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Computational models

The theory of computation should begin with the
question what is a computer?

Real computers are however quite complicated so it is
dif�cult to set up a manageable mathematical theory for
them

Instead we can use an idealized computer called
computational model in order to begin the theory of
computation
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Finite Automata

The simplest computational model is called a �nite state
machine or a �nite automaton

Before developing the mathematics of �nite automata
we will examine the usage of a concrete �nite
automaton: the air-conditioning controller.

States of the controller: on or off

There are two input conditions from the thermometer:
high , meaning that the room temperatrue is high

low , meaning that the room temperatrue is low
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Tabular Representation

The transition of the controller can also be represented by a
table whose lines are labeled by the states and whose
columns are labeled by the input, as seen in Table ??

Table 1: Controller's tabular representation
State/Input low high

off off on

on off on

Interpretation: T(state; input ) = N ewState
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Note

This controller is a computer that has just a single bit of
memory that is used to record the controller's state

Other similar devices need controllers with larger
memory. Example: a state of the controller of an elevator may
represent the �oor the elevator is on and the inputs may be signals
received from the bottoms

Controllers of various household appliances may be
more complex. However the methodology is the same:
they are all �nite automata
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Other applications:

Finite automata and their probabilistic counterparts,
Markov chain, are useful tools for pattern recognition
used in speech processing and optical character recognition

Markov chains have been used to model and predict
price changes in �nancial applications

Computation Theory – p.6/148

Generalizing the controller

All controllers of the applications mentioned above have
a common property: they are �nite automata

The mathematical theory of �nite automata must be
done in abstract, without reference to any particular
application

Hence, the concept of a �nite automaton, Figure 8,
without reference to application must be developed
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The concept
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Figure 1: The ®nite automaton M1
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Note

Figure 8 is the state diagram of the automaton M 1

The automaton M1 has three states labeled q1, q2, and
q3

The start state, q1, is indicated by an arrow pointing to it
from nowhere

The accept state, q2, is indicated by a double circle

The arrows going from one state to another are called
transitions
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How doesit work?

When the automaton receives an input string, such as
1101 , it processes that string and produces an output
which is either accept or reject

Processing begins in M1's start state
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Processingprocedure

The automaton receives the input symbols one by one
from left to right

After reading each symbol, M 1 moves from one state to
another along the transition that has that symbol as its
label

When M1 reads the last symbol of the input it produces
the output: accept if M1 is in an accept state, or reject if
M1 is not in an accept state
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Exampleprocessing

Examine the work produced by M 1, Figure 8, on the input 1101 :

1. M 1 starts in state q1;

2. M 1 reads 1 and follows transition from q1 to q2;

3. In state q2 M 1 reads next symbol 1 and follows transition from q2 to
q2;

4. Then M 1 reads next symbol, 0, and follows transition from q2 to q3

5. In state q3 M 1 reads 1 and follows transition to q3 to q2

6. In state q2 is input was consumed, q2 is an accept state and M 1

outputs accept
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Note

M1 accepts strings that end with 1; Why?

M1 accepts strings that end with an even number of 0-s
following the last symbol 1; Why?

M1 rejects all other strings

Q: can you describe the language consisting from all strings

accepted by M1?
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Other Applications

Other similar devices need controllers with larger
memory. Example: a state of the controller of an elevator may
represent the �oor the elevator is on and the inputs may be signals
received from the bottoms

Controllers of various household appliances may be
more complex. However the methodology is the same:
they are all �nite automata

Finite automata and their probabilistic counterparts,
Markov chain, are useful tools for pattern recognition
used in speech processing and optical character recognition

Markov chains have been used to model and predict
price changes in �nancial applications
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The Concept
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Figure 2: Finite automaton M 1

The start state, q1, is indicated by an arrow pointing to it
from nowhere

The accept state, q2, is indicated by a double circle

The arrows going from one state to another are called
transitions
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ProcessingProcedure

The automaton receives the input symbols one by one
from left to right

After reading each symbol, M 1 moves from one state to
another along the transition that has that symbol as its
label

When M1 reads the last symbol of the input it produces
the output: accept if M1 is in an accept state, or reject if
M1 is not in an accept state
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ExampleProcessing

Examine the work produced by M 1, Figure 8, on the input 1101 :

1. M 1 starts in state q1;

2. M 1 reads 1 and follows transition from q1 to q2;

3. In state q2 M 1 reads next symbol 1 and follows transition from q2 to
q2;

4. Then M 1 reads next symbol, 0, and follows transition from q2 to q3

5. In state q3 M 1 reads 1 and follows transition to q3 to q2

6. In state q2 is input was consumed, q2 is an accept state and M 1

outputs accept
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Note

M1 accepts strings that end with 1; Why?

M1 accepts strings that end with an even number of 0-s
following the last symbol 1; Why?

M1 rejects all other strings

Q: can you describe the language consisting from all strings

accepted by M1?
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Why a formal de�nition?

A formal de�nition is precise. It resolves any uncertainties
about what is allowed in a ®nite automaton such as the number of
accept states and number of transitions exiting from a state

A formal de�nition provides a notation; good notation
helps think and express thoughts clearly

Computation Theory – p.19/148

Parts of a �nite automaton

A set of states

Rules for going from one state to another depending
upon the input symbol

An input alphabet that indicates the allowed symbols

It has a start state

It has a set of accept states

A formal de�nition will state that a �nite automaton is a list

of this �v e components
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Note

In mathematical language a list of �v e elements is
called a 5-tuple, hence �nite automaton can be de�ned
ed as a 5-tuple

We can denote the transition rules by a function called
the transition function, � : States � Al phabet! States
Example: � (x; 0) = y
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Formal de�nition

A �nite automaton is a 5-tuple (Q; � ; � ; q0; F ) where:

1. Q is a �nite set called the states

2. � is a �nite set called the alphabet

3. � : Q � � ! Q is the transition function

4. q0 2 Q is the start state also called initial state

5. F � Q is the set of accept states, also called the �nal
states
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Note

Since the set F can be emptyset ; a �nite automaton
may have zero accept states

Since transitions are described by a function, the
function � speci�es exactly one next state for each
possible combination of state and input symbol
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Example �nite automaton

The automaton M1 have been de�ned by the transition
diagram in Figure 9
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Figure 3: The ®nite automaton M1
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Formalizing M1

M1 = (Q; � ; � ; q1; F ) where

1. Q = f q1; q2; q3g

2. � = f 0; 1g

3. � is described by the table:

� 0 1

q1 q1 q2

q2 q3 q2

q3 q2 q2

4. q1 is the start state

5. F = f q2g
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Languageof a machine

Since a �nite automaton is used here as the model of a
computer we also refer to a �nite automaton as a “machine"

If A is the set of all strings that a machine M accepts,
we say that A is the language of the machine M and
write L(M ) = A.

Because the term accept has a different meaning when
we refer to machines accepting strings and machines
accepting languages, we prefer the term recognize for
languages in order to avoid confusion
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Consequences

A machine may accept several strings, but it always
recognizes only one language

If a machine accepts no strings, it still recognizes one
language, namely the empty language ;

Language recognized by machine M 1 is:
A = f wj w contains at least one 1 and an even number of 0s follow the last 1g

Then L(M1) = A, or equivalently, M 1 recognizes A
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Machine M2

The state diagram in Figure 10 describes a machine M2
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Figure 4: State diagram of the ®nite automaton M2

Formally, M2 = (f q1; q2g; f 0; 1g; � ; q1; f q2g) where � (q1; 0) = q1,

� (q1; 1) = q2,� (q2; 0) = q1,� (q2; 1) = q2
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Note

State diagram of M2 and its formal description contain
the same information, in different form

A good way of understanding any machine is to try it on
some sample input string

Use this method to discover the language of M 2,
L(M2) = f wj w ends in a 1g
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Another example

Consider the �nite automaton M 3 in Figure 11
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Figure 5: State diagram of the ®nite automaton M3

Note: M 3 is similar to M 2, except for the location of the accept state
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Observations

As usual, M3 accepts all strings that leave it in an
accept state when it has consumed the input

Because M3's start state is also accept state, M 3
accepts the empty string � : as soon as M 3 begins the
reading of � it is at the end, so it accepts it

In addition to � , M3 accepts any string that ends in 0

L(M 3) = f wjw is the empty string � or ends in 0g
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Example1.4

Consider the �v e-state machine M 4, Figure 6
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Figure 6: Finite automaton M 4
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Observations

M4 has two accept states, q1 and r1

M4 operates over the alphabet � = f a;bg

Some experimentation with M 4 shows that it accepts
strings as a, b, aa, bb, bab and does not accept
strings as ab, ba, bbba

M4 begins in state s and after it reads the �rst symbol in
the input it either goes to the left to q states or to the
right to r states
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Mor eobservations

Once M4 goes to the left or to the right it can never
return to the start state

If the �rst symbol in the string is a then it goes to the left
and accept when the strings ends with an a

If the �rst symbol in the string is b then it goes to the
right and accept when the strings ends with a b

In conclusion:

L(M 4) = f wjw = axag [ f wjw = bybg for x; y 2 � �
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Example1.5

The state diagram in Figure 7 shows the machine M5 which
has a four-symbol input alphabet, � = fhRESETi ; 0; 1; 2g
where hRESETi is treated as a single symbol
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Figure 7: Finite automaton M 5
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Running M5

M5 keeps a running count of the sum of the numerical
input symbols it reads, modulo 3.

The three states of the automaton correspond to the
three numbers 0,1,2, the sum could ever be

Every time the automaton receives the hRESETi symbol
it resets the count to 0 while moving to state q0

M5 accepts if the sum is 0 modulo 3, i.e., if the sum is a
multiple of 3.
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Limitation of statediagrams

It is not always possible to describe a �nite automaton
using a state diagram

That may occur when the diagram would be too big to
draw, or if, as in the Example 1.5, the description
depends on some unspeci�ed parameter

In these cases one needs to resort to a formal
description to specify the machine
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Example1.6

Consider a generalization of the Example 1.5 using the
same four symbol alphabet �

For each i � 0 let Ai be the language of all strings
where the sum of the numbers making up the input is a
multiple of i , except that the sum is reset to 0 whenever
a symbol hRESETi appears

For each Ai we construct a �nite automaton Bi
recognizing Ai
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The automatonBi

The machine Bi is described formally as follows:
Bi = (Qi ; � ; � i ; q0; f q0g) where

Qi = f q0; q1; : : : ; qi � 1g

� = f 0; 1; 2; hRESETig

� i is designed so that for each j , 0 � j � i � 1, if B i is in the state qj

then the running sum is j modulo i . For each qj we set:

� i (qj ; 0) = qj

� i (qj ; 1) = qk ; k = j + 1 modulo i

� i (qj ; 2) = qk ; k = j + 2 modulo i

� i (qj ; hRESETi ) = q0
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Computation model

The model of computation considered so far is the work
performed by a �nite automaton

Finite automata were described informally, using state
diagrams, and formally, as a 5-tuple

Informal description is easier to grasp �rst, but the
formal de�nition is useful for making this notion precise,
resolving any ambiguities that may occur in formal
description
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Formal de�nition of computation

Let M = (Q; � ; � ; q0; F ) be a �nite automaton and
w = w1w2 : : : wn be a string over �

Then M accepts w if a sequence of states r0; r1; : : : ; rn exist
in Q such that the following hold:

1. r 0 = q0

2. � (r i ; wi +1 ) = r i +1 for i = 0; 1; : : : ; n � 1

3. r n 2 F
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Inter pretation

Condition (1) says that the machine starts its
computation in the start state

Condition (2) says that the machine goes from state to
state according to its transition function �

Condition (3) says that the machine accepts its input if it
ends up in an accept state

Can you translate interpretation into the computation per-

formed by a program?
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Translation

A program behaves like a �nite automaton:

Its start state is a function mapping program variables
to their initial values

Program execution goes from state to state by
transitions performed according to program control ¯ow

The language of this machine is the class of problems
solved by program execution

Note: program computation differs from FA computation because its states

may be potential in®nite and program can run forever
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Note

We say that a machine M recognizes the language A if
A = f wjM acceptswg

How is this interpreted in terms of a program execution?
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Regular language

De�nition 1.7 A language is called regular language if some

�nite automaton recognizes it
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Examplecomputation

Take the machine M5 from Example 1.5 and
w = 10hRESETi 22hRESETi 012

M5 accepts w according to the formal de�nition of
computation because the sequence of states it enters when
computing on w is
q0; q1; q1; q0; q2; q1; q0; q0; q1; q0:

q0 is the ®rst state by de®nition

� (q0; 1) = q1,� (q1; 0) = q1), � (q1; hRESETi ) = q0

� (q0; 2) = q2, � (q2; 2) = q1,� (q1; hRESETi ) = q0

� (q0; 0) = q0,� (q0; 1) = q1,� (q1; 2) = q0
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The languageL(M5)

L(M5) = f wj the sum of the symbols in w is 0 modulo 3,
except that hRESETi resets the count to 0g

Since M5 is a �nite automaton L(M 5) is a regular language
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Designing�nite automata

Whether it be of automaton or artwork, design is a
creative process

Consequently it cannot be reduced to a simple recipe or
formula

However, for a given design task one can �nd a
particular approach useful; here we consider a useful
approach for designing various types of automata
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The approach

Be yourself the machine you are trying to design!

As the machine you try to design, answer the question:
how would you go about performing the machine's task?

Pretending that you are the machine is a psychological
trick that helps engage your whole mind in the design
process
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Using the approach

Suppose that you are given some language and want to
design a �nite automaton that recognizes it

Remember: a language is a set of strings over a given alpha-

bet!
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Pretendingto be the automaton

Pretending that you are the automaton, you receive an
input string and must determine whether it belongs to
the language

You got to see the symbols in the string one by one.
After each symbols you must decide whether the string
seen so far is in the language.

The reason is that you, like the machine, don't know
when the end of the string is comings; so you must
always be ready with the answer.
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Making decisions

In order to make decisions, you have to �gure out what
you need to remember about string as you are reading it

Bear in mind that as you are pretending to be a �nite
automaton, you have a �nite number of states and thus
a �nite memory, say a single sheet of paper

Fortunately, you don't need to remember entire input,
you only need to remember certain crucial information
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Note

Which information is crucial depends on the particular lan-

guage considered
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Exampledesign

Suppose � = f 0; 1g and the language consists of all strings

with an odd number of 1s. You want to construct a �nite

automaton E1 to recognize this language
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Constructing the states

Start getting an input string of 0s and 1s symbol by
symbol

Remember whether the number of 1s seen so far is
even or odd;

Represent the information you need as a �nite list: (1)
even so far, (2) odd so far
Assign a state to each possibility, Figure 8
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Figure 8: The two states qeven and qodd
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Constructing transitions

To construct transitions you need to observe the way of
going between possibilities while reading the input
Example: the transition to ¯ip state on a 1 and stay put on 0
is shown in Figure 9
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Figure 9: Adding the start and accept state
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Start stateand �nal states

Set the start state to the state corresponding to the
possibility associated with having seen 0 symbols so far
(i.e., the empty string � )

In our example this correspond to qeven

Set the accept states to be those corresponding to
possibilities where you want to accept the input

In our example this is the set f qoddg
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The result

The result of the example considered above is in Figure 10
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Figure 10: Adding the start and accept state
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Example1.9

This example shows how to design a �nite automaton E2 to
recognize the regular language of all strings over the
alphabet � = f 0; 1g that contain the string 001as a substring

Example:

strings 0010, 1001, 001, 11111110011111 are in that language

strings 11, 000, 110111 are not in that language
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Pretendingto be E2

As symbols come in, you would initially skip over all 1s

If you come to a 0, then you note that you may have just seen the ®rst
of the three symbols in the pattern 001

If after the ®rst 0 you see a 1, then there were too few 0s so you back
to skipping over 1s

If after the ®rst 0 you see another 0 then you should remember that
you have seen two symbols of the pattern

Once you have seen two symbols of the pattern you need to scan the
input until you see a 1; if you ®nd it, remember that you succeeded to
®nd the pattern and continue skipping all symbols to the end
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The list of possibilities

1. Haven't see any symbol of the pattern

2. Have just seen a 0

3. Have just seen 00

4. Have seen the entire pattern 001
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Designingstatesand transitions

Assign the states q; q0; q00; q001 to the four possibilities

In state q: while reading 1 remain in q, but reading 0 you
move to q0

In state q0: reading 0 you transit to q00 but reading 1 you
transit to q

In state q00: reading 1 you move to q001 while reading 0
you remain in state q00

In state q001: whatever you read remain in q001.
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Star and �nal states

Start state is q

The only accept state is q001

The result is in Figure 11
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Figure 11: Accepting strings containing 001
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Intr oduction

Once automata and computation have been de�ned,
their properties need be studied

This requires appropriate tools and technique which we
initiate here

We also need tools and techniques for studying
non-regular languages, i.e., languages which are
beyond the capability of �nite automata
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Contrast

In Arithmetic, the basic objects are numbers and the
tools are operations for number manipulation, such as
+, � .

In Theory of Computation the objects are languages
and the tools for language manipulation are speci�cally
designed

The three common operations on languages, called
regular operations are union, [ , concatenation, � , and
star, ?.
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De�nition 1.10

Let A and B be languages. We de�ne regular operations
union, concatenation, and star as follows:

Union: A [ B = f xjs 2 A _ x 2 Bg

Concatenation: A � B = f xyjx 2 A ^ y 2 Bg

Star: A� = f x1x2 : : : xkjk � 0 ^ xi 2 A; 1 � i � kg
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Question

A [ B, A � B and A� are languages

Consequently A [ B , A � B and A� are sets of strings
over some alphabets

What are these alphabets?
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Observations

Union is the usual operation on sets

Concatenation is a little trickier; it attaches a string from
A in front of a string from B in all possible ways to get
strings from A � B

Star operation is different; it applies to one language,
i.e., it is unary rather then binary. Star works by
attaching any number of strings in A together to get
strings in A�
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Note

Because “any number" includes 0, � 2 A� ,

no matter what A is.
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Example1.11

Let � = f a;b;: : : ; zg. If A = f good;badg and B = f boy; gir lg,
then:

A [ B = f good;bad;boy; gir lg

A � B = f goodboy; goodgir l ; badboy; badgir lg

A� = f �; goob;bad;goodgood;goodbad;badgood;badbad;
goodgoodgood;goodgoodbad;goodbadgood;goodbadbad;: : :g
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Closedset

If A is a set and f : A � A ! A is total, i.e.,
8a;b 2 A[f (a;b) 2 A] then we say that A is closed under f

Example: consider N = f 1; 2; 3; : : :g and � ; = : N � N ! N where � is
number multiplication and = is number division.

Since multiplication of natural numbers is total (i.e., over all de®ned)
N is closed under �

Since the division of two natural numbers is not always a natural
number, for example 1=2 62N , N is not closed under division
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Nondeterminism

Nondeterminism is a useful concept that has a great
impact on the theory of computation

So far in our discussion, every step of an FA
computation follows in a unique way from the preceding
step: when the machine is in a given state and reads next input
symbol we know what the next state will be

We call this a deterministic computation. In a
nondeterministic computation, choices may exist for the
next state at any point
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How doesit occur?

Nondeterminism is a generalization of determinism;
hence, every DFA is a nondeterministic �nite
automaton, NFA.
However, an NFA may have additional features, as N1 in
Figure 19 shows
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Figure 12: Nondeterministic Finite Automaton N1
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DFA versusNFA

The difference between a deterministic �nite
automaton, DFA, and a nondeterministic �nite
automaton, NFA, is immediately apparent:

Every state of DFA always has exactly one exiting transition arrow
for each symbol in the alphabet; NFA violates this rule Example:
state q1 in Figure 19.

In an NFA a state may have zero, one, or many exiting
arrows for each symbol of the alphabet.
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Mor ediffer ences

In a DFA, labels on the transition arrows are symbols of
the alphabet;

An NFA may have its arrows labeled with symbols of the
alphabet or � .

Zero, one, or many arrows may exit from each state
with the label � .
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How doesan NFA compute?

Look at NFA N1 in Figure 19 acting on an input:

If N1 is in state q1 and the input symbol is 1 the machine split into
multiple copies of itself and follows all the possibilities in parallel

Each copy of the machine takes one of the possible ways to proceed
and continues as before

If there are subsequent choices, the machine splits again

If the next input symbol does not appear on any of the arrows exiting
the state occupied by a copy of the machine, that copy dies along
with the branch of computation associated with it

If any one of these copies of the machine is in an accept state at the
end of the input, the NFA accepts the input; otherwise it rejects the
input
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Note

If a state with an � symbol on an exiting arrow is
encountered, the machine split into multiple copies
without reading any input

Each copy follows the exiting � labeled arrow, as the
one staying to the current state.

Then the machine proceeds nondeterministically as
before
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Observations

Hence, nondeterminism may be seen as a kind of
parallel computation wherein several “processes" can
run concurrently

If at least one of these processes accepts then the
entire computation accepts.
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Treecomputation

Another way to think of a nondeterministic computation is
as a tree of possibilities

The root of the tree corresponds to the start of the
computation

Every branching point in the tree corresponds to a point
in the computation at which the machine has multiple
choices

The machine accepts if at least one of the computation
branches ends in an accept state as shown in Figure 13
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Comparisonof DFA and NFA

start startr r
?r ��	r @@R r
?r ��	r ?r@@R r @@R r?r
?r : : : ��	r @@R r
?r ��	r @@R r

??
: : : : : :r
?r

accept or reject

reject

?r
accept

DFA computation NFA computation

Figure 13: Deterministic and nondeterministic computations
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Example run of N1

On input 010110 start in q1 and read 0

There is only one place to go on 0: back to q1

Next, read the symbol 1. There are two choices: either stay in q1 or
move to q2. Keep track of possibilities by placing a token on each
state where machine can be, i.e., tokens are on q1 and q2

An � arrow exits q2, so the machine splits again: keep on token on q2

and move the other to q3

When the third symbol, 0, is read take each token in turn: keep token
on q1 in place, move the token from q2 to q3, and remove the previous
token from q3. The last token had no 0 arrow to follow and the
corresponding process dies.
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Example run, continuation

When the fourth symbol, 1, is read there are tokens on q1 and q3.
Thus, split the token on q1 keeping it on q1 and q2 and move the token
on q3 on q4; since there is an � arrow leaving q2 split the token on q2

to q3 too. Now there are tokens on each state.

When ®fth symbol, 1, is read the tokens on q1 and q3 result in tokens
on q1, q2 q3 and q4. The previous token on q2 is removed and the
token previously on q4 stays on q4

Note: there are two valid tokens on q4. Remove one of them because we

only need to remember that q4 is a possible state at this point, not that it is

possible for multiple reasons
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Example run, continuation

When the sixth symbol, 0 is read, keep the token on q1 in place, move
the token from q2 to q3, remove previous token from q3, and leave the
token on q4 on q4

Now the end of the input is detected, since q4 has a token and it is
®nal, the input is accepted. The computation performed in shown in
Figure 14
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Computation of N1 on 010110

Symbol read jq1 Start
0 ?jq1

1
���� ?

H HHj
jq1 jq2 jq3

0 ? ?jq1 jq3

1 ��	 ?@@R @@Rjq1 jq2 jq3 jq4

1 ��	 ?@@R ? ?jq1 jq2 jq3 jq4 jq4

0 ?jq1
?jq3

?jhq4
?jhq4

Figure 14: The computation of N1 on 010110
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Note

N1 rejects the string 010, as can be seen on Figure 14

By performing other similar experiments we can see
that N1 accepts all strings that contain either 101 or 11
as substrings
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Why nondeterministic automata

Every NFA can be converted into an equivalent DFA

Constructing NFA is sometimes easier than
constructing DFA

An NFA may be much smaller than a DFA that performs
the same task

NFA provides good introduction to nondeterminism in
more powerful computational models
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Example1.14

Let A be the language consisting of all strings over f 0; 1g
containing a 1 in the third position from the end. Example:

0001002 A but 0011 62A

The NFA N2 in Figure 15 recognizes this language

- jq1
?

0,1

-1 jq2 -0,1 jq3 -0,1 jhq4

Figure 15: The NFA N2 recognizing A
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Note

N2 stays in q1 until it “guess" that it is three places from
the end

When it is three places from the end, if it reads a 1
symbol, it branches to q2 and then uses q3 and q4 to
check if its “guess" was correct.
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A DFA equivalent to N 2

As we mentioned earlier, every NFA can be converted
into an equivalent DFA

Sometimes that DFA may have many more states.

The smallest DFA, D2, equivalent to N2, in Figure 16,
contains 8

Note: while understanding the functionality of N2 is easy,
the functionality of D2 is more dif�cult to understand

Computation Theory – p.89/148

The DFA D2
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Figure 16: DFA D2 equivalent to NFA N2
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Problem

Suppose that we added � to the labels on the arrows going
from q2 to q3 and from q3 to q4 in machine N2, Figure 15. In
other words, both arrows would have the label � , 0, 1

1. What language would the new N2 recognize?

2. Modify the DFA D2 in Figure 16 to recognize the same
language.
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The use� transitions

The NFA N3 in Figure 17 has a unary input alphabet,
f 0g

N3 demonstrates the use of � transition for the
construction of an NFA that accepts all strings of the
form 0k where k is a multiple of 2 or 3.

Example: � , 00, 000, 000000 are accepted by N3 but 0,
00000 are rejected
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The NFA N3

- j�
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Figure 17: The NFA N3
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Note

N3 illustrates a machine operating by initially guessing
whether to test one case or another (multiple of 2 or
multiple of 3) by branching into either one loop or
another and then checking whether it was correct

If incorrect the machine reject, if one or both cases are
correct, the machine accepts

We may try to construct a DFA for this job, but the N3 is
much simpler to understand
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A working example

This example will be used to illustrate the procedure for the
conversion N F A ! DF A

The NFA N4 to be used to illustrate this procedure is in
Figure 20.

N4 accepts strings � , a, baba, baa , etc., but does not accept
strings b, bb, babba , etc.
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The NFA N4
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Figure 18: The NFA N4
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A comment�rst

The formal de�nition of an NFA is similar to that of a
DFA. Both have states, an alphabet, transition function,
one start state, and a collection of accept states

They differ in one essential way: the transition functions

In a DFA transition function is � : Q � � ! Q;
In an NFA it is � : Q � (� [ f � g) ! P(Q)
where P(Q) is the collection of subsets of Q called the
power set of Q
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Notation

For any alphabet � , � � = � [ f � g
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De�nition 1.17

A nondeterministic �nite automaton is a 5-tuple
(Q; � ; � ; q0; F ) where

1. Q is a ®nite set of states

2. � is a ®nite alphabet

3. � : Q � � � ! P(Q) is the transition function

4. q0 2 Q is the start state

5. F � Q is the set of accept states
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Example1.8

Recall the NFA N1, Figure 19:
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q1

?

0,1

-1

��
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q2 -� ,0

��

��
q3 -1

��

��

��

� �
q4

?

0,1

Figure 19: Nondeterministic Finite Automaton N1
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The formal de�nition of N1

N1 = (Q; � ; � ; q1; F ) where:

1. Q = f q1; q2; q3; q4g

2. � = f 0; 1g

3. � is given in the table:

� 0 1 �

q1 f q1g f q1; q2g ;

q2 f q3g ; f q3g

q3 ; f q4g ;

q4 f q4g f q4g ;

4. q1 is the start set; 5. F = f q4g
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Computation performed by an NFA

Let N = (Q; � ; � ; q0; F ) be an NFA and w a string over � . We
say that N accepts w if we can write w as w = y1y2 : : : ym,
yi 2 � � , 1 � i � m, and a sequence of states r0; r1; : : : ; rm
exists in Q such that:

1. r0 = q0

2. r i+1 2 � (r i ; yi+1 ), for i = 0; 1; : : : ; m � 1

3. rm 2 F
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Inter pretation

Condition 1 says that the machine starts its
computation in the start state

Condition 2 says that state r i+1 is one of the allowable
new states when N is in state r i and reads yi+1 . Note
that � (r i ; yi+1 ) is a set

Condition 3 says that the machine accepts the input if
the last state is in the accept state set.
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An important property

Any NFA N can be converted to an equivalent NFA N 0that
has a single accept state

Proof: by construction. Let N = (Q; � ; � ; q0; F ) be any NFA. Then
N 0 = (Q0; � 0; � 0; q0

0; F 0) where:

1. Q0 = Q [ f qag where qa is a new state

2. � 0 = �

3. q0
0 = q0

4.

� 0(q; a) =

8
<

:
� (q; a); if a 6= � or q 62F ;

� (q; a) [ f qag; if a = � and q 2 F .

5. F 0 = f qag

Computation Theory – p.104/148



Equivalenceof NFA and DFA

DFAs and NFAs recognize the same class of languages

This equivalence is both surprising and useful
1. It is surprising because NFAs appears to have more power than

DFA, so we might expect that NFA recognizes more languages

2. It is useful because describing an NFA for a given language
sometimes is much easier than describing a DFA

Computation Theory – p.105/148

Theorem1.19

Every nondeterministic automation has an equivalent
deterministic �nite automaton

Proof idea: Convert NFA recognizing a language into a DFA

that recognizes the same language by simulating the NFA
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Mor eon proof idea

The approach is to pretend to be an DFA simulating an
NFA. Questions to be answered:

How would you simulate an NFA if you were pretending to be a DFA?

What does one need to keep track of as the input is processed?
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Note

In the examples of NFA we kept track of various
branches of the computation by placing tokens on each
state that could be activated at given points in the input

Tokens were updated by moving, adding, and removing
them according to the way NFA operates

Hence, all we needed to keep track of was the set of states

with tokens on them.
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Conclusion

An NFA with k states has 2k subsets of states

Each subset correspond to one of the possibilities that
DFA must remember. So, the DFA simulating an NFA
with k states has 2k states

The only thing we need now is to �gure out which are
the start state, the accept states, and transition function
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The formal proof

Let N = (Q; � ; � ; q0; F ) be the NFA recognizing the language

A. We construct the DFA M recognizing A. Before doing the

full construction, consider �rst the easier case when N has

no � transitions.
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Constructing M = (Q0; � ; � 0; q0
0; F 0)

1. Q0 = P(Q); every state of M is a set of states of N

2. For R 2 Q0 and a 2 � let
� 0(R; a) = f q 2 Qjq 2 � (r; a) f or somer 2 Rg
Note: � 0(R; a) = [ r 2 R � (r; a)

3. q0
0 = f q0g; M starts computing in the same state as N

4. F 0 = f R 2 Q0jR contains an acceptstate of N g
that is, the machine M accepts if one of the possible states that N
could be in at this point is an accept state
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Consider the � transitions

Notation: for any R 2 Q0de�ne E(R) to be the collection of
states that can be reached from R by going only along �
transitions, including the members of R themselves.
Formally:
E(R) = R [ f q 2 Qj9r 2 R ^ � (r; � ) = qg

Note: any q 2 E(R) can be reached from R by traveling along

0 or more � arrows.
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Modi�cations

Modify � 0 to place additional tokens on all states that
can be reached by going along � arrows after every
step. This effect is achieved by replacing � (r; a) by
E(� (r; a)) in de�nition of � 0. That is
� 0= f q 2 Qjq 2 E(� (r; a)) f or somer 2 Rg

Modify the start state of M to put tokens initially on all
states that can be reached from q0 along � transitions,
i.e., q0

0 = E(f q0g)
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Note

M thus constructed obviously simulates N

At every step in the computation of M it clearly enters a
state that corresponds to the subset of states that N
could be in at that point
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Conclusion

Since every NFA can be converted into a DFA by the proce-

dure discussed above, NFA provides an alternative way of

characterizing regular sets
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Corollary 1.20

A language is regular iff some NFA recognizes it

Proof:

If a language A is recognized by an NFA then A is
recognized by the DFA equivalent, hence, A is regular

If a language A is regular, it means that it is recognized
by a DFA. But any DFA is also an NFA hence, the
language is recognized by an NFA
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ExampleconversionNFA to DFA

Consider the NFA N4 described in Figure 20:
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Figure 20: The NFA N4
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Formal description of N4

N4 = (f 1; 2; 3g; f a;bg; � ; 1; f 1g) where � is given in the table:

� a b �

1 ; f 2g f 3g

2 f 2; 3g f 3g ;

3 f 1g ; ;

Computation Theory – p.118/148

Construction of D4 = (Q0; f a; bg; � 0; q0
0; F 0)

Since N4's set of states is Q = f 1; 2; 3g
Q0 = f; ; f 1g; f 2g; f 3g; f 1; 2g; f 1; 3g; f 2; 3g; f 1; 2; 3gg

The start state of Q0: the set of states reachable from 1
(the start state of N4) traveling by � : E(f 1g) = f 1; 3g

The accept state of Q0: are those states of Q0 that
contain the accept states of Q: i.e.,
F 0= ff 1g; f 1; 2g; f 1; 3g; f 1; 2; 3gg
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Transition function

� 0 : P(Q) � � � ! P(Q), where for each q0 2 P(Q) and x 2 �

we have � 0(q0; x) 2 P(Q)
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Constructing D4's transitions

State ; : goes to ; on both a;b, i.e., � 0(; ; a) = � 0(; ; b) = ;

State f 1g: goes to ; on a and to f 2g on b

State f 2g: goes to f 2; 3g on a and to f 3g on b

State f 1; 2g: goes to f 2; 3g on a and to f 2; 3g on b

And so on, for each state
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Putting all together

Figure 21 shows the resulting DFA D4 equivalent to NFA N4
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Figure 21: DFA D4 equivalent to NFA N4
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Simplifying D4

The automaton D4 may be simpli�ed by observing that no
arrows point at the states f 1g and f 1; 2g. Removing these
states we obtain the automaton in Figure 22
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Figure 22: The simpli®ed version of D4
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Application of NFA

Now we use the NFA to show that collection of regular
languages is closed under regular operations union,
concatenation, and star

Earlier we have shown this closure for union using a
Cartesian product of DFA

For uniformity reason we reconstruct that proof using
NFA
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Theorem1.22

The class of regular languages is closed under the union
operation

Proof idea:

Let regular languages A1 and A2 be recognized by NFA N1 and N2,
respectively

To show that A1 [ A2 is regular we will construct an NFA N that
recognizes A1 [ A2

N must accept its input if either N1 or N2 accepts its input. Hence, N
must have a new state that will allow it to guess nondeterministically
which of N1 or N2 accepts it

Guessing is implemented by � transitions from the new state to the
start states of N1 and N2, as seen in Figure 23
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An NFA recognizingA1 [ A2
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Figure 23: Construction of N to recognize A1 [ A2

Computation Theory – p.126/148

Proof

Let N1 = (Q1; � ; � 1; q1
0; F1), and

N2 = (Q2; � ; � 2; q2
0; F2)

Construct N = (Q; � ; � ; q0; F ) to recognize A1 [ A2 using the

following procedure:
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Construction procedure

1. Q = f q0g [ Q1 [ Q2: That is, the states of N are all states on N1 and
N2 with the addition of a new state q0

2. The start state of N is q0

3. The accept states of N are F = F1 [ F2: That is, the accept states of
N are all the accept states of N1 and N2

4. De®ne � so that for any q 2 Q and any a 2 � � :

� (q; a) =

8
>>>>><

>>>>>:

� 1(q; a); if q 2 Q1

� 2(q; a); if q 2 Q2

f q1
0; q2

0g; if q = q0 and a = �

; ; if q = q0 and a 6= � .
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Application

Consider the alphabet � = f 0; 1g and the languages:
A = f wjw begins with 1 and ends with 0g
B = f wjw contains at least thr ee1g
C = f wjw = x0101y; x; y 2 � � g
D = f wjw doesnot contain the substring 110g

Use the construction given in the proof of theorem 1.22 to

give the state diagrams recognizing the languages A [ B

and C [ D.
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Theorem1.23

The class of regular languages is closed under
concatenation operation

Proof idea: Assume two regular languages, A1 and A2 rec-

ognized by NFAs N1 and N2, respectively. Construct N as

suggested in Figure 24
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Construction of NFA N
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Figure 24: Construction of N to recognize A1 � A2
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Construction procedure

Combine N1 and N2 into a new automaton N that starts
in the start state of N1

Add � transitions from the accept states of N1 to the
start state of N2

Set accept states of N to be the accept states on N2
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Proof

Let N1 = (Q1; � ; � 1; q1
0; F1) recognize A1 and

N2 = (Q2; � ; � 2; q2
0; F2) recognize A2.

Construct N = (Q; � ; � ; q1
0; F2) by the following procedure:
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Construction procedure

1. Q = Q1 [ Q2. The states of N are all states of N1 and N2

2. The start state is the state q1
0 of N1

3. The accept states is the set F2 of the accept states of N2

4. De®ne � so that for any q 2 Q and any a 2 � � :

� (q; a) =

8
>>>>><

>>>>>:

� 1(q; a); if q 2 Q1 and q 62F1

� 1(q; a); if q 2 F1 and a 6= �

� 1(q; a) [ f q2
0g; if q 2 F1 and a = �

� 2(q; a); if q 2 Q2.
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Application

Consider the alphabet � = f 0; 1g and the languages:
A = f wjjwj � 5g
B = f wjevery oddposition of w is 1g
C = f wjw contains at least thr ee1g
D = f � g

Use the construction given in the proof of theorem 1.23 to

give the state diagrams recognizing the languages A � B and

C � D where � is concatenation operator.
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Theorem1.24

The class of regular languages is closed under star
operation

Proof idea: we have a regular language A1, recognized by
the NFA N1 and want to prove that A�

1 is also a regular
language.

The procedure to prove this theorem is by construction of

the NFA N that recognizes A�
1 as shown in Figure 25
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Procedure for the construction of N
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Figure 25: Construction of N to recognize A�
1
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Mor eon the proof idea

N is like N1 with a new start state and an � transition
from the new start state to q1

Since � 2 A�
1 the new start state is an accepts state

We add � transitions from the previous accept states of
N1 to the start state of N1 allowing the machine to read
and recognize strings of the form w1 � : : : � wk where
w1; : : : ; wk 2 A1
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Proof

Let N1 = (Q1; � ; � 1; q1
0; F1) recognize A1.

Construct N = (Q; � ; � ; q0; F ) by the procedure:
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Construction procedure

1. Q = f q0g [ Q1; that is, states of N are the states of N1 plus a new
state q0

2. Start state if N is q0

3. F = f q0g [ F1; that is, the accept states of N are the accept states of
N1 plus the new start state

4. De®ne � so that for any q 2 Q and a 2 � � :

� (q; a) =

8
>>>>>>>><

>>>>>>>>:

� 1(q; a); if q 2 Q1 and q 62F1

� 1(q; a); if q 2 F1 and a 6= �

� 1(q; a) [ f q1
0g; if q 2 F1 and a = �

f q1
0g; if q = q0 and a = �

; ; if q = q0 and a 6= � .
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Application

Consider the alphabet � = f 0; 1g and the languages:
A = f wjw contains at least thr ee1sg
B = f wjw contains at least two 0s and at most one 1g
C = f � g

Use the construction given in the proof of theorem 1.24 to

give the state diagrams recognizing the languages A� , B �

and C� .
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Closureunder complementation

We show here that class of regular languages is closed
under complementation.

For that we will �rst show that if M is a DFA that
recognizes a language B, swapping the accept and
non-accept states in M yields a new DFA that
recognizes the complement of B .
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Proof

Let M 0 be the DFA M with accept and non-accept states swapped. We
will show that M 0 recognizes the complement of B

1. Suppose M 0 accept x, i.e., if we run M 0 on x we end in an accept
state of M 0

2. Because M and M 0 have swapped accept/non-accept states, if we
run M on x we would end in a non-accept state. Hence, x 62B

3. Similarly, if x is not accepted by M 0, it would be accepted by M

Consequently, M 0 accepts those strings that are not accepted by M and

therefore M 0 recognizes the complement of B .
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Conclusion

B has been an arbitrary regular language. Therefore,
our construction shows how to build an automaton to
recognize its complement

Hence, the complement of any regular language is also
regular

Consequently the class of regular languages is closed
under complementation
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Inter estingproperty

If M is an NFA that recognizes language C, swapping its ac-

cept and non-accept states doesn't necessarily yield a new

NFA that recognizes the complement of C.
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Proof:

We prove the interesting property by constructing a
counter-example.

Consider the construction in Figure 26, where both
NFA-s, M and M 0, accept a

- jm1
?

a

j2N
a,b

Mb

- j1
?

a

jm2N
a,b

Mb

Figure 26: NFAs M and M 0
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Question

Is the class of languages recognized by NFAs closed under

complementation?
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Closureunder complementation

The class of languages recognized by NFA is still
closed under complementation

This follows from the fact that the class of languages
recognized by NFAs is precisely the class of languages
recognized by DFA

The counter-example in Figure 26 shows the difference
between the process of computations performed by
DFAs and NFAs
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