =

]
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Proof

Let Ny = (Qu;
Construct N = (Q;

; 1,0; F1) recognize Aj.

;5 p; F) by the procedure:

N

]
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Closure under complementation
N

We show here that class of regular languages is closed
under complementation.

For that we will rst show that if M is a DFA that
recognizes a language B, swapping the accept and
non-accept states in M yields a new DFA that
recognizes the complement of B.

]
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Application
| N

Consider the alphabet = f0; 1g and the languages:
A = fwjw contains at least thr ee1sg

B = fwjw contains at leasttwo Os and at most one 1g

C=fg

Use the construction given in the proof of theorem 1.24 to
give the state diagrams recognizing the languages A , B
and C .

L |
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Conclusion
]

B has been an arbitrary regular language. Therefore,
our construction shows how to build an automaton to
recognize its complement

Hence, the complement of any regular language is also
regular

Consequently the class of regular languages is closed
under complementation

]
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Proof

- B

Let M °be the DFA M with accept and non-accept states swapped. We
will show that M ° recognizes the complement of B

1. Suppose M %accept x, i.e., if we run M %on x we end in an accept
state of M ©

2. Because M and M ° have swapped accept/non-accept states, if we
run M on x we would end in a non-accept state. Hence, x 62B

3. Similarly, if x is not accepted by M ©, it would be accepted by M

Consequently, M ° accepts those strings that are not accepted by M and

therefore M ° recognizes the complement of B..

L |
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Proof:
| ]

We prove the interesting property by constructing a
counter-example.

Consider the construction in Figure 26, where both
NFA-s, M and M © accept a

-— 4 —1 am
MB/ MB/

Figure 26: NFAs M and M °

L |
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Inter estingproperty
N N

If M is an NFA that recognizes language C, swapping its ac-
cept and non-accept states doesn't necessarily yield a new

NFA that recognizes the complement of C.

L |
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Closure under complementation
N N

The class of languages recognized by NFA is still
closed under complementation

This follows from the fact that the class of languages
recognized by NFAs is precisely the class of languages
recognized by DFA

The counter-example in Figure 26 shows the difference
between the process of computations performed by
DFAs and NFAs

L |
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Question
N ]

Is the class of languages recognized by NFAs closed under

complementation?

L |
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