
22c:131 Limits of Computation
Hantao Zhang

http://www.cs.uiowa.edu/ � hzhang/c131

The University of Iowa

Department of Computer Science

7.4 NP-Completeness

Limits of Computation – p.1/34

The P versusNP question

P: the class of languages for which membership can be decided quickly
NP: the class of languages for which membership can be veri�ed quickly

or, the class of languages for which membership can be decided by a
NTM

Question: is P=NP?

This is one of the greatest unsolved problems in theoretical

computer science and contemporary mathematics.
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An Example of NP-complete problem

A Boolean formula is an expression involving Boolean
variables and operations. For example,
� = (� x ^ y) _ (x ^ �z) is a Boolean formula.

An assignment is a function from Boolean variables to
Boolean values, 0 or 1.

A Boolean formula is satis�able if some assignments of
1 and 0 (true and false) to its variables makes the
formula evaluates to 1.
For example, the assignment x = 0; y = 1; z = 0 makes
� evaluate to 1.

The satis�ability problem is to test whether a Boolean
formula is satis�ed, i.e., SAT = fh� i j � is a satis�able
boolean formula g.
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Cook-Levin Theorem

Theorem 7.27 SAT 2 P iff P = NP .

Proof idea: Use polynomial time reducibility method.
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Polynomial time computability

A function f : � � ! � � is a polynomial time computable

function if some polynomial time TM M exists that halts with

just f (w) on its tape, when started on any input w.
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Polynomial time reducibility

A language A is polynomial time mapping reducible , or
polynomial time reducible to a language B , written A � P B , if
a polynomial computable function f : � � ! � � exists where
for every w 2 � � , w 2 A iff f (w) 2 B .

Note: f is called the polynomial time reduction of A to B .
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Theorem 7.31

If A � P B and B 2 P then A 2 P

Proof: let M be a polynomial time algorithm deciding B and f be a
polynomial time reduction from A to B . Then the algorithm N is a
polynomial time decider of A:
N = "On Input w:

1. Compute f (w)

2. Run M on input f (w) and output whatever M outputs."

Note Since composition of two polynomial is polynomial, N is a polynomial

time algorithm.
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Conjunctive Normal Form

Literal: a Boolean variable or a negated Boolean variable.
Examples: x and �x are literals

Clause: several literals connected with _.
Example: (x1 _ �x2 _ �x3 _ x4) is a clause

Conjunctive normal form: a Boolean formula which is a conjunction of
several clauses (i.e., connected with ^ ).
Example: (x1 _ �x2 _ �x3 _ x4) ^ (x3 _ �x5 _ x6) ^ (x3 _ �x6) is a cnf-formula

3CNF-formula : a CNF-formula where each clause has three literals.
Example: (x1 _ �x2 _ �x3) ^ (x3 _ �x5) ^ (x3 _ x6 _ x4) ^ (x4 _ x5 _ x6)
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The 3SAT Problem

3SAT is a special case of satis�ability problem where the
Boolean formula is a 3CNF-formula.

3SAT = fh� i j � is a satis�able 3cnf-formula g

Theorem : SAT is polynomial time reducible to CNF. Theorem :

CNF is polynomial time reducible to 3SAT.
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Theorem 7.32

The 3SAT problem is polynomial time reducible to CLIQUE.
Proof idea:

The polynomial time reduction f that we demonstrate from 3SAT to
CLIQUE converts formulas to graphs.

In the constructed graphs, cliques of a specialized size correspond to
satisfying assignments of the formula.

Structures within the graph are designed to mimic the behavior of the
variables and clauses.
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Proof

Let � be a formula with k clauses:

� = ( a1 _ b1 _ c1) ^ (a2 _ b2 _ c2) ^ : : : ^ (ak _ bk _ ck ) The reduction f

generates the string hG; ki where G is an undirected graph.
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Nodes ofG

Nodes in G are organized in k groups of three nodes each called the
triplets t1; t2; : : : ; tk .

Each triple corresponds to one of the clauses in � and each node in
the triplet corresponds to a literal in the associated clause.

Label each node of G with its corresponding literal in �
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Edges ofG

Edges of G connect all but two types of pairs of nodes in G:

No edge is present between the nodes of the same triple.

No edge is present between two nodes with contradictory labels,
such as x2 and �x2.
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From 3SAT to Clique

3SAT formula � = ( x1 _ x1 _ x2) ^ ( �x1 _ �x2 _ �x2) ^ ( �x1 _ x2 _ x2) in
transformed in the graph:
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Figure 1:
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Why this construction works?

� is satis�able iff G has a k-clique.

Proof: Suppose that � has a satisfying assignment.

At least one literal is true in every clause (required by _)

The nodes of G are groupded into triples. In each triple of G we
select one node corresponding to a true literal in the satisfying
assignment. If more literals are true in some clause we select the
true literal arbitrarily.

The nodes just selected form a k-clique; number of nodes is k (there
are k clauses in � ) and each pair of selected nodes are joined, by
construction.

Selected node are not from the same triplet, by construction; they
could not have contradictory labels because otherwise the
associated labels would be both true in the satisfying assignment.
Hence G contains a k-clique.
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Proof, continuation

k-clique in G implies � is satis�able. Suppose G has a k-clique:

No two of the clique nodes can occur in the same triplet because
nodes in the same triplet are not connected. Therefore each the
k-triplets contains contains one of the k-clique nodes.

Assign truth value to the variables of � so that each literal labeling a
clique node is made true. This is possible because two nodes with
contradictory labels are not connected.

This assignment satis�es the formula � . Since each node
corresponds to a clause that has a true value in it the clause is true;
since classes are connected by ^ the formula is true.
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Conclusions

If CLIQUE is solvable in polynomial time, so is 3SAT .

Polynomial time reducibility allows us to link these two
very different problems.

Similar link may be made among other problems.
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De�nition of NP-Completeness

A language B is NP-complete if it satis�es two conditions:

1. B 2 NP

2. Every A 2 NP is polynomial time reducible to B

Theorem 7.35 If B is NP-complete and B 2 P then P = NP .
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Theorem 7.36

If B is NP-complete and B � P C for C 2 NP then C is
NP-complete.

Proof: Since C 2 NP we only need to show that every A 2 NP is polyn
omial time reducible to C.

Since B is NP-complete A is polynomial time reducible to B

Since B is polynomial time reducible to C, A is polynomial time
reducible to C by �rst reducing it to B and then reducing its image to
C.

Hence, every language in NP is polynomial time reducible to C
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The Cook-Levin Theorem

Theorem 7.37 SAT is NP-complete.

Proof idea:

Show that SAT 2 NP, which is easy

Show that any language A 2 NP is polynomial time reducible to SAT .

The reduction of A takes a string w and produces a Boolean
formula � that simulates the NTM N that decides A operating on
w.

If N accepts, � has a satisfying assignment that correspond to
that computation; if N doesn't accept, no assignment satis�es � .
Hence, w 2 A iff � is satis�able.
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Proof

1. SAT 2 NP: a nondeterministic polynomial time machine can guess
an assignment to the variables of a given formula � and accept if
assignment satis�es � .

2. Let A 2 NP: show that A is polynomial time reducible to SAT . For a
NTM N that decides A in nk time for some constant k, construct a
formula � that simulates N .

Construction of � : based on organizing the computation
performed by N into an nk � nk tableau as seen in Figure 2
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Con�gurations tableau of N

6

nk

?

� -nk

# # nk -th con�guration

# #
# # second con�guration
# # �rst con�gurationq0 w1 w2 : : : wn t : : : t

window

Figure 2: A tableau is an nk � nk table of con�gurations

Observations: (1) Each con�guration starts and ends with a # symbol.

(2) A tableau is accepting if any of its rows is an accepting con�guration.

Limits of Computation – p.22/34

Tableau(N,w)

Every accepting tableau for N and w correspond to an
accepting computation branch of N on w.

Problem of determining whether N accepts w is
equivalent to the problem of determining whether an
accepting tableau for N and w exists.

Limits of Computation – p.23/34

Polynomial time f : A ! SAT

On input w, f produces � w

Variables of � w : Let N = ( Q; � ; � ; �; q0; qa ; qr ), and C = Q [ � [ f # g.
For each 1 � i; j � nk ^ s 2 C we have a variable x i;j;s in � w .

Cells: of the (nk )2 entries of a tableau is called a cell. 8s 2 C
x i;j;s = 1 if cell[i; j ] = s.

Formula � w is � w = � cell ^ � start ^ � move ^ � accept .
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Assignment-tableau correspondence

The assignment turns on exactly one variable for each cell, using the
following constructs:

1. at least one variable that is associated with a cell is on, by:
W

s2 C x i;j;s

2. no more than one variable is on for each each cell, by:
V

s;t 2 C;s 6= t (x i;j;s _ x i;j;t )

Thus, any satisfying assignment speci�es one symbol in each cell by:

� cell =
V

1� i;j � j [(
W

s2 C x i;j;s ) ^ (
V

s6= t 2 C (x i;j;s _ x i;j;t ))]
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An accepting tableau

is speci�ed by � start , � move, � accept

� start ensures that the �rst row of the tableau is the starting
con�guration of N on w by the equality:
� start = x1;1;# ^ x1;2;q0 ^ x1;3;w 1 ^ : : : x1;n +3 ;w n ^ : : :^ x1;n k � 1;t ^ x1;n k ;# .

� accept guarantees that an accepting con�guration occurs in the
tableau by placing qa in one of the cells by: � accept =

W
1� i;j � n k x i;j;q a

� move guarantees that each row of the tableau correspond to a
con�guration that legally follows the preceding row's con� guration
according the N 's transition rules.
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Legal window

A 2 � 3 window of cells is legal if that window does not violate the actions
speci�ed by N 's transition function. To explain, consider the transitions:
� (q1; a) = f q1; b; R)g, � (q1; b) = f q2; c; L); (q2; a; R)g, Examples of legal
windows for this machine are in Figure 3:

# b a
# b a

(d)

q2 a c
a q1 b

(a)

a b q2

a b a
(e)

a a q2

a q1 b
(b)

c b b
b b b
(f )

a a b

a a q1

(c)

Figure 3: Examples of legal windows
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Comments:

Windows (a) and (b) are legals because the transition allows N to
move this way.

Window (c) could be either illegal or illegal because q1 appears to the
right side of the top row and we don't know what symbol is the head
over.

Window (d) is legal because top and bottom are identical, what could
happen if the head weren't adjacent to the location of the window.

Window (e) is legal because state q1 reading a b might have been
immediately to the right of the top row and would have moved to the
left

Window (f ) is legal because state q1 might have been immediately to
the left of the top row changing b to c and moving left.
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Illegal windows

The �gure below shows illegal windows of N .

a a a
a b a

(a)

q1 a a
a q1 b
(b)

q2 b q2
b q1 b
(c)

Figure 4: Examples of illegal windows

(a) is illegal because central symbol on top can't be changed
because has no adjacent state

(b) is illegal because transition states that b get changed to c not to a

(c) is illegal because two states appear in the bottom row.
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Claim

If the top row of the tableau is the start con�guration and
every every window is legal then each row is a con�guration
that legally follows the con�guration represented by the
preceding row.

Proof: show the claim for any two adjacent con�gurations.
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Construction of � move

� move stipulates that all windows in the table are legal.

Each windows contain six cells which may be set in a �xed numbe r of
ways to yield a legal window. � move says that the setting of those six
cells is done this way by:
� move =

V
1� i;j � n k (window[i; j ] is legal)

Replace window[i; j ] is legal with the following formula where
a1; a2; a3; a4; a5; a6 are the contents of the six cells:
W

a1 :::a 6 is legal (x i;j � 1;a 1 ^ x i;j;a 2 ^ x i;j +1 ;a 3 ^ x i +1 ;j � 1;a 4 ^ x i +1 ;j;a 5 ^
x i +1 ;j +1 ;a 6 )
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Complexity of the reduction

Tableau is nk � nk and thus contains n2k cells; each cell has jCj = l
variables associated with it where l depends only on N . Hence total
number of variables is O(n2k ).

Estimating the size of four components of � : � cell is a �xed fragment
of � so its size is �xed and is O(n4k ); � start has the size O(nk );
� move and � accept have sizes O(n2k ). Hence total size of � is
mathcalO(n2k ), i.e., size of � is polynomial in n.

Each component of � can be produced in polynomial time. Therefore
we conclude that we can construct a reduction that produces � from
N in polynomial time.

This concludes the proof of Cook-Levin Theorem, showing that SAT is

NP-complete.
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3SAT is NP-Complete

Proof: provide a polynomial time reduction from SAT to 3SAT .

Transform �rst � SAT into cnf

Represent each component of the cnf (a1 _ a2 _ : : : _ an ) by n-2
clauses: (a1 _ a2 _ z1) ^ ( �z1 _ a3 _ z2) ^ : : : ( �zn � 3 _ an � 1 _ an )
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Other NP-complete languages

To show that A is NP-complete provide a polynomial time re-

duction from A to 3SAT or to other NP-complete languages.
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