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ABSTRA CT

Interactive global illumination remains an elusive goal in rendering, as energy from
every portion of the scenecontributes to the nal image. Integrating over a complex
scene,with a polygon cournt in the millions or more, proves dicult even for static
techniques. Interacting with such complex ervironments while maintaining high quality
rendering generally requires recomputing the paths of countless photons using a small
number of CPUs. This dissertation examinesa simpli ed approac to interactive global
illumination. Observing that local illumination computations can be performed inter-
actively even on fairly simple graphics accelerators, a reduction of global illumination
problems to local problems would allow interactive rendering. A number of techniques
are suggestedhat simplify global illumination to speci ¢ global illumination e ects (e.g.,
di use interre ection, soft shadavs, and caustics), which can individually be sampled
at a local level. Rendering these simpli ed global illumination e ects reducesto a few
lookups, which can easily be doneat interactive rates. While sometradeo s exist between
rendering speed, rendering quality, and memory consumption, these techniques show
that approximating global illumination locally allows interactivit y while still maintaining

signi cant realism.
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CHAPTER 1

INTR ODUCTION

Computer graphicsinvolvescreating, or rendering, imagesof synthetic ervironments.
Often the goal is to render images of these ervironments as realistically as possible.
Achieving images indistinguishable from photographs, called photorealistic images, re-
guires accurate physical models of light transport, complex materials, and geometry
Although object geometry is relatively easyto simulate given the right primitiv es, mod-
eling light transport and complex material properties are areasof active researt. This
dissertation examinesways to simplify complex illumination so interactive applications
can bene t from improved realism.

In part due to the complex illumination presern in real world environments, photo-
realistic renderingsof environments remain di cult to generateusing computer graphics
techniques. This dicult y arisesbecauseillumination requiresglobal information. Light
bounceso Vvirtually all objects, socomputing the color at somepoint in a sceneinvolves
integrating over all the incident illumination. Obviously, sucdh an operation can prove
extremely time consuming. Even after 30 years of researt, code optimization, and
dramatically improved computer processors,sud illumination computations still prove
expensive. Becauseof this expense,realistic renderings are usually generatedby batch
processesand interactive applications cortinue to uselower quality lighting approxima-
tions.

Over the past 30years,assortedmodelshave beenproposedfor simulating illumination
for computer graphics. Initially , objects were drawn in wire-frame [4, 80]. Later models
like at, Gouraud [40], and Phong [10Z shading use local information at ewvery point
on the object to determine illumination. These models provide only local il lumination.
Raytracing techniques [149 and rasterization techniques like shadov mapping [25] ex-
tended illumination models to allow direct illumination, which includes shadavs when
objects occlude the light. Illlumination arriving directly from a light, without bouncing

0 intermediate objects, is called direct il lumination.



More recert illumination models approximate the rendering equation [67], allowing
inclusion of indirect illumination|ligh t re ected o other objects in the environment.
The rendering equation models the physical transport of light through a scene,and was
borrowed from the study of radiative heat transfer. Becausesolutions to the rendering
equation require global knowledgeof the scene ,suth asgeometry and material properties,
the resulting illumination is called glotal il lumination.

Often the terms local and direct illumination are usedinterchangeably Howewer, local
lighting relies on local information sudch as position, surface normal, viewing direction,
and direction to the light. Hence,purely local models cannot achieve shadowving e ects,
which require knowledge about global visibilit y. Direct illumination, on the other hand,
includes all the light directly hitting a surface. In caseswhere the light is hidden by an
occluder, a surfacewill not be illuminated. Similarly, global and indirect illumination
are often interchanged. Indirect illumination is a subsetof global illumination, but the
shadawving e ects of direct illumination models also require global visibilit y information.

Computing local lighting is easy becauseit requires only local information. Thus,
interactive applications such as simulators, architectural walkthroughs, computer-aided
design programs, and computer gamesusually rely on local illumination models. While
current techniques are vastly better than the interactive methods of a decadeago, due
to the improved computation power available on graphics hardware, most interactive
techniques still lack complex global lighting e ects seenin the real world. Thus, only
applications that can aord slov computations, sud as special-e ects and computer

generatedmovies, enjoy the fruits of decadesof global illumination researd.

1.1 Local lllumination

Early computer graphics researtiers focused their e orts on the most important
problems of the time, namely techniques to render geometry quickly. Generally, they
usedsimple empirical illumination modelssud asthe at, Gouraud, and Phong shading
techniques shavn in Figure 1.1. These techniques are composed of three parts: an
ambient term which approximates indirect illumination, adi use term that approximates
matte materials, and a specular term which adds a specular, or glossy appearance.
Becausethese local models ignore indirect illumination, the user-de ned ambient term
helps brighten surfacesnot directly illuminated. This gives renderings a more realistic

appearance.



w

(©) (d)

Figure 1.1. Examples of local illumination models. (a) Flat shading. (b) Gouraud
shading. (¢) Phong shading. (d) Phong shadingwith no specular componert.

Materials that scatter light roughly uniformly arecalleddi use or Lamkbertian surfaces.
Few surfacesare truly diuse, but Lambertian materials reasonablyapproximate matte
surfaceslike paper and painted walls. Equation 1.1 shaws a local model for Lambertian
materials:

I = 13KaOq + fatl pkqaOg(N L) (1.2)

Here N is the surfacenormal at the illuminated point, C is the direction to the light, Oq
the object's di use color, kg is the material albedo,and I, is the light intensity. 1, and ka
arethe global ambient constart and the material's ambient coe cien t. Note the rst term
in Equation 1.1 represens the ad hoc approac to approximating indirect illumination

discussedabove. Figure 1.1(d) shows an example of a Lambertian surface.



Sincefew completely di use materials exist, Phong intro duced an illumination model
that approximates glossy highlights using cosine terms [102. Perfect re ectors, like
mirrors, re ect incoming light around the surface normal (seeFigure 1.2). Most other
objects re ect light imperfectly, so highlighted regions appear near the re ection direc-
tion. Phong preseried an empirical model that approximates these highlights using the
following equation:

h i

| = 1akaOg + fatlp kgOg(N L)+ ks(R V)" : (1.2)
Using the Phong model, when the viewing direction V aligns with the re ection direction
R, the highlight is brightest. This highlight fadesasthe anglebetweenV and R increases.
Varying the material's shininessn modi es the size of the highlight. The material's
specularre ection coe cien t, kg, a ects the brightnessof the specularhighlight. Howewer,
this model only renders whitish specular highlights, which leadsto plastic-like object
appearance.To reducethis problem a new property Og, the specular color of the object,

is often introduced. The modi ed equation is then:
h [

Flat, Gouraud, and Phong shadingtypically usethe Phongillumination model (Equa-
tion 1.2). The di erence betweentheseshadingtechniquesis how frequertly illumination

is sampled. Flat shading usesthe sameillumination over an ertire polygon, whereas

; ELi ht
g )
R

ESE - =

Figure 1.2. The Phong illumination model usesfour vectorsto determine lighting for
ead point. V is the direction to the eye, C is the direction to the light, N is the surface
normal, and R is the re ection vector, which is C re ected about the surfacenormal.



Gouraud samplesthe illumination at all polygon vertices and linearly interpolates the
results for a smoother e ect. Phong shading interpolates the normals over the polygon
and performs lighting computations on a per-pixel basis. As seenin Figure 1.1, Phong
shading allows highlights to span lessthan a single triangle, whereasGouraud shading
often spreadshighlights over multiple triangles or missesthem completely:.

The models preseried in this sectionrun interactively and are easyto implemert, but
they cannot represert many of the complex e ects seenin everyday environments. Shad-
ows, re ections, interre ections, and causticsall require global information. Tednically,
area lights can be handled using local illumination models, but the approadesusedin

interactive applications typically handle only point lights.

1.2 Global Illumination

Global illumination provides much of the visual richnessin typical real-world environ-
ments. For instance, indoor ervironments and star-lit night renderings are often almost
exclusively lit by indirect illumination. Unfortunately, incorporating global information
about all objects in an environment provesquite costly. In fact, generating photorealistic
imagesrequires solving the rendering equation [67] introduced by Kajiya, which models
the physical transport of light. Solving this equation proves costly becauseit involves
integrating incoming illumination recursively at every point in a scene.In fact, computa-
tion of exact solutions are feasibleonly in the simplest ervironments. Renderersgenerally
usea numerical approximation technique to solwe this integral.

Kajiya's formulation of the rendering equation computesthe intensity arriving at some

point x from someother point x%in the ervironment via the following equation:
Z

L (x;x9 = g(x;x9 "(x;x% + 0 x A xO91 (x® x%9ax ° - (1.4)
x02s

The illumination arriving at point x from point x° depends on the visibility, g(x;x9,
betweenx and x° the light emitted, "(x;xY, from x°to x, and a sum of the illumination
incident at x%re ected towards x. Here (x;x%x% describeshow much light from x%is

re ected towards x at point x°

1.2.1 Radiometry
Kajiya's rendering equation provides a framework to compute global illumination, but
rendering photorealistic imagesalso requires accurate knowledgeabout an ervironment's

lighting. The most pragmatic approadesto obtain physically accurate data are to either



measure light intensities in a real ervironment or allow usersto input intensities in
common, human-understandable units. In either caseradiometry, the measuremen of
real-world radiation, proves useful. By rewriting the rendering equation in terms of
radiometric properties, physical measuremets can easily be incorporated into simulated
ervironments.

The most basicradiometric property, radiant energy, hasunits of joules. Radiant ux,

describesthe radiant energy Q per unit time t, or = ‘fj—? The commonly used unit
for radiant ux isthe watt. Radiant ux area density represens the radiant ux per unit
area. Radiant ux areadensity is called irr adiance, represerted as E, when discussing
power arriving at a surfaceand is called radiosity, represerted as B, when referring to

power leaving a surface. More explicitly:

_dn.
E(x) = A (1.5)
d ou
B(x) = dAt: (1.6)

The radiance, L, is de ned asthe energy per unit area per unit time per unit solid
angle,or the radiant ux areadensity per unit solid angle. Giventhe radiant ux at point

x in areadA from somedirection d~ (seeFigure 1.3), the radiance can be computed as

Figure 1.3. Radianceis the energy per unit areaper unit time per unit solid angle d*.
If the area dA lies along a surface at point x with surface normal N, the radiance is
computed using the projected area cos dA.



follows:

d2
cos dAd+’
where cos dA is the projected area of dA to the plane perpendicular to the direction *.

L(x;#) = 1.7)

As an example, the energyradiated in the angle d~ from the region dA during time dt

in Figure 1.3 can be computed:
Q = L(x;*) cos dAd+dt:

Table 1.1 summarizesthe physical units of the radiometric properties introducedin this

section.

1.2.2 Reectance of Light

Another important property to considerwhen rendering photorealistic imagesis how
light interacts with materials in a scene.Every material re ects light in a slightly di er-
ent manner, depending on composition, age, translucency, and the microscopic surface
geometry Until the introduction of the rendering equation, however, most materials used
in computer graphics were approximated by purely Lambertian models, purely specular
models (i.e., perfect re ectors or refractors), or the Phong model, which gives a plastic
appearancewith varying specular highlights.

As more complex rendering techniques becamewidespread, a better represertation
for material properties was needed. A more realistic approximation for re ected light
is the bidirectional re ectance-distribution function, or BRDF, introduced by Nicodemus
et al. [91]. The BRDF represertts the portion of light from an incoming direction i,
that re ects in a particular outgoing direction *,¢, henceit can represen surfaceswith
arbitrary re ectances. Cook and Torrance [24] and Immel et al. [57] rst discussed
the bidirectional re ectance in the computer graphics literature, and Cabral et al. [14]

introduced the standardized notation of Nicodemus et al. Formally, the BRDF, f,, is

Table 1.1. Units of radiometric properties.

Symbol Property Units
Q Radiant energy J
Radiant ux w
E Irradiance Wm ?
B Radiosity Wm 2
L Radiance Wm 2sr 1




de ned as the ratio of outgoing radiance to the irradiance from the incident direction

dL(X; *out) — dL(x; *out)
dE(X; *in) L(x;*in) €OS jn dkin

The BRDF approximates the re ectance of a material, but asa function independert

fr(X;+out; Hin) = (1.8)

of surfacelocation it cannot represen e ects suc as subsurfacescattering and translu-
cency Nicodenus et al. alsointroduced the bidirectional sattering-surface re ectance-
distribution function, or BSSRDF, a more generalfunction than the BRDF which allows
such e ects. While the BSSRDF still only encompasses subset of all radiativ e trans-
fer [17], it allows transfer from all geometrical optics e ects. Jensenet al. [66] recertly

intro duced a subsurfacescattering model basedon the BSSRDF.

1.2.3 The Rendering Equation

Using the radiometric properties from Section 1.2.1 and the re ectance discussedin
Section 1.2.2, the rendering equation can be rewritten to allow use of physically based
measuremeks. More explicitly, the rendering equation computes an outgoing radiance
from a surfacebasedon the light emitted by the surface,the incident radiance, and the

surface'smaterial properties. Mathematically, this can be written [57]:
Z
Lout (X; *out) = Lemit (X;*out) + fr (X5 *outs Hin )Lin (X; &in ) COS jn d&in ; (1.9

where Lemit is the radiance emitted from x in direction +,;, is the visible hemisphere
at x, f, isthe BRDF, and j, is the angle between’;, and the surfacenormal N at x.
An interesting property of radiance is that it remains constart along a line in space,

assumingno intervening surfaces. So, assumingno surfaceexists betweenx and x + +,
L(x;*)=L(x+ +;+);8 2R:

Becauseof this property, the outgoing radianceat X, L out(X;*+), is equalto the incoming
radiance at x% Li, (x® +), if x%is the closestsurfacealong the line x + +. Ultilizing
this property, the rendering equation (Equation 1.9) becomesa recursive equation that

can be solved to compute a full global illumination solution.

1.3 Motiv ation for Global lllumination
Comparing the complexity of models described in Sections 1.1 and 1.2, global il-

lumination obviously requires signi cantly more computation than the commonly used



local illumination models. Consideringthe extra resourcesmeededfor global illumination,
seweral important questionsneedto be considered. What e ects doesglobal illumination
allow that local illumination doesnot? How important are the e ects that global illumi-
nation captures? And can these global illumination computations be simpli ed and still
capture the sameimportant e ects?

Local illumination models assumelight interacts with ewvery surfacefacing the source
and restrict light to interact with a single surface. Thus, local illumination renders
imageswithout shadaws, re ections, color bleeding, refractions, or the focusing of light.
Moreover, local modelstypically assumelight originates from point sources,so rendering
outdoor sceneslluminated by the entire sky is impossible. Suc e ects are all common
in real environments, hencefor applications placing a high priority on realism the extra
computation time for global illumination is worthwhile. Figure 1.4 shows the importance
of a few of theseglobal e ects.

Experiments have shavn shadaws play an important role in human perception. Ker-
sten et al. [71] showed that fake shadavs can causeillusory motion in stationary objects.
Further work by Kersten et al. [72] found an object moving along a set trajectory can
appear at di erent depths depending on shadov location. Peopleattach an object to its
apparert shadov when determining relative locations, as showvn in Figure 1.5. Accurate
spatial perception may not rely on accurateshadowvs[144], but adding them to a synthetic
sceneimproves both the spatial cuesand the realism. For instance, changing shadowv
size, position, or orientation in an image can causeoccludersto change apparert size or
location [145. A number of experiments have shavn shadaws provide important contact
cuesin virtual ervironments [56, 81].

Re ections provide other useful information in real ervironments. Interior designers
commonly use mirrors to make rooms appear larger than their actual size [103 104.
Di use re ections, also called color bleeding or interre ections, can be usedfor a similar
e ect. Painting the walls of a room white, which increaseghe light re ected betweenadja-
cernt walls, alsomakesa room seemlarger [103 104]. Besidesallowing similar perceptions
in synthetic environments, re ections alsoplay important rolesin the appearanceof many
materials, especially those with signi cant specular coe cien ts. Somereseart suggests
interre ections may provide spatial cuessimilar to those provided by shadavs [81]. Ad
hoc planar mirrored re ections are straightforward to add to locally illuminated scenes;

howewer, re ections 0 curved objectsaredi cult [94] and leadto major artifacts without
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(a) (b)

() (d)

Figure 1.4. Renderingsusing local, direct, and global illumination. (a) Local lighting
only. (b) Direct lighting using a point light source. (c) Globally illuminated scene. (d)
Globally illuminated scenewith metallic (instead of Lambertian) buddha. Notice the
other walls of the room have green and purple tints, which can be seenin the di use

interre ections on the model in (c).
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(a) (b)

Figure 1.5. An object's shadav a ects the perception of object location. These two
imagesare identical, exceptfor shadav sizeand location.

utilizing global illumination techniques.

No studies have examinedthe e ect of refractions on human perceptionsin computer
generated renderings, yet they do add signi cantly to the realism of a scene. Objects
seenthrough refractive objects like magnifying glasses,textured windows, or bodies of
water can appear dramatically di erent from the sameobject seenwithout the refraction
(seeFigure 1.6). The focusingof light by re ectiv e or refractive surfaces,called a caustic,
provides similar realism. For instance, the caustic at the bottom of a co ee cup or caused
by a magnifying glass (see Figure 1.7) may or may not provide important perceptual
information, but imageswithout suc causticslack realism. Similarly, light focusedby the
water in a swimming pool forms causticson the pool o or. As acommone ect, renderings
without underwater causticslook distinctly odd, hence Ims and video gamesfrequertly
approximate sud causticsusing texture mapsto help enhancerealism [60, 127, 12§.

In the real world, only objectswith nite extent emit light. Howewer, many interactive
computer graphics applications model light sourcesas in nitesimal points. Using point
light sourcesleadsto illumination inaccurate in many ways. For instance, shadavs have
hard, crisp edgesas visibilit y betweentwo points is a binary function. Real light sources
canbe partially occluded,resulting in smoother soft shadows Area light sourcesresult in
quite complexillumination asdirect light arrivesfrom a variety of directions. In addition,
represering lights assphericalenvironment mapsallows the useof lighting captured from
real environments [26]. This useof natural lighting conditions hasbeenfound to improve

the perceived realism of an image in certain circumstances[100, 110, though this topic
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Figure 1.6. Refraction of light through the cup and water introducesapparert bends,
discortinuities, and other artifacts to a typical wooden pencil. Also note the wooden
table top visible in refractions where it would otherwise not appear.
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(a) (b)

() (d)

Figure 1.7. Common caustics from eweryday life. (a) A cardioid at the bottom of a
co ee cup. (b) Light focusedon the bottom of a pool by the surface. And light focused
through (c) a magnifying glassand (d) an acrylic juggling ball.

remains the subject of active researt.

Theseglobalillumination e ects all provide signi cant amourts of realismto computer
generatedsceneshut studieshave showvn that accuracydoesnot matter in all caseq144].
Furthermore, it may be unnecessaryto accurately portray interre ections, refractions, or

causticsas long as the results appear plausible.

1.4 Overview of this Work
The major obstacle to using global illumination in interactive applications is the
signi cant computational resourcesrequired for accurate results. Many studies have

shawvn that global illumination e ects provide important perceptual cues, yet they nd
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that perfect illumination is usually unnecessaryand in some caseseven physically im-
plausible illumination may be acceptable. This suggeststechniqueswhich simplify global
illumination via approximation could renderimagesmost usersacceptasreal.

As current interactive applications extensively utilize local illumination techniques,
the approacd suggestedn this dissertation is to store global illumination approximations
locally. With global information stored at a local level, global illumination computations
simplify to lookups followed by simple computations (such as interpolation) over these
local values. Such an approad easily extendscurrent interactive techniquesto add more
complex lighting. This dissertation examineslocal ways to independertly approximate
three dierent global e ects: soft shadows, caustics, and di use interre ections. The
approadies for soft shadovs and caustics rely on commonly used polygonal datasets,
whereasthe work on di use interre ection focuseson volumetric datasetsusedin visual-
ization applications.

Chapter 2 discusseghe goalsand drawbadks of previous work in global illumination
and interactive techniques. Chapter 3 examines a technique for rendering plausible
approximations to soft shadovs using penumbm@a maps [152, Chapter 4 describes an
approad for generating interactive causticsdynamically [153, and Chapter 5 intro duces
a method for globally illuminating isosurfacesdynamically extracted from volumetric

datasets. Finally, conclusionsand future work are discussedin Chapter 6.



CHAPTER 2

PREVIOUS WORK

Researbers have long examined techniques to render more realistic illumination.
Early empirical models such as Phong [102, Blinn [11], and Whitted [149 illumination
were augmerted by more realistic techniques suc asthe Cook-Torrance model [24]. The
Cook-Torrance model incorporates additional information, suc as the solid angle the
light subtends,the slope distribution of microscopicsurfacefacets,and the Fresnelterm,
which describeshow surfacere ectance varies basedupon illumination angle, extinction
coe cient, and index of refraction. The Cook-Torrance model renders objects more
realistically than earlier empirical models, but it still reliesonly on local information, and
thus missesmany important illumination e ects.

Two basicapproadhesemergedfor computing global lighting: radiosity and raytracing.
Radiosity [38] builds onideasfrom radiativ e heat transfer [17] to model di use interactions
betweenLambertian surfaces. This allows color-bleedingto occur betweennearby objects
and easily incorporates the e ects of uniform arealights. An additional benet is that
computed radiosities are viewpoint independert, soviewers can interactively move about
a static scenewithout recomputing the solution. Unfortunately, radiosity is basedupon
energytransfer betweendiscreteregions,sosolutions are constart over these nite regions.
This leadsto aliasing and interpolation artifacts unlessa sceneis highly tessellated,in
which casecomputation times can becomeprohibitiv e.

Raytracing shoots rays from the cemerainto the scene. These rays intersect scene
objects to determine which surfacesare visible in a given direction. Whitted [149
extended the basic idea to a recursive raytracer, where rays need not terminate once
they hit a surface. Instead, should a ray intersect a specular surface,it continueson in
the re ected or refracted direction.

The remainder of this chapter discussesiumerouscategoriesof related work in render-

ing. Sections2.1,2.2,and 2.3respectively discussreseart related to radiosity, raytracing,
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and hybrid radiosity-raytracing technigues. Sections2.4 and 2.5 introduce researt on

interactively rendering two speci ¢ global illumination e ects: soft shadovs and caustics.

2.1 Radiosit y Approac hes

The basicradiosity approad [8], introducedto computer graphicsby Goral et al. [39],
assaiates a form factor with ead pair of patchesin a scene. The form factor speci es
what percertage of the outgoing energyfrom the rst patch hits the second. Using these
form factors, a large linear systemcan be solved to compute the radiosity at ead patch.
Cohenand Greerberg [22] intro duced the hemi-cube method for computing form factors
between patchesin a complex scene. By projecting scenegeometry onto an imaginary
cube certered on a patch, visibilit y information is stored in the form factor, allowing one
patch to occlude portions of the light traveling between other patches.

Further work on radiosity techniqueshasfocusedon three areas: easingthe restriction
to exclusiwely di use materials, increasingaccuracy and speedingup the computations,
either for the original solution or for dynamic scenes.

Immel et al. [57] extended standard radiosity to allow specular materials. Instead
of storing a single radiance, ead patch stores a directional radiance for a variety of
incoming and outgoing directions. This allows surfaceswith specular properties to be
precomputed. Just like in di use radiosity, the solution is view-independert, eventhough
view-dependert specular e ects are captured. Unfortunately, with specular surfaces
interpolation artifacts over patches becomemuch more noticeable, particularly as the
eyepoint moves. Additionally, since all patches are planar, curved surfacesare handled
poorly.

Until Cohen et al. [2]] introduced progressie radiosity, solutions were completely
computed before display could begin. Progressie radiosity shoots energy progressiwely,
one patch at a time, instead of solving the erntire system of linear equations de ned
by a scene'sform factors. This allows incremenrtal display of the sceneas computation
progressesalbeit with initially coarseestimates.

Chen [19] described a method called incremertal radiosity, which extends progressiwe
radiosity to allow changesto sceneproperties between iterations. Thus, increasing or
decreasinga light's brightnessshoots incremertal positive or negative light into the scene.
Changing geometry involves removing energy (or shooting negative energy) cortributed

by the object in its former location, and adding energy cortributed from the new loca-
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tion. Hence, scenescan dynamically change during computations without necessitating
a complete recomputation. Unfortunately, such changescan noticeably a ect the scene,
and propagating the changesthrough the radiosity solution often requires signi cant
time, especially for dramatic changesin light intensity. In most interactive applications,
where scenescortin uously change,incremertal radiosity never corvergesand can lead to
objectionable lighting artifacts.

As interpolation acrosspatches causessigni cant artifacts in radiosity-basedrender-
ings, a number of researtiers have proposed technigues for reducing these artifacts.
Hanrahan et al. [46] used a hierarchical quad-tree approac to adaptively subdivide
patches as needed. Accordingly, areas where radiance changesquickly become nely
subdivided. Hanrahan et al. also usedthis hierarchy to estimate form factors basedon
interactions betweenlarge patches. This reducesthe standard O(n?) radiosity technique,
which computesinteractions betweenall n patchesin the scenetto O(n).

Interpolation artifacts still occur in hierarchical radiosity, as patchesdo not coincide
with discortinuities in the illumination. Lischinski et al. [78] combined hierarchical
radiosity with discortinuity meshing [50, 51, 77] to create patches which coincide with
illumination discortinuities, suc as shadav boundaries. Gortler et al. [39 generalized
the idea of hierarchical radiosity by intro ducing wavelet radiosity, and work by Zatz [154]
and Troutman and Max [134] exploredthe idea of represening radiosity by non-constart,
higher order functions to reduceinterpolation artifacts.

Radiosity techniquespoorly capture specular e ects and corverge slowly, particularly
in dynamic ervironments. Howewer, when conbined with the ray-based approades
described in Section 2.2, these techniques provide much of the basis for more recert

interactive global illumination techniques.

2.2 Ray-based Approac hes
The recursive raytracing technique introduced by Whitted [149 is an easily imple-
mentable, elegan approad to shading objects. Distributed raytracing [23] extends the
ideato allow re ecting or refracting in a variety of directions, basedon material properties.
In e ect, this allows a Monte Carlo sampling [89] of the material BRDF at intersection
points. As most surfacesdo not re ect or refract perfectly (like a mirror or window pane),
distributed ray tracing allows much more realistic material properties. Additionally, by

distributing rays over time, an arealight, or a cameralens, e ects sud as motion blur,
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soft shadaws, and depth-of- eld can be rendered. Kajiya and Von Herzen [68] extended
raytracing to handle volumes such as smoke, dust, or clouds via multiple sampling of
scattering functions over the volumes.

Kajiya [67] showved that all theseraytracing techniques solved a subsetof a more gen-
eral illumination problem posedby the rendering equation (discussedn Section1.2.3). He
proposeda new approad, called pathtracing, which solved Equation 1.9 by Monte Carlo
integration. A path describesthe motion of a photon through re ections, refractions, and
scattering from the light to the eye. Sampling numerouspaths at every pixel in an image
thus computesa full global illumination solution, with bounded error for ead pixel. The
results are quite compelling; howewer, large numbers of paths are required before images
corverge. Using fewer samplesresults in noisy images,particularly in regionsconaining
complex paths to luminaires, like caustics.

One approad to acceleratepathtracing involvesreducing path variance sothat fewer
samplesper pixel are necessaryfor good results. Arvo and Kirk [7] discussthe tradeo s
betweenterminating rays early via Russian roulette and splitting rays at intersections.
Spawvning new rays can reduce variance by concerrating work in regions most sensitive
to noise,but it canalsofocus more work at leavesof the ray tree, where cortributions are
minimal. Russianroulette stochastically terminates rays early, as if a surface absorbed
the photon. This reducesthe total number of rays, at the cost of slightly higher variance.

One reasonfor high variance in pathtraced imagesis the varying number of bounces
beforea light is hit. By combining rays cast from the eye with photons emitted from the
light, bidirectional pathtracing[74] reducesvarianceby using ead intersection on the light
path asan emitter for points on the eye path. Considering the importance of particular
paths [31, 32, 101, 123, both from the eye and the light, allows reduced numbers of
paths in regionslessimportant to the rendering, which allows higher sampling rates and
reducedvariancein important regions.

Observing that illumination frequertly changesslowly and gradually over space,with
occasionaldiscortin uities, alsosuggestghat cading illumination valuesand interpolating
over relatively constart regionscould signi cantly reducethe frequency at which expen-
sive illumination computations must be performed. Ward et al. [146 demonstrated that
sud cading techniques provide signi cant savings for pathtracers.

The areasin a pathtraced image with greatest variance result from specular interac-

tions. For instance, caustics are formed when light from specular objects focusesin one
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small area. The paths of light causingthesee ects are often corvoluted and di cult to
sample tracing only rays from the eye. Arvo [6] suggestedemanating photons from the
light and storing them in illumination mapslocated on Lambertian surfaces. Using this
technique, paths need not randomly bounce around numeroustimes before accidertally

readhing a light source. Instead, at ead di use surface, a simple lookup provides the
incident illumination. Hedbert [49] proposedadaptively subdividing theseillumination

maps based on photon density and regions of importance, suc as shadov boundaries.
The bidirectional pathtracing of Lafortune and Willems [74] also extendedthis approad.

Jensen[64] introduced the concept of a photon map. Instead of storing a texture
of irradiance values, as in an illumination map, the photons themseles are stored,
usually in a kd-tree. When computing incident illumination at a point, cortributions
from the n-nearest photons are averaged. Since photon mapping does not use discrete
texels, fewer photons are necessaryto eliminate noise. Extensionsto the photon map use
importance to determine where to shoot photons [61], allow more e cien t soft shadawv
rendering [63], eliminate the requiremert for di use receivers[62], and allow interaction
with participating media [65].

Photon mapping reducesthe number of paths and photonsto render complex specular
e ects, such as caustics, yet large numbers of photons are still required. In the caseof
dynamic scenes,recomputation must occur after every object movemert or change of
material property. Purcell et al. [109 implemented a basic photon mapping stcheme on
graphics hardware in an attempt for quicker rendering. Due to limitations of graphics
cards, their implemertation usesa simple grid-based storage schemefor photons instead
of a kd-tree, reducing caustic reconstruction quality. Additionally , their approadc requires
a number of secondsper frame, even for simple scenes.

Bala et al. [10] stored sampledradiance in a linetree, which is the four-dimensional
equivalent of an octree. By interpolating and reprojecting these sampledradianceswhen
encourtering similar rays, the costs of raytracing are signi cantly reduced. In addition,
they provided bounds on the resulting errors so image delit y can be maintained at
any desiredlevel. Radianceinterpolants can provide a signi cant speedupover standard
raytracing approades;however, in areaswhereradiancevariesquickly, suc asin caustics,
artifacts may be di cult to eliminate.

A number of approades utilize coherencyto speedup rendering times. Beam trac-

ing [52] traces beamsinstead of individual rays. As adjacert rays typically hit nearby
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surfaces,a single intersection can save signi cant computation. Vead and Guibas [136]
mutated existing paths in a Monte Carlo pathtracer. Once an important path is found,
mutated paths generally signi cantly contribute to the imageaswell. Recerly, Chenand
Arv o [18] examinedperturbations of specular paths to acceleratecomputation of specular

re ections.

2.3 Hybrid Radiosit y-Raytraced Approac hes

Both radiosity and ray-basedapproades have advantages. Pathtracing captures any
global illumination e ect, albeit at great cost, whereasradiosity progressively computes
view-independert di use solutions. Numerous researtiers have examined techniques of
conmbining these approadies to get the benets of ead while reducing variance and
computation time.

Wallace et al. [14Q proposed a two-passapproach. In the rst pass, a radiosity
solution is computed that stores di use to diuse surface interactions and specular to
di use interactions. The secondpassusesa distributed raytracing approadc to compute
specularto specularand di use to specularinteractions. Sillion and Puec [118 extended
this two-passapproac to allow multiple specular interactions along a light path and
eliminate the restriction limiting specular objects to planar patches.

Malley [82] and Maxwell et al. [85] proposedusing raytracing to compute form factors
betweenpatches. By casting rays out from a patch, accurateform factorsto other patches
can be computed, even with complex occluding geometry Wallace et al. [14]] turned this
around and gathered light at patch vertices via ray casting, which allowed smoother
interpolation over patches.

Shirley [114] proposeda three-passprocessthat rst shoots photons from luminaires
via illumination mapping, then computesdi use interre ections usinga modi ed radiosity
approad (which ignoresdirect lighting), and nally tracesrays from the eye and performs
direct lighting computations. This approad easily capturescomplex e ects like caustics,
unlike most earlier methods.

Chenet al. [20] extendedhybrid approadesto provide userfeedba& during rendering,
and allow elimination of most interpolation artifacts from the radiosity steps. Using an
initial progressiwe radiosity passwith nondi use form factors computed using ray tracing,
the most important e ects are seenquickly. A secondpassusing pathtracing computes

shadovs and caustics, although computations focus only on bright objects that cause
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such e ects. A nal passusesper-pixel pathtracing to remove interpolation artifacts
from the initial radiosity solution. This nal pathtracing passusesthe radiosity solution
for secondaryre ections, so path lengths are kept short.

Keller [70] introduced a quasi-Morte Carlo approad that sendsout particles from
the light. Where these particles hit scenegeometry, virtual lights are placed which also
illuminate the scene.Accumulating direct lighting resultsfrom the virtual point lights and
sampleson arealights allows approximate globalillumination to be computedon hardware
graphicsacceleratorsrelatively quickly. Extensionsallow simple specular e ects, but they
also increasethe number of hardware passesneededfor convergence. The complexity of
Keller's approad is linear in both light samplesand scenecomplexity. Unfortunately, for
high quality renderings,thesevaluesare not independert. As scenecomplexity increases,

more samplesmay be required for accurate illumination reconstruction.

2.3.1 Interactiv e Hybrid Approac hes

The hybrid approadesdiscussedsofar attempted to reducerendering time of photo-
realistic results, but a number of hybrid approadiestook the opposite approac: keeping
interactive rendering speedswhile still achieving as much realism as possible.

Georgeet al. [37] provided a medanism to update an existing progressie radiosity
solution as changesoccur in a dynamic environment. Before an object moves, negative
energyis emitted from its patches,to counteract the energyit cortributed to the current
solution. After movemert, positive energyis directed at it from important patchesin the
sceneto relight the object in its new location. A similar approad can handle changing
material properties.

Forsyth et al. [36] suggesteda link hierarchy building on the hierarchical radiosity
algorithm [46]. Links between patches can either become occluded, or need \promo-
tion" or \demotion" between levels of the hierarchy. By using predictive link tests and
extrapolation, they can compute radiosity interactively in simple scenes.

Smits et al. [127 grouped patchesin a sceneinto clusters, which could interact on a
cluster level, rather than the patch level. This allows objects that have little e ect on eath
other to interact at a higher level, which reducescomputational costs. They described
two approadcesto bound the error this clustering technique introduces. Depending on
the acceptableapproximation error, the O(n?) radiosity computation reducesto either
O(nlogn) or O(n).
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Drettakis and Sillion [30] combined clustering with an approac similar to Forsyth et al.
During object motion, intersections betweenthe object's bounding volume and existing
links are computed. Their technique expedites radiosity computations, but interactive
framerates are limited to fairly simple scenes.

Granier et al. [42] proposedanother approac using hierarchical radiosity with clus-
tering for the diuse pass, and utilizing particle tracing for specular e ects. Particles
corntribute to surfacesbased on the hierarchy, which allows acceleration of visibilit y
computations during path tracing. Granier and Drettakis [41] extend this approad,
constructing causticsdirectly on the radiosity meshor in a \caustic texture," depending
on required accuracy Furthermore, they include the line-spacehierarchy of Drettakis
and Sillion, allowing interactive modi cation of the scene.Howewer, aswith most particle
tracing systemstheir approac works best with relatively simple scenes.The number of

paths necessaryfor high quality increasesdramatically as scenecomplexity increases.

2.4 Soft Shadow Technigues

Signi cant researt has focusedon creating a uni ed global illumination technique
that renders complete illumination at interactive rates, yet other researt has focused
on more speci ¢ problems. Interactive raytracing-radiosity hybrids have potential, but
most current applications cannot a ord the expensethey entail. More speci ¢ techniques,
which focus on soft shadavs for example, can quickly be applied in applications, asthey
are simpler than complete solutions.

Since shadavs can signi cantly improve image comprehension,researters have long
examined techniques to incorporate them into existing applications that use only lo-
cal illumination. Crow [25] proposedan object-spacesolution to compute simple hard
shadovs. The extrusions of an object's silhouettes away from the light bound the
shadoved region. Computing shadow volumes these silhouettes and their polygonal
extrusions, allows analytic computation of hard shadaws for polygonal models. Another
early technique introduced by Williams [150 computed shadavs using an image-based
approach. By storing distancesto the objects nearestthe light in a shadowmap, objects
further away can be correctly occluded. Becauseof the simplicity of shadov volumes
and shadav maps, these techniques are the most widely used approadesin interactive
applications, especially asboth techniquesare easily adaptable to accelerationon graphics

hardware [53, 113. Woo et al. [15]] and Akenine-Meller and Haines [3] have surveyed
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early shadowv techniques and discussedtheir relative advantagesand disadvantages.

A number of interesting extensionsto these basic techniques have beenintro duced.
Reewset al. [109 intro duced percentage closer ltering , which helps eliminates shadov
map aliasing along shadav boundaries. Percerniage closer Itering rendersshadowvs with
soft boundaries. Howewer, this blur is proportional to a xed parameter and does not
vary with light size or distance betweenreceiver and occluder. McCool [86] developed a
hybrid approac which generatesshadav volumesfrom shadov maps. McCool's approac
doesnot render soft shadaws, but its usemay becomewidespreadas graphicsaccelerators
becomemore powerful and canimplemernt the processindependen of the CPU.

Shadaov mapping and shadav volumes quickly render hard shadovs. However, they
do not allow generation of soft shadavs, except by sampling the light many times and
accunrulating the result (suggestedby Hedbert and Herf [48]). As with most sampling-
basedintegral approximations, this approad requires many samplesto avoid artifacts,
which in this casemanifest as banding. For typical scenesat least 64 samplesper light
are necessaryfor smooth shadavs. Even with modern graphics accelerators,rendering a
scenean additional 64 times per frame proves prohibitiv e.

A number of approades speed exact soft shadaw computation. Drettakis and Fi-
ume [29] and Steward and Ghali [132 used badkprojection to compute a discortin uity
mesh. Using badkprojection of objects onto light sources,regionsof the scenewherelight
occlusions have similar structure are computed. A discortinuity mesh represeis the
boundariesof theseregionson scenegeometry Using this approac dramatically reduces
clipping costsfor computing light visibilit y.

Stark and Riesenfeld[13( reformulated Lambert's formula for computing irradiance.
The original formula sumsover the edgesof a polygon while the reformulation sumsover
vertices. By tracing vertices onto the image plane, this new formulation can exactly
compute accurate shadows for polygonal scenes.The algorithm quickensshadov compu-
tations, yet it fails to acceleratethe processenoughfor usein interactive applications.

Although exact shadav computations are possible to quickly compute for simple
sceneswith polygonal sourcesand occluders, they slov dramatically as scenecomplexity
increases. Thus, many researtiers have investigated approximate approades for ren-
dering soft shadavs. Soler and Sillion [125 12§ computed approximate soft shadovs
by convolving an image of the light source with a projected image of the occluders.

Unfortunately, their approad required lights and occluders to occupy parallel planes,
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which rarely happensin real-world situations. As positions of lights and occludersdiverge
from parallel planestheir approximation breaks down, and for very complex geometry
the artifacts are quite obvious without error reduction techniquesthat drastically increase
computation time. Additionally, this approximation breaksdown as occludersapproat
receiwers, where the shadov should becomesharp.

Another image-basedmethod, suggestedby Agrawala et al. [1], samplesthe light,
rendersthe scenefor eadh sample, and warps these imagesinto a layered depth image
In someways this approad is similar to simply sampling the light many times, as scene
geometry still must be rendered 64 or more times to compute accurate layered depth
images. Agrawala et al. also discusseda number of approades to speeding up this
precomputation, but their results still require minutes of computation for complexscenes.
In environments with dynamic geometry or illumination, suc precomputation speedsare
unacceptable.

An algorithm deweloped by Heidrich et al. [54] rendersapproximate soft shadavs from
alinear light source. At samplesalongthe light, shadav mapsare computed. Using image
warping techniques, visibility percertages are computed for ead point in the shadowv
maps. This value represeits the percertage of the light seenfrom that location in the
scene. This processcan be costly for complex scenesespecially when more than two or
three sampleson the light are used. Additionally, a number of situations exist where
artifacts occur and the technique limits sceneso two-dimensionallights.

Ouellette and Fiume [95] proposedprojecting occludersonto the light, using an algo-
rithm to nd discortinuities along the edgesof the light source,and using discortin uity
locations to approximately determine the portion of the light occluded. The results
are compelling, but projecting all objects onto ewvery light source quickly becomescost
prohibitiv e, especially sincenontriangular sourcesmust be subdivided, with the projection
processbeing repeated on eat subdivided, triangular light.

Hart et al. [47] lazily computed visibility information. As a rst pass, cast rays
determine visible geometry Shadawv rays spavned in a uniform pattern at intersections
determine someoccluders. Usinga o od- Il algorithm, neighboring pixels are cheded to
determine if the same blockers also occlude nearby regions. A secondpass computes
illumination for ead pixel basedon the blockers found during the rst pass. This
approadc can provide signi cant speedupsover Monte Carlo visibilit y evaluation at ead

pixel, but it hasa number of problems. First, it is not designedfor interactivity. Worse,
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when objects are subdivided into many small triangles, ead triangle castsonly a very
small shadav, which could easily be missedwith only a few shadav rays per pixel. In
such a case,a pixel deepin an umbral region may be only partially occluded.

Haines [45] introduced a technique which quickly renders a shadov texture on a
plane. This technique approximates umbral regions using a hard shadav, and extends
theseregionswith approximate penumbrae. Parker et al. [99] suggestedthis approac of
extending hard shadows by approximate penumbral regions. Haines' approac generates
plausible soft shadavs when occluderslie relatively closeto the shadoved plane, and is
discussedfurther in Section 3.1.

Brabec and Seidel [12] described a technique for computing soft shadavs using an
image-spaceseard of a single shadov map. If the shadav map shows a pixel as il-
luminated, a pixel-by-pixel seard conducted in nearby regions of the shadov map de-
termines whether the pixel lies in a perumbral region. Similarly if the shadov map
shows a blocker occluding the pixel, a seard of nearby shadov map texels determines
if the pixel is partially illuminated. The results provide acceptable shadavs quickly,
but stepping artifacts appear in penumbral regions and artifacts occur near overlapping
objects. Additionally pixel-by-pixel seartes currently must be performed on the CPU.
The illumination computation for ead pixel includes such a seard, so this processcan
becomecostly, especially asthe shadov map sizeincreases.

Akenine-Meller and Assarsson[2] extended the shadov volume approad to render
soft shadawvs. Instead of computing a single shadov quadrilateral at ead silhouette
edge, a penumbia wedge that surrounds the penumbral region is computed in addition
to the shadav quadrilateral. A per-fragmert shader program renders these wedges
into a light buer, used during the nal illumination pass. The problems with this
technique include assuming silhouettes form closed loops with exactly two silhouette
edgesper vertex, requiring a 16-bit stencil bu er for useasthe light bu er, and increased
bandwidth requiremerts for the additional penumbra wedgegeometry An extensionto
this technique [9] eliminated most of these problems and allowed for colored area lights.
Howewer, the bandwidth limitation restricts the complexity of objects casting shadaws.
Even on state of the art graphics hardware, simple scenegwith a few hundred polygon

occluders) render at only a few frames per second.
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2.5 Caustic Techniques

Although the problem of rendering causticshas not received as much attention as soft
shadov rendering, a number of researtiers have proposed techniques for interactively
rendering caustics. As with soft shadaws, the hybrid raytracing-radiosity approacescan
interactively render caustics for very simple objects, but more complex objects require
signi cantly more time.

Watt [147] described a variant of beam tracing [52] called light beam tracing. In
beam tracing, bundles of rays, or beams, are used instead of single rays. Using beams
reducescomputation time by utilizing coherencyinformation betweennearhy rays which
intersectthe samesurface. Watt's light beamtracing shoots beamsfrom the light, instead
of individual photons. Each specular polygon in the sceneis the base of a pyramidal
light beam, with the apex at the light. Theselight beamscan individually be re ected
and refracted by specular polygons with a single transformation, rather than on a per-
photon basis. This allows much quicker computation of causticsthrough a single specular
interaction. Problemswith the beamtracing approad include the limitation to a single
specular interaction, which limits the applicability, and the need to highly tessellate
curved surfacesin order to achieve realistic results.

Mitc hell and Hanrahan [88] intro duced a technique for directly computing the caustic
intensity from a re ecting implicit surface. Their approac usesresults from geometric
optics that describe the energyin a spherical wavefront and how the wavefront interacts
with re ectiv e and refractive materials. Instead of a ray-surface intersection problem,
their approac locates ellipsoid-surfacetangencies. The results have few discretization
artifacts, but they limit themselesto implicit surfacesand single specular interactions.
Finally, their technique requiressigni cant computational resources.

Nishita and Nakamae [92] combined metaball surfaceswith illumination volumes
(essemially light beamsrefracted by a single surface) using Z-bu ers, A-buers, and
shadov volumes to render caustics on underwater curved objects. In addition, they
handle underwater scattering e ects, giving visible \shafts" of light. Like most previous
techniques, this approad allows only single-interaction caustics, namely causticsfrom a
light-water interaction, limiting the applicability to a small subsetof real-world caustics.
Furthermore, becauseead illumination volume must be recomputed and rasterized each
frame, similar to a shadov volume, the cost prohibits dynamic caustics.

Stam [127] suggesteddynamically computing underwater caustics may be unneces-
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sary, as an approximation stored in a seriesof texture maps generatesplausible results.
Combining this approadc with aperiodic texture mapping [128 noticeably reducesthe
periodicity resulting from a short seriesof caustic textures.

Dieferbach and Badler [28] utilized graphics hardware to render approximate global
illumination e ects quickly. They proposedusing light volumes analogousto shadow
volumes, to bound regions where additional light should be added. These volumes are
similar to refracted light beamsand can be rasterized using the samestencil method [53]
usedfor shadov volumes. Light volumes can be recursively generatedas they intersect
second specular surfaces. This approad does not directly render caustics, but when
combined with explosionsmaps [94] to re ect from curved surfaces,caustic generation
may be possible. Unfortunately, this approad is very fragile and requires signi cant
Il rate (for multiple recursive shadav and light volumes). Even without caustics, this
multi-pass pipeline approad requires multiple secondsper frame.

Wand and Stra er [143 proposedusing recert programmability of graphics accelera-
tors to render caustics. Using a pixel shaderfor every pixel P in the scene,they sample
points S on a specular surface,re ect S !P around the normal at S, and index into a
cube map of the surrounding ervironment. By sampling the surface numerous times,
they perform Monte Carlo sampling of a single-bounce caustic. With current hardware,
they performed three samplesper rendering pass. This allows interactive framerates
for a few samplesper pixel (from 60{500), though caustics often require one or two
orders of magnitude more samplesfor crisp results. However, for simple metallic objects
whereblurry causticsare acceptable,their approad runs interactively on current graphics

accelerators.

2.6 Other Interactiv e Global I[llumination
Approac hes

While hybrid radiosity-raytracing techniques and specialized approades for speci c
e ects have materialized, a number of other interesting techniques have beenintro duced.
Greger et al. [44] introduced the irradiance volume which allows dynamic objects to
traverse an ervironment and allows nearby geometry to illuminate them via diuse
interre ection. The ervironment is sampled on a grid and an approximation to the
irradiance function is stored in ead cell. Interpolation betweensamplesallows dynamic
objectsto beilluminated by the scene however dynamic objects cannot a ect illumination

of static geometry
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A number of approadtes have adciieved interactivity via brute force. Raytracing
algorithms are emlarrassingly parallel, meaning they scalelinearly as additional CPUs
are added to a computation. Parker et al. [96] implemented an interactive raytracer
on a multipro cessorSGI Origin. Using 60 CPUs, a combination of good acceleration
structures, load balancing, memory bricking, and code optimization allowed interactive
framerates for fairly complex scenes.A similar interactive raytracing technique was in-
troducedby Wald et al. [139 which usesclusters of commadity PCs to achieve interactive
speeds. The approac of Wald et al. takes advantage of SIMD streaming instructions
on modern commadity CPUs, reducesall objects to triangle primitiv es, and carefully
monitors network tra ¢ to maintain interactivity.

Wald et al. [138 extended their work to render sceneswith global illumination at
interactive rates. Becauseof a limit on rays per frame, a number of assumptionswere
madeto expedite rendering. Instead of randomly sampling the lights at ead pixel, a set
number of predetermined light samplesare used. In order to eliminate the structured
noise resulting from this sampling, the raytracer usesa discortinuity bu er to smooth
irradiance over nearby pixels. Caustics are computed using a photon map stored in a
grid instead of a kd-tree, for faster creation and lookups. While this improved approac
allows interactive global illumination, 5 5 pixel blocks are blurred together by the
discortinuity bu er, which causesblurred causticsand noisealong object boundaries. By
performing an approximate importance sampling, they shaved [137] that light samples
can be intelligently chosen,even in complex environments with thousands of lights.

Walter et al. [142 introduced the render cache which cades previous illumination
computations and reprojects them as a user interacts with the environment. By reusing
and reprojecting existing illumination samples,new rays and paths can be concerirated
in regionsthat signi cantly changebetweenframes. The render cace also allows frames
to be generatedasyndironously, rather than waiting for all illumination computations at
ewvery pixel on screen. The render cate allows interactivity without shooting rays for
ewvery pixel (similar to the approad of [10]), but high quality results require a number of
frames,and artifacts and blurriness occur in regionsof movemert and near discortin uities.

Udeshiand Hansen[135 combined hardware accelerationand raytracing to achieve re-
alistic e ects like soft shadavs, onebouncedi use interre ections, and specularre ections
in dynamic ervironments. Using a parallel SGI Origin with eight In nite Reality graphics

pipelines, shadavs and direct illumination were computed using the graphics hardware,
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and raytracing on the CPUs gave accurate specular re ections. They approximated
indirect illumination by rerendering the scenefrom virtual lights.

A number of recert techniques have explored compressingand storing global lighting
using various basis functions. Generally these techniques rely on incident illumination
from in nitely distant light sources,sothat lighting remains constart over objects in the
scene. Ramamoorthi and Hanrahan [106 applied spherical harmonics to environment
mapsto compressthem to nine coe cien ts for ead of the red, green,and blue channels.
Rendering requires a simple matrix multiply followed by a dot product to accurately
illuminate Lambertian materials with direct light from the environment. Programmable
graphics hardware can easily implemert this approad, and with third order spherical
harmonicsper-pixel error remainsbelow three percert. Ramamoorthi and Hanrahan [10§
extendedtheir work to allow rendering of more complex, isotropic BRDFs by combining
precomputedillumination coe cien ts with precomputedBRDF coe cien ts. By assuming
a distant viewpoint (in addition to distant illumination), the sphericalharmonic functions
can be evaluated only once per frame instead of once per pixel, allowing for interactive
rendering.

Sloan et al. [12( introduced precomputed radiance transfer, which allows interactive
integration of incident illumination and precomputed coe cien ts describing radiance
transfer within a single object. This approadc allows interre ections, self-shadeving
and low frequency caustics. Both the incident illumination and precomputed radiance
transfer are represened using sphericalharmonic coe cien ts. Observingthat integration
of two functions projected into the samespherical harmonic basis simpli es to a simple
dot product of coe cien t vectors, the illumination integral of Equation 1.9 simplies to
a few multiplies and adds, which they implement using programmable pixel shadersfor
interactive rendering. The results are impressiwe for di use materials, yet caustics are
poorly represerted becausethey require high frequency information eliminated by the
projection of the ervironment map into a sphericalharmonic basis. Additionally , in order
for nearby objectsto cortribute to ead other's illumination, they must remain stationary
relative to ead other. Radiancetransfer for more complex materials must be represerted
by a matrix of coe cien ts rather than a singlevector, sonon-Lambertian materials signi -
cantly slow renderingtimes. Sloanet al. [121] extendedthis work to allow a combination of
surfacemicrogeometrywith precomputedradiancetransfer. Sloanet al. [119 compressed

the spherical harmonic transfer coe cien ts using a variety of approacdes, allowing for
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high quality rendering of specular materials with fewer coe cien ts. Additionally, they
extended the transfer function to permit subsurface scattering e ects. Using newer
graphics cards with extended functionality, this new approad renders interactively for
dynamic illumination and viewpoint.

Ng et al. [90] suggestedusing a nonlinear wavelet basisinstead of a sphericalharmonic
basis. Becausewavelets have local, instead of global, support, they can compactly rep-
resen high frequencyillumination in addition to low frequencylighting. They projected
ead row of the transfer matrix into a Harr wavelet basis,quartized the elemerts to eight
bits, and discarded any zero coe cien ts, allowing for a sparsetransfer matrix. As with
the approad of Sloanet al., this approad requires static geometry, as recomputing the

transfer matrix is expensiwe.



CHAPTER 3

INTERA CTIVE SOFT SHADO WS USING
PENUMBRA  MAPS

Shadaws provide cuesto important spatial relationships. By changing shadov size,
position, or orientation in an image, an object can appearto changesizeor location [145.
Similarly, soft shadaws give contact cues. As an occluder approacesa shadaved object,
its soft shadov becomessharper. When objects touch the shadav is completely hard.

Many recert interactive applications have incorporated real-time shadaws, but they
generally use shadov volumes [25], shadov maps [150, or related techniques. These
methods use point light sourcesthat cast only hard shadavs. Since real world lights
occupy not a point but some nite area, photorealistic imagesrequire soft shadavs. Thus,
asinteractive graphics systemsbecomemore realistic, methods for quickly rendering soft
shadaws are needed.

Shadavs consist of two parts, an umbra and a penumbia. Umbral regions occur
where a light is completely occluded from view and penumbrae occur when a light
is partially visible (Figure 3.1). Until very recenly the only techniques to compute
theseregionsinvolved either evaluating complex visibilit y functions [47] or merging hard
shadows rendered from various points on the light [48]. Evaluating visibility is slow,
and sampling techniques produce banding artifacts unlessmany samplesare used. Other
approximations have emerged, but most do not allow dynamically moving objects to
shadaw arbitrary receiwers.

This chapter introducesthe penumbia map [152, which allows arbitrary polygonal
objectsto dynamically castapproximate soft shadavs onto themselvesand other arbitrary
objects. A penumbra map augmeris a standard shadov map with perumbral intensity
information. Shadavs renderedusing this approad (seeFigure 3.2) harden when objects
touch, avoid banding artifacts inherert in sampling schemes,and are generatedinterac-
tively using commadity graphics hardware. Additionally, penumbra maps can leverage

existing researth on shadav maps (e.g. perspective shadov maps [129 or adaptive
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(a) (b)

Figure 3.1. The shadov umbra includesregionswherethe light is completely occluded,
and the perumbra occurs in regions where objects only partially occlude the light.
Hard shadaws (a) have only an umbra, whereassoft shadavs (b) have both umbral and
perumbral regions.

shadov maps [35 to help reduce shadav aliasing). On the other hand, the penumbra
map approad breaks down when the umbra region shrinks signi cantly or completely
disappears. This happensfor very large arealight sourcesor when an occluder shadovs
distant objects.

The next sectiondescribesrelated work on shadowplateaus, followed by a discussionof
the penumbra map algorithm in Section3.2. Section 3.3 discussesomeimplementational

speci cs and outlines the limitations. Section 3.4 preserts the results.

3.1 Shadow Plateaus
Recent work by Haines [45] proposed a technique for generating approximate soft
shadavs on a ground plane using \plateaus.” Haines'method createsa texture containing
intensity which is used to modulate the local illumination at points on the plane to
approximate a shadav. This approac rst projects geometry onto the plane from
the certer of a light, as in Figure 3.3(a), giving a standard hard shadav, and then
extends the hard shadov by an approximation to the penumbral regions, similar to the

work of Parker et al. [99]. To draw these approximate penumbrae, polygons attached
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@) (b)

Figure 3.2. Perumbra mapsin a scenewith multiple lights. With two penumbra maps
(a), this sceneruns at 21.6fps for 1024x1024mages. Compareto shadav maps(b) which
only render hard shadaws.
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to the silhouette edgesof occluding geometry similar to the shadav quads used for
shadov volumes, are projected into the shadav texture with varying intensity basedon
distance to the ground plane. First, conesbasedat the ground plane with apexesat
silhouette vertices are rendered (Figure 3.3(b)). Usually these conesare discretized into
triangles for quick rendering via acceleration on graphics cards. Finally, the conesare
connected by hyperboloid sheetsattached to silhouette edgesand tangent to adjacert
cones(Figure 3.3(c)). When the adjacent coneshave di ering radii, the connecting sheet
is nonplanar. As OpenGL and DirectX introduce artifacts when rasterizing nonplanar
guadrilaterals, these sheetsare subdivided into smaller triangles.

When renderedinto the shadov texture, these conesand sheetshave intensities of
zero, for fully shadawved, at silhouette edgesand one, for fully illuminated, at the ground
plane. For locationsin betweenthe ground and the silhouette, the intensity is interpolated

either linearly or sinusoidally, as proposedParker et al. [99].

3.2 Penumbra Maps
Shadawv plateausgive compelling shadawvs quickly enoughfor usewith dynamic occlud-
ers, but this approac cannot shadaw arbitrary surfaces.Howewer, sincepeopleare often
poor judges of soft shadav shape [144)], similar plausible soft shadaovs should su ce in

interactive ervironments. The penumbra map technique extends Haines' shadow plateau

(@ (b) (c)

Figure 3.3. Approximate soft shadovs using shadov plateaus. The shadov plateau
technique generatessoft shadovs by (a) rst rendering a hard shadowv, (b) rendering
conesat ead silhouette vertex, (c) rendering sheetsconnecting the cones.
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work to allow dynamic soft shadavs on arbitrarily complex objects.

Two obsenations form the basisfor the penumbra map technique. First, a shadov
map can easily create the hard shadawv to approximate an umbra. Second,if oneassumes
this hard shadov approximates the umbra, then the ertire penumbra is visible from the
point on the light usedfor the hard shadav. This allows the penumbra information to
be stored in a single texture called a penumbia map. This texture storesthe penumbral
intensity on the foremost polygons visible from the light, just as a shadav map stores
depth information about these surfaces. These obsenations led to similar, concurrert
work by Chan and Durand [16], allowing them to render approximate soft shadaws using
new geometric primitiv es called smamthies

Rendering with pernumbra maps is a three-passprocess. The rst passrenders a
standard shadov map from the viewpoint of a point light source at the approximate
certer of the light. The secondpassrendersthe penumbra map. The third passconbines
depth information from the shadov map and intensity information from the penumbra
map to renderthe nal image.

Let V fvy;vo;iiigand E  fep; ep;:::g be the set of silhouette vertices and edges,
as seenfrom the light. Let L, bethe light radius, Z,, the depth value of vertex v; from
the light, and Z¢ 5 bethe distanceto the light's far plane. Then, to generatea penumbra

map (such asin Figure 3.4):
Clear the perumbra map to white.
Find V and E for the current light.

8v; 2 V, draw a conewith tip at v; and baseat the far plane (seeFigure 3.5) with

(Zf ar ZVi )LI'

a radius at the baseof C,; = > . Subdivide eat coneinto a number of

triangles with one vertex at v; and two on the far plane.

8¢ 2 E, draw a sheetconnecting adjacert cones. Depending on the coneradii, this

quad may be nonplanar. Subdivide extremely nonplanar quadsto avoid artifacts.

Every pixel in the penumbra map corresponds to a pixel in the shadov map. Each
perumbra map pixel stores the shadav intensity at the corresponding surface in the
shadov map. A fragment program applied to the penumbra sheetsand conescomputes
this intensity using the simple geometry shavn in Figure 3.6. The ideais that by using

Zy;, the depth of the current coneor sheetfragment Zg, and depth of the corresponding
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(a) (b)

(©)

Figure 3.4. Rendering using pernumbra maps. (a) An example shadov map, (b) the
corresponding penumbra map, and (c) the nal renderedresult.
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Cone Radius C;,

Far Plane

Far Plane

(a) (b)

Figure 3.5. Explanation of penumbral sheetsand cones. (a) Each cone'stip is located
at avertex v; with the baselocated at the far plane. Simple geometryallows computation
of the coneradius C,,. (b) Each sheetconnectstwo adjacert cones.

Light

Occluder

Edge of umbra
using this method
Edge of penumbra

Far Plane

Figure 3.6. Computing per-fragmert intensity from cone or sheet geometry Each
fragment F correspondsto somesurfacelocation P visible in the shadov map. By using
Zy,, Zg and Zp, the intensity | is computed via Equation 3.1.
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shadov map pixel Zp, one can compute the light intensity at point P. Equation 3.1
speci es this computation:

Ze Zr _ Zr Zy

=1 = :
ZP ZVi ZP ZVi

(3.1)

The CPU computesZ,, on a per-vertex basis. For conesZ,, is constart, and for sheets
the graphics card's rasterizer interpolates between the Z,, values of the two adjacert
cones. Zp can be computed by referencingthe shadov map, and Z¢ is automatically
computed by the rasterizer when processingfragmert F.

This processgivesa linear intensity gradiert through approximate penumbral regions.
Parker et al. [99] note that for sphericallights this intensity should vary sinusoidally. They
approximate this sinusoidal fallo using the Bernstein interpolant s = 3 2 2 3, The
results preseried in Section 3.3 use this approximation, with the same assumption of
spherical light sources.

Figure 3.7 contains pseudaode for a fragment program to compute the penumbra
map (App endix A corntains the actual vertex and fragment programs). Since both the
shadav map, Smap, and the penumbra map are renderedwith the sameviewing matrices,
the window coordinates of fragment F canbeusedto nd its corresponding point P in the
shadov map. Due to the nonlinearity of z-bu er values,Zg and Zp must be corverted
bad to world-spacedistances(Z 2 and Z3) beforeuse. Note that Z2 canbe computed on
a per-vertex basisand can be interpolated by the rasterizerto save fragmert instructions.

Since the penumbra map only requires a single color channel, further savings can be

Require: silhouette vertex depth Z,, for current coneor sheet,shadov map Smap
for all fragmeris F on the current coneor sheet do
Fcoord = GetWindowCaoord( F )
Zp = TextureLookup( Smap, Fcoord )
Zg = Feoord,
if (Zg > Zp) DiscardFragment()
Z3 = ConvertToWorldSpace( Zp )
Z2 = ConvertToWorldSpace( Zf )
| = (22 -2y) 1 (28 - Zy,)
10= 312 23
Output color = |1©
Output gepth = 1°
end for

Figure 3.7. Pseudaode for penumbra map fragmert program.
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achieved by storing the shadov map and penumbra map in di erent channelsof the same
image.

Rendering soft shadavs with a penumbra map is simple. For ead pixel renderedfrom
the camera'sviewpoint, a comparisonwith the depth in the shadov map determinesif
the pixel is completely shadoved. If not fully shadaved, a lookup into the penumbra
map gives an approximation of the light readcing the surface. Like shadov mapping,
perumbra mapswork in sceneswvith multiple light sources.Instead of computing a single

shadav map and perumbra map, ead light requires one of ead.

3.3 Implemen tation

The prototype application usedin this chapter makesa number of implemenrtational
choiceswhich a ect the results. First, only sphericallight sourcesare used,becausegeople
often cannot distinguish between shadovs from lights of various shapes. As Haines [45]
notes, this algorithm need not be limited to spherical light sources. For example, in
the caseof a triangular sourcethe conesgeneratedfor the perumbra map would have
triangular bases.

Second, this prototype detects silhouettes using a brute force algorithm. A more
intelligent silhouette extraction technique was not used becausethe graphics card was
the expected bottleneck. Surprisingly, the silhouette code takes 30% of the prototype's
render time. Obviously, fast silhouette techniques would be used for future interactive
applications.

One detail that complicatesimplementation is how to deal with overlapping shadaws.
Given two silhouette edgeswith overlapping penumbral regions,there are multiple ways
of counting their cortributions (seeFigure 3.8). When one shadov completely corntains
another only the darkest shadav should be used. If just the perumbrae overlap the
shadov contributions should be summed. Often when the object silhouettes intersect,
multiplication best approximates the true interaction. Unfortunately, there does not
seemto be a straightforward way to determine which of the three methods to useon a
per-fragmert basis during cone and sheetrasterization. The prototype implementation
usesa modi ed depth test to determine which coneor sheetshadesa particular fragmert
in the penumbra map. As the pseudacode above shaws, the penumbra intensity is stored
in the depth channel and glDepthFunc( GLLESS) is usedto always choosethe darkest

shadov in a given pixel. This leadsto artifacts in the shadavs. As in Haines' work,
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(@) (b) (©)

Figure 3.8. Thesepathtraced imagesshaw three di erent typesof interactions between
overlapping perumbra. (a) Only the darkest cortribution is needed,(b) shadow cortri-
butions should be summed,and (c) multiplying the contributions from the two polygons
best approximates the result.

these are most noticeable at silhouette concavities. Sud artifacts worsen as the size of

the penumbra increases.

3.3.1 Discussion of Limitations

This work assumedhat object silhouettesremain constart over the areaof a light and
that the umbra canbe approximated by a hard shadav. Akenine-Meller and Assarsson?2]
and Haines [45] also use silhouettes computed at a single point on the light. Brabec and
Seidel's[12] technique implicitly makesthis assumptionby using only a single depth map.
Obviously as an area light increasesin size, silhouettes vary more over the light so the
generatedshadavs will becomelessrealistic.

Approximating the umbra by a hard shadov provesreasonablein many casesas most
peopleare poor judges of soft shadav shape [144). If plausible soft shadaws are required
in an interactive application, using a hard shadowv for the umbra may be sucient. As
a shadawv's umbra size shrinks, such approximation leads to noticeably larger, darker
shadavs. Shadav umbrae shrink aslight size grows and as occludersand receivers move
further apart. Thus, penumbra maps work best for relatively small light sourcesand

occlusionsbetweennearby objects.
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3.4 Results

The prototype penumbra map implementation usesOpenGL and wastested on three
systems: a 2.0 GHz Pentium 4 PC with an ATl Radeon 9700 PRO graphics card,
a 2.66 GHz Pentium 4 PC with an nVidia GeForce 5900 Ultra graphics card, and a
3.2 GHz Pentium 4 PC with a prereleasenVidia GeForce 6800GT graphics card (with
a 300 MHz core clock speedand 500 MHz DDR memory). Vertex and fragment shaders
(seeAppendix A) utilize the OpenGL ARBvertex _program and ARBfragment program
extensions. Both the shadov and penumbra maps are renderedinto p-bu er textures, a
type of onboard memory bu er, for direct usewithout necessitatinga read-bad through
main memory.

All scenesare renderedat 1024x 1024 with shadov and penumbra maps of the same
size. As soft shadaws e ectiv ely blur detail, simplied models of complex objects sucth
as the bunny, buddha, and dragon can be used to render the shadav and penumbra
maps while still retaining equivalent quality shadawvs. This increasesaliasing artifacts,
though adding a larger bias can help reducethem. 10,000polygon models were usedto
generateshadaows for the bunny and the dragon (Figures 3.9 and 3.10). Buddha's shadav
(Figure 3.2) uses5,000 polygons. Table 3.1 shows framerates for these models using
perumbra and shadav maps. Note that for comparisonpurposes,the hard shadaovs were
timed usingafragment program similar to the oneusedfor penumbra maps. This program
computes the Phong lighting and performs the lookup into the shadov map, which is
signi cantly slower than using other capabilities of the hardware designedspeci cally for
those operations.

Thirt y percert of the computation time is usedfor brute force silhouette extraction.
Thirt y- v e percen is spert rendering the perumbra map and the render passconsumes

the remaining time. Note that the render passincludesfragmen codeto perform lighting

Table 3.1. Framerate comparisonbetweenshadov and penumbra maps.
Object Perumbra  Shadowv Penumbra Shadov Perumbra  Shadov
Mapona Mapona Mapona Mapona Mapona Mapona
Radeon Radeon GeForce Geforce GeForce  GeForce
9700PRO 9700PRO 5800Ultra 5800Ultra  6800GT  6800GT

Bunny 181 42.0 19.9 30.0 67.9 97.2

Dragon 14.5 48.1 15.0 30.0 44.9 108.2

Buddha, 18.1 48.1 15.0 30.0 453 109.3
1 nght . . . . . .

Buddha,
2 Lights 11.0 27.4 6.67 20.0 21.6 68.8
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(@) (b)

(©) (d)

Figure 3.9. Perumbra map results for the Stanford bunny. Comparison of shadov maps
(a), penumbra maps with two di erent sizedlights (c,d), and a pathtraced shadav using
the larger light (b). For this data set, a 10,000 polygon model is usedto render the

shadows onto the full ( 70,000polygon) model.
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(©) (d)

Figure 3.10. Perumbra map results for the dragon model. Using a standard shadow
map (a) results in hard shadavs (b), add a penumbra map (c) to get soft shadavs (d).
Using a 10,000polygon dragon model for shadov generationand a 50,000polygon model
to render, 1024 1024imagesrender at 44.9 fps.
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computations and ched light visibility using the shadav map. These operations take
15 of the 22 instructions in the ARB fragment program. To render penumbra maps,
the prototype application usesa fragment program with 24 assenbler instructions. See
Appendix A for these shaderprograms.

This chapter presened the penumbia map, a new technique for rendering approximate
soft shadaws in real-time. Penumbra maps allow dynamically moving polygonal models
to cast soft shadavs onto themselesand other complex objects. Theseresults work best
for relatively small penumbrae. Penumbra maps provide a simple multipass extensionto

shadaov mapping for easyincorporation into existing shadav map-basedsystems.



CHAPTER 4

INTERA CTIVE RENDERING OF
CA USTICS

Daily life immerseseveryonein ervironments rich in illumination, particularly compli-
cated speculare ects sud ascaustics. Thesee ects areimportant to capture in computer
renderings. Unfortunately renderingcomplexillumination sud asa caustic often incurs a
signi cant computational cost. Sincemany applications require interactive speeds,costly
path tracing algorithms for computing causticsare often infeasible,and hybrid techniques
su er from a common computer graphics problem|p oor scaling with scenecomplexity.
Often techniquesthat run quickly on simple scenesbog down when usedon a complex
ervironment.

Although global illumination appearsto have a signi cant impact upon how humans
view interactions between objects, computing a full global illumination solution is often
unnecessary In fact, global illumination provides humans perceptual cuesasto relative
object locations, yet accuracy is not always important [56, 71]. Somereseartiers [11]]
have looked into simplifying the ernvironment to reduce unnecessarycomputations, but
guestionsremain asto what level of simpli cation compromisesthe perceived quality of
global illumination.

This chapter examinesthe focusingof light causedby re ectiv e and refractive surfaces.
This focusing,known asa\caustic," potentially a ects the ertire environment, yet in most
casesappearsin a relatively localized spacearound a specular object. For example, one
might seea caustic from a glass gurine on a table (seeFigure 4.1) or the caustic from a
mirror on an adjacert wall.

This chapter exploresa technique for sampling the caustic near a focusingobject. This
allows the reduction of caustic rendering to a localized property which can be computed
with a simple lookup. This lookup can be performed at interactive framerates, even
as objects and lights move. Howewer, sampling takes signhi cant precomputation and

memory, and accurate causticsare limited to the sampledregion.
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(@)

(b)

Figure 4.1. A scenewith causticsfrom a glassbunny. Using a raytracer running on 30
processorsthis scene(a) runs at 2.3 fps while allowing movemert of either the bunny or
the light, comparedto (b) 25 secondsfor shooting photons for a photon mapped image.
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The rest of this chapter is divided as follows. Section 4.1 discusseshe behavior of
causticsand suggestsways to deal with their complexities. Section 4.2 discussesvarious
ways to samplea caustic and the tradeo s involved and Section 4.3 discussesomeissues
involved in rendering a caustic from sampled data. Section 4.4 preseris the results.

Finally, Section 4.5 discussesonclusionsand future work.

4.1 Caustics
This sectiondescribesthe behavior of causticsand discussesassumptionsand simpli-
cations usedto interactively render caustics. The goal was to dewvelop a method that
locally approximates a caustic, which requires little or no recomputation from frame to

frame even as objects and lights move.

4.1.1 Caustic Behavior

Caustics result from focused light due to re ection or refraction o specular sur-
faces[93]. Someexamplesof causticsin daily life include sunlight re ected o a watch
onto a car ceiling, the cardioid shape at the bottom of a co ee mug (Figure 1.7(a)), and
the focusing of light through a magnifying glass(Figure 1.7(c)).

Caustics are common, yet few people understand exactly how they should look. For
example, one would expect a glass gure to cast a caustic onto a table, but blurred,
slightly o set, or even missing details may go unnoticed.

Flat surfaces,like mirrors, re ect light without focusingit. Howewver any concave
re ector focuseslight into bright lines or points. Tednically, only curved surfacescause
caustics, but this chapter adopts the commongraphicsusageand refersto any specularly
re ected or refracted light as a caustic, asboth planar and curved specular surfaceslead
to important illumination e ects.

Consider a transmissive object xed relative to a lightsource, asin Figure 4.2. The
caustic's intensity at point p changesbasedupon the position of p relative to the object
and the normal N, of the surfaceat p. For xed light and object positions, the caustic
can be considereda v e-dimensional function. Allowing the light (or equivalertly the
object O) to move changesthe caustic into a eight-dimensional function, by allowing the
vector C to vary.

Rendering caustics interactively involves quickly evaluating this eight-dimensional

caustic intensity function. Unfortunately, analytical descriptions of an arbitrary object's
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p SurfaceS

Figure 4.2. The eight dimensionsof a caustic. Giventhe object O at point p on surface
S, the caustic function hasthree dimensionsfrom D, three dimensionsfrom L, and two
dimensionsfrom the orientation N, of the receiving surfacerelative to Dy,

caustic cannot be obtained using current methods, so a numerical approximation to this

function is used.

4.1.2 Simplifying the Problem

A number of simple obsenations allow simpli cation of the problem:

The direction of incoming light often has greaterimpact on the visible caustic than
distance to the light.

Lights located relatively far away generatecausticssimilar to those of lights located
in nitely far away.

Most objects that focus light are relatively far away from the light. The most
prevalernt exception, mirrors in light xtures, can usually be treated as part of the

lightsource (e.g., Canned Lightsources[55]).

The most complex caustic behavior usually occurs in regions near the focusing
object.

These obsenations allow somesimplifying assumptions. Combining the rst two obser-
vations, a directional light sourcecan replace point lights (i.e., ignoring the distance to

the light). Using directional light sourcesreducesthe dimensionality of the problem by
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one.

Furthermore, limiting causticsto some nite volume around a re ectiv e or refractive
surfaceallows samplesto be focusedin regionswherethe causticscontributes signi cantly
to the illumination of other objects. This allows sampling D, over a nite region. Outside
this region, extrapolated samplesfrom the outermost samplescan approximate the caus-
tic. Alternately, outside the sampling region caustic cortributions could be gradually
faded. Note that considering the caustic a local object property limits interactively
rendered caustics to diuse surfaces, to avoid specularly re ecting the precomputed
caustic.

Finally, assuminga known surfaceorientation, Ny, ., , reducesthe dimensionality by
two. Incorporating this known surfaceorientation into the sampling allows approximation
of the caustic for an arbitrary orientation N, by multiplying the precomputed intensity
by Np Np, .. - This approach was found to work for Np,, ., = DBp= Dp=kDyk at
eah samplep. Conceptually, this method treats all caustic light from O as coming from
a point light at O's certer and computesthe caustic intensity at p using a cosinefallo
basedon N, D, As discussedabove, the local sampling limits rendered caustics to
mainly di use surfaces,sousing a cosinefallo is appropriate.

Using theseassumptionsa simpli ed v e-dimensionalcaustic function canbe sampled.
These v edimensionsarex, y, z, ,and , whereD, = (X;y;z), and and correspond

to the direction of L.

4.2 Caustic Sampling
This section outlines a number of approadesfor sampling and represetting the v e
dimensional caustic function discussedabove. Since these sampled caustics are local
properties of an object, sampling must be independertly performed on ead object which
focuseslight. Sampling of the volume over x, y, and z is discussedseparately from the

sampling of incoming light directions and

4.2.1 Sampling the Light

For eat caustic object, information about how the caustic changesasthe light moves
must be stored. Due to the assumption of directional lighting, sampling varying light
positionsis equivalent to sampling directions (; ) over a unit sphere. Each such sample

( i; i) isreferredto asa light samplel;.
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Sampling and in a xed, uniform or near-uniform, pattern generally works as
well as adaptively sampling. Each linear changein or corresponds to varying non-
linear changes(seeFigure 4.3) in the caustic intensity over the volume (x;y; z). Because
incoming light often bouncesaround the object many times, few incoming directions [
have a \simpler" caustic behavior than others. Thus, adaptive sampling of the sphere
tends to quickly corvergeto a relatively uniform sampling.

The rest of this chapter uses and sampledon a geadesic. Speci cally, we subdivide
an icosahedronbetweenthree and six times and project the vertices to the unit sphere.
Samplescan be taken as either the vertices or certers of the subdivided triangles. This
provides a nearly uniform sampling over the sphere,but hasthe advantage that existing

samplesneed not be recomputed for densersamplings(i.e., subdivisions) of the sphere.

4.2.2 Sampling Space

For eah light sample [;, someregion around object O should be sampled. If the
object has a bounding volume of radius r, tests showved a region with radius  3r should
be sampledto capture the most important regions of the caustic. However, this varies
depending on where focal points of the object lie.

Two di erent approadiesto storing volumetric sampleswere examined, a uniform grid
and a set of concerric shellssubdivided as a gealesic(seeFigure 4.4). After selectinga
represermation for the volume, sampling the caustic function usesthe following algorithm.
For ead light sample (*;, we shoot photons from the directional lightsource towards the
object O. Once a photon specularly bounces,it cortributes to all the cells it passes

though (the dashedlines in Figure 4.4).

Figure 4.3. Popping betweenadjacen light samples. Here a minute changein object
position results in a nonlinear changeto the caustic, as a di erent light sampleis used
after movemert.
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Figure 4.4. Sampling spaceon either a uniform grid or a set of conceriric shells.

A photon's cortribution to a cell is computed as if it hit a surface at the sample
point ps with surface normal in the direction of Ocener Ps. Eacdh sample point ps
stores only the caustic intensity (i.e., no direct lighting is included), so contributions
from nonre ected and nonrefracted photons are ignored. The result is a grid storing
approximate irradiance at ead cell's certer (similar to the Irradiance Volume [44]), with
the caveat that only irradiance due to specularly re ected light is stored.

Storing data on a grid has the advantage of easyimplemertation and fast lookups.
Howewer, a rectangular grid structure doesnot correspond well to caustic data because
intensity data changesin a generally radial fashion. This meansmuch spaceis wasted
storing data which changesslovly and not enoughis concerirated in regions where the
caustic changesquickly.

Storing data on concertric shellsallows nonuniform placemen of the shellsto densely
samplethe data radially in regionswherethe caustic variessigni cantly. Using this allows
a reduction of the sampling frequencyin one dimension by up to a factor of v e, either
reducing memory usageor allowing a ner sampling in other dimensions. To avoid the

di cult y of indexing into a geadesic, a table lookup is used.

4.2.3 Data Representation

One of the major problems with sampling a high dimensional function, such as
the caustic intensity, is the large storage requiremert. Using suc data in interactive
applications can be di cult if signi cant portions must remain in memory. A number of

methods to represent these data can reducethe memory overhead. Each approad has
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its advantagesand disadvantages.

A naive implemertation storesa complete set of sampled data, both on disk and in
memory. Obviously, this requiresa machine with lots of memory. For instance, storing all
sampleddata for the ring images(seeFigure 4.5) requiresaround a gigahbyte of memory,
with data stored in colors of three bytes ead. one byte for ead the red, green, and
blue channels. The advantage of this technique is easyimplementation and fast lookups,
leading to faster framerates when the data completely residesin main memory. Since
caustics typically have a large dynamic range, we cannot use these bytes to store the

usual valuesin the range [0; 1]. The examplesshown require intensity valuesin the [0; 3]

(@) (b) (c)

(d) (e) (f)

Figure 4.5. Sharper causticscomeat the expenseof densersampling. The imagesshown
require (a) 5.7, (b) 22.5, (c) 90.1, (d) 360, and (e) 1440 kilobytes of memory per light
sample. The data is stored using the concertric shell represertation. Compareto (f) a
photon traced solution. Using a multiresolution approac, similar results require (a) 4.8,
(b) 12.6,(c) 29.5,(d) 70.4,and (e) 179 kilobytes of memory per light sample.
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range. Using 8-bit valuesin this way obviously reducesprecision; howewer, when using
interpolation to get the irradiance at ead point, no signi cant degradationin quality was
noticed.

A multiresolution approad helpssave memory. Multiresolution techniquesthat adap-
tively subdivide the sampled geadesic as neededoften reduce memory usageby up to a
factor of 10 with equivalent quality results. The tradeo is that lookups take longer due
to the more expensive data traversal routines, leading to moderately reducedframerates.
Additionally , multiresolution approadiesmay not always reduce storage space.

Using spherical harmonics coe cien ts (see Appendix B) to represem sampled data
also allows signi cant compression. For ead cell in the volume, instead of storing a
color for eath light sample(;, spherical harmonic coe cien ts approximating the transfer
function from the ervironmental luminaire to a sample point are stored. Alternately,
ead set of spherical harmonic coe cien ts can represert the transfer from a light sample
to a single concertric shell, though rendering using the rst approad is faster and more
straightforward.

One main advantage of spherical harmonics is that a large amount of data can be
approximated by a few coe cien ts. The major problem with the represenation, however,
is that sphericalharmonics eliminate most of the high frequencyinformation in a caustic.
Such sharp features are believed to be very important for rendering caustics. Higher
order spherical harmonics better represen sharp features, but increasingthe order of the
spherical harmonic approximation increasesprecomputation, signi cantly increasesthe

number of coe cien ts required, and decreasesendering speed.

4.3 Caustic Rendering
After sampling the v e-dimensionalcaustic function, a number of approactescan be
usedto render the caustic. Resultsin this chapter usean interactive raytracer to render
the scenebecausat runs interactively on a large shared-memorymadine, easily allowing
accesdo large amounts of memory necessaryfor complicated caustics. Any rendererthat
can accessthe necessarydata quickly and perform per-pixel operations could use these

sampleddata to compute caustic intensity.

4.3.1 Rendering Algorithm
Raytracing the sceneproceedsnormally until the determination of the color at adi use

surface. At these surfaces,instead of just looking for direct illumination, the raytracer
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performslookupsinto the sampleddata to determine if they are illuminated by a caustic.

This processcan be described algorithmically as follows:

1. Determine the direction [* from the certer of the object O to the light. Locate the
nearestlight sampleC; (where ' C; is maximal). This volume storesthe closest
approximation to the caustic from the current light position. This step should be

doneonly onceper frame, sinceit is independert of the intersection point p.

2. At ead intersection point p, nd p's location in the volume sampledaround O and
look up the caustic cortribution. Add this result to the direct lighting computed

by the renderer.

4.3.2 Issues Rendering Caustic Data

Unfortunately, using a single light sample '; to render the caustic causestemporal
coherenceissuesas objects move. This is due to di erences in the caustic from one light
sampleto the next (seeFigure 4.3). The popping canbereducedby combining the caustic
from multiple light samplesC;, C;, and Cy (whereC € C C; £ 0 C Cy;8m2
fi;j; kg). i, £, and Ly form the three vertices of a sphericaltriangle on the unit sphere
which includes ' (seeFigure 4.6).

Combining three light samples using barycenric coordinates [15] eliminates pop-
ping between caustic samplesbut introducesa new problem|ghosting (seeFigure 4.7).
Ghosting happensbecauseobject O's caustic candi er signi cantly betweenneighboring
light samples soblending data from C;, C;, and C resultsin three separatefaint caustics.
Unfortunately, the bestway to eliminate ghosting is to samplethe caustic for more light
directions. This signi cantly increasesmemory consumption.

Below, an approach which helps reduce ghosting for relatively smooth objects is

described. This algorithm replacesstep 2 from the rendering algorithm above:

A. Compute the vector D from Ocenter t0 p.

B. Find the barycertric coordinates of [ in the spherical triangle formed by C;, C;,

and Cy. This givesthe relative cortributions from ead light sample (Figure 4.6).

C. Compute the angles i, j, and between[’ and the three nearestsampled light

directions (i, €, and L.
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Figure 4.6. [ intersectsthe spherical triangle formed by C;, j, and Cy.

(@) (b) (c)

Figure 4.7. Ghosting happenswhen the caustic changessigni cantly betweenneighbor-
ing light samplesC;, j, and . Images(a) without caustics, (b) with ghost caustics,
and (c) a correct caustic.
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D. Calculate rotation axesR;, Rj, and Ry by taking the crossproduct between and

Ci, Cj, and Cy, respectively.

E. Rotate vector Dy around the axis R; by angle  to nd anew vector D po. Similarly

nd Dpjo and ng by rotating around R; and Ry by angles j and  (Figure 4.8).
F. Find the points p?, pjo, and p?. Where p?= Ocenter + Dipo.

G. Perform caustic lookups asif pp, p?, and p{ werethe intersection points (instead of
p). Weight the contributions from thesepoints basedon the barycertric coordinates

computed in step B.

The processperforms an interpolation between samples. Unfortunately, sudc an
interpolation is not generally valid, as it assumesthe caustic changeslinearly in space
for a linear changein light direction. For relatively smooth objects, like the sphereand
bunny, sud \in terpolation” generally allows us to use fewer light samples. For objects
such asthe cube and prism that have sharp angles,this approac doesnot signi cantly
reduce ghosting, so a large number of light samplesare still required.

When using spherical harmonic coe cien ts, which essetially Iter over the sampled
light directions, this complicated rendering processcan be avoided. Instead the caustic
is computed by integrating the transfer function (stored at the samplesas spherical

harmonic coe cien ts) with the incident illumination, as described by Green [43], Sloan

Figure 4.8. Alternativ e approad to causticlookups. Find the cellto usein the weighted
averageby rotating D around the axis R; (which points into the pageat Ocenter ) by angle
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et al. [120, and Appendix B. Causticsrenderedwith spherical harmonics, howewer, tend
to be very blurry.

4.4 Results

This approach was implemented on an interactive parallel raytracer running on an
SGI Origin 3800with thirt y-two 400 MHz R12000processorsa sharedmemory macdiine
that easily holds the ertire sceneand caustic datasetsin main memory. Howevwer, this
approad is not limited to sud applications. Any renderer that has per-pixel lighting
control could implement the technique given enough memory. Existing systems(e.g.,
[42, 96, 133 142 138) could easily incorporate such precomputed causticsto avoid the
cost of reshaoting photons ead frame.

Table 4.1 contains timings for the imagesgeneratedfor Figures4.1,4.9,4.10,and 4.11.

The lookups into the precomputed caustic data incur a 10{45% speed penalty when
displaying caustics, depending on the relative costsof the lookupsto the raytracing costs
of the scene. The cost of the photon shooting preprocessrangesfrom 1.3 to 25 seconds
per light sample, using a single 400 MHz R12000CPU. Shooting photons for a photon
map takes a similar amount of time, though additional overheadis neededto create the
required kd-tree. Framerates are reported for a 360 360 window running on thirt y
400 MHz R12000processors.

Figures 4.9 and 4.10 compare a photon map with precomputed caustics using both
the grid and concertric shell storagetechniques. Thesecomparisonsshow grids and shells
requiring roughly the sameamount of memory. The gures also shonv data compressed
using 5th and 15th order spherical harmonics. Using the spherical harmonic represen-

tation provides advantages suc as the ability to use area lights (seeFigure 4.12), high

Table 4.1. Caustic rendering and precomputation times.

Object Grid Shell MultiRes No 5th Order Shoot Photons
Caustics Caustics Caustics Caustics Spherical  (per sample)
(fps) (fps) (fps) (fps) Harmonics (sec)
(fps)
Sphere 15.2 17.3 15.0 26.9 8.1 1.7
Cube 12.1 12.6 10.8 20.2 6.1 2.4
Prism 12.7 13.2 11.0 20.3 6.5 2.0
Ring 9.3 9.5 8.8 12.9 5.2 1.3
Building 1.94 2.01 1.90 2.29 1.48 4.5

Bunny 2.16 2.30 2.25 2.55 1.80 25.0
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(@) (b) (c)

(d) (e)

Figure 4.9. Caustic rendering techniqueson a metal ring and glasscube. Causticsfrom
(a) a photon map, (b) the concertric shell approad, (c) the grid technique, (d) 5th order
spherical harmonics, and (e) 15th order spherical harmonics.
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(@) (b) (©)

(d) (e)

Figure 4.10. Caustic rendering techniqueson a glassprism. Causticsfrom (a) a photon
map, (b) the concertric shell approadc, (c) the grid technique, (d) 5th order spherical
harmonics, and (e) 15th order spherical harmonics.
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Figure 4.11. Casting caustics on complex objects. This \building" can dynamically
cast caustics on surrounding terrain basedon the sun's position.

Figure 4.12. The caustic of a prism in St. Peter's cathedral using 5th order spherical
harmonics. Note there are no shadaws in this image.
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temporal coherence,and low memory consumption. For comparison, these fth order
represermations use around 10 MB memory, about as much as the uncompresseddata
used for Figure 4.5(a). Since the number of coe cien ts increasesquadratically with
order, computation costs quickly becomethe bottlenedk. All of these scenesrun at less
than one frame per secondusing fteenth order spherical harmonics.

Figure 4.5 illustrates the e ect of sampling density on memory consumption and
caustic quality. For a relatively smooth object few light samplesare necessary The
bunny (seeFigure 4.1) neededonly 162 light samples. For objects where the rotational
alignment technique from Section4.3.2 doesnot work well (like the cube and prism), up
to 2500light samplesare necessary Note that number of light samplesdoesnot a ect
framerate, assumingthe data all t into memory.

Obviously, with symmetric objects one neednot samplethe entire sphereof incoming
light directions. For a sphere,a singlelight samplesu ces. For the metallic ring, between
50 and 100 light samplesare sucien t for good temporal coherence. Many common

objects have symmetrical properties that could be usedto simplify sampling.

4.5 Discussion

This chapter preserted a novel technique for rendering approximate caustics inter-
actively by localizing the problem to the vicinity of the focusing object. This approat
avoids the recurring cost of photon shooting that other methods require to generate
dynamic caustics. Becauseparticle tracing is not necessarybetween frames, this tech-
nique can be applied to other interactive systemsthat cannot traditionally perform sud
computations (e.g., hardware basedrenderers). Additionally , the rendering costs of this
method are independert of object complexity. Since caustics are rendered using table
lookups, memory becomeshe bottleneck, soa number of ways to sample,represer, and
compressthe data in memory were examined.

Storing a highly sampledcausticfunction in memory producedthe bestlooking results.
Unfortunately, the memory requiremerts make the technique di cult to useunlessobject
symmetries or other simplifying conditions exist. Multiresolution approades can signif-
icantly reduce memory overheadby storing densely sampled data only where necessary
In exchange lookups becomemore costly.

Spherical harmonic basisfunctions generally blur causticsextensively, and the results

look uncorvincing. However, memory requiremerts are modest enoughto allow imple-
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merntation on current graphicshardware. Higher order approximations improve results at
the expenseof additional coe cien ts, though this additional expensecan quickly expand
memory requiremerts beyond read of graphics hardware.

Sceneghat lend themselveswell to this technique include outdoor scenesvherethe sun
e ectiv ely acts as a constart directional lightsource. Such a scenerequires a single light
sample. Leveragingobject symmetriesalsocan reducesomeof the memory burden. Many
common objects have such symmetries, so these sampling techniques may be feasiblefor
suc objects.

This work has a number of limitations, including extensive memory requiremerts for
generalenvironments requiring the ertire sampledspace,poor realightment of neighboring
samples,and inability to handle area lights without spherical harmonics. Howewer, by
tailoring the caustic represenation to the application, theselimitations canbe overcome.
Thus, the results preseried in this chapter indicate that viable techniques exist for

including specular e ects aswell asdi use global illumination in interactive applications.



CHAPTER 5

INTERA CTIVE RENDERING OF
ISOSURF ACES WITH GLOBAL
ILLUMINA  TION

Isosurfaces,also known asimplicit surfacesor level sets, are widely usedin computer
graphicsand scierti ¢ visualization, whether to help model complexobjects [112 or to re-
vealthe structure of scalar-valued functions and medical imaging data [69]. Becauseboth
computational and acquireddatasetstend to belarge, only recertly hasinteractive display
and manipulation of surfaceswith varying isovalues becomefeasible for full-resolution
datasets[97]. In most interactive visualization systems,the rendering of isosurfacesis
basedon only local illumination models, such as Phong shading, perhaps coupled with
simple shadavs. For partially lit concave regions, these simple shading models fail to
capture the subtle e ects of interre ecting light and shadavs. Theseregionsare typically
dominated by a local ambient term which provides no cuesto environmental visibility or
re ections from nearhy surfaces.Figure 5.1 showsthe details brought out by the approadc
introducedin this chapter, both in shadaved regionsand thosewith high interre ections.

One usually thinks of \direct lighting" ascomingfrom a small light source,but it can
alsocomefrom extendedlight sources.In the extreme casethe ertire sphereof directions
is a light sourceand \shadowing” occurs when not all of the badkground is visible at a
point. This resultsin darkening for concavities, exploited as accessibility shading[87] and
obscuance shading[155. More recertly, direct lighting from a uniform extended source
has beenapplied to illuminating isosurfacesextracted from volumesto good e ect [13]].

This chapter extendsthe classof lighting e ects for isosurfacesto include full global
illumination from arbitrary light sources. The new method requires an expensiwe pre-
processbut does not greatly a ect interactive performance, and can even speedit up
since shadaovs can be precomputed and stored. This approad usesa corvertional
three-dimensional texture to encade volume illumination data. For static illumination

and a static volume, a scalar texture encaling irradiance stores the necessaryglobal
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(a) (b)

(c) (d)

Figure 5.1. Comparisonof (a,c) globally illuminated and (b,d) Phongshadedisosurfaces.
Note the improvemert in regionsdominated by indirect lighting, particularly in the eye
sackets (a,b) and the concavities in the simulation data (c,d).
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illumination for all isosurfaces.For dynamic lights and complex materials, multiple values
are usedper texel, asin Sloanet al. [12(. In either case,rendering interpolates between
neighboring texels to approximate the global illumination on the correct isosurface.

The next section introduces some volume rendering terminology and describes the
illumination models for display. Section 5.2 gives an overview of the new illumination
technique, and Section 5.3 describesthe algorithm in greater detail. Section5.4 discusses

the results.

5.1 Background

Rendering imagesof isosurfacescan be accomplishedby rst extracting somesurface
represeration from the underlying data followed by some method of shading the iso-
surface. Alternativ ely, visualizing isosurfaceswith direct volume rendering requires an
appropriate transfer function and a shading model.

In practice, many volume datasets are rectilinearly sampled on a three-dimensional
lattice, and can be represeried as a function dened at lattice points xj. Some
interpolation method de nes (x) for other points x not on the lattice. Other datasets
are sampledon a tetrahedral lattice with an assaiated interpolation function. Analytical
de nitions are alsopossiblefor (x), often arising out of mathematical applications. Such
analytical represetations can easily be sampled on either a rectilinear or tetrahedral
lattice.

Given a sampled dataset (x;), the marching cubes algorithm [79] extracts explicit
polygonsapproximating anisosurfacd ( isg) with isovalue 5o, wherel ( iso) = fx j (X) =
isog. Various improvemerts make this technique faster and more robust, but these
improvemerts still generateexplicit polygonal represertations of the surface. Raytracing
and volume rendering provide an alternate method of displaying isosurfaceswhich need
not construct and store a polygonal represettation [76, 97]. Once an isosurfacehas been

identi ed, standard illumination models can be applied to help visualize the data.

Commonly, extracted isosurfacesare shadedusing the Phong model [10Z and vari-
ations using similar ambient, di use, and specular componerts. Sud techniques give
poor depth and proximity cues, as they rely on purely local information. lllumination
techniquesfor direct volume rendering, such asthose surveyed in Max [84], allow translu-
cency and scattering along the viewing ray and shadow rays, but they fail to allow area

lights and are not interactive. Sobiergski and Kaufman [124] apply global illumination
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to volume datasets, but they shadeat runtime, so few e ects can be incorporated while
maintaining interactivity.

Seweral techniques have been proposedto interactively shade volumes with global
lighting. The Irradiance Volume [44] samplesthe irradiance cortribution from a scene,
allowing objects moving around the sceneto be shadedby static environment illumination.
Howewer, objects placedin the Irradiance Volume cannot interact with themseles,which
is important for correct global illumination of isosurfaces.Precomputedradiancetransfer
techniques [90, 119 12( can be used to shadov or cast caustics on nearby objects
by sampling transfer functions in a volume around the occluder. Unfortunately, these
techniques do not allow dynamic changesto object geometry which is important when
exploring the isosurfacesof volume datasets. Kniss et al. [73] describe an interactive
volume illumination model that captures shadaving and forward scattering through
translucent materials. Howewer, this method does not allow for arbitrary interre ec-
tions and thus does not greatly improve isosurfacevisualization. The vicinity shading
technique of Stewart [131] encales direct illumination from a large uniform light in a
three-dimensionaltexture and allows its addition to standard local shading models while
interactively changing the displayed surface. Howewer, this method provides an approadc

for only direct illumination and doesnot incorporate indirect illumination.

5.2 Overview

A brute-force approad to globally illuminating an isosurfacewould compute illumina-
tion at every point visible from the eye. Figure 5.2 shanvs how a Monte Carlo path tracing
technique would perform this computation. Obviously, performing such computations on
a per-pixel basisquickly becomescost prohibitiv e, so cadiing techniques[146§ are usually
preferable. Many existing techniquescade radiance[10], irradiance [44], or more complex
transfer functions [90, 106 12( to speedillumination computations.

In volume visualization, userscommonly changethe displayedisovalue, thereby chang-
ing the isosurface,to view di erent structures in the volume. Most illumination cading
techniques are object speci ¢, so as the surface changesnew illumination samplesmust
be computed. This chapter intro ducesa technique that storeseither irradiance or more
complex transfer functions in a three-dimensionaltexture coupledwith the volume. Each
texel t corresponds to some point x; in the volume. The processis broken into two

steps. During the computation step, illumination values can be computed using any
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isosurface

Figure 5.2. Computing the irradiance at point p involves sending a shadov ray and
multiple re ection rays. Re ection rays either hit the badkground or another part of the
isosurface,in which caserays are recursively generated.

standard global illumination technique. For ead texel t, extract the isosurfacel ( (X))
running through x;. Using this isosurface, compute the global illumination at point
Xt via standard approades and store the result in texel t. Figure 5.3 shavs how this
works for four adjacent samplesusing a Monte Carlo sampling scheme. When rendering,
interpolate betweencaded texelsto the correctisosurface allowing for interactive display
of arbitrary isosurfaces.

As with most illumination cading techniques, the rationale behind this approad is
that global illumination generally changesslowly for varying spatial location. Here this
assumption appliesin two ways: illumination should changegradually over a surfaceand
illumination should change gradually with changing isosurfaces.

One situation exists wherethis approximation obviously breaksdown|hard shadaws.
Hard shadaws involve a very visible discortinuity in the direct illumination. As shown in
Figure 5.3, eat samplein the illumination lattice is potentially computed on a di erent
isosurface.In regionswherea shadav discortin uity exists, somesampleswill bein shadov

and otherswill beilluminated. Usingan interpolation schemeto compute the illumination
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Figure 5.3. The globalillumination at ead texelt is computedusing standard techniques
basedon the isosurfacel ( (xt)) through the sample.

resultsin a partially shadaved point betweensamples. Thusfor a static isosurface results
near shadav edgeswill be blurred, similar to the e ect achieved with percenage closer
Itering [109.

Since dynamically changing the rendered isosurfaceis desirable, the e ect of suc
changeson shadav boundaries must also be considered. As the displayed isosurface
changes, the interpolated illumination value on the surface changeswith distance from
illumination samples,just asthe illumination varies over a single isosurface. Thus, faint
shadovs may exist when there is no apparernt occluder or small occluders may cast no
shadov. The e ect is that shadavs will \fade" in and out as occluders appear and

disappear. Examples of these e ects can be seenin Figure 5.4. The sceneis illuminated
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Figure 5.4. The Visible Female's skull globally illuminated using the new technique.
The right imagesshow how the cord's shadav fadesout with increasingisovalues.

by a blue and brown ervironment with a yellow point light source. The shadaws are
blurred slightly, and asthe isosurfacechangesthe cord fadesout beforeits shadow.

Note that becausesharp discortinuities in direct illumination are most visible, hard
shadow are a worst-casescenario. For soft shadavs or indirect illumination the perceived
e ects are lesspronounced, so this approximation of a smoothly changing illumination
function becomesmore accurate. Artifacts similar to those in Figure 5.4 may still occur,
but they will be lessnoticeable.

The artifacts that occur with changing isovalues arise from approximating the non-

linear global illumination function using simple trilinear interpolation. This approxima-
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tion is what causesthe \fading" of shadavs and the faint banding seenin the results.
This assumption occasionally causesproblems, but the proposedtechnique provides
signi cantly more locality information than local models, especially in concavities and
dark shadavs where ambient terms either provide little or conicting information. Ad-
ditionally, since shadaws are included in the represeration, they require no additional
computation. In fact, this technique renders faster than simple Phong and Lambertian

models when including hard shadaws.

5.3 Algorithm
This technique hastwo stages:illumination computation and interactive rendering. A
simplistic approad would perform all the computations asa preprocessbeforerendering.
As this can require signi cant time and not all illumination data may be required, it
is possibleto lazily perform computations as needed, assuming the display of some

uncomputed illumination is acceptableuntil computations are complete.

5.3.1 [lllumination Computation
Each samplein the illumination lattice storessomerepresenation of the global illu-
mination at that point. This illumination is described by the rendering equation (from

Section 1.2.3), without the emissionterm:
Z
L(Xt; *out) = fr (Xt; %outs &in )L (Xt; %in ) €OS in drin ;

where x; is the location of the illumination texel t with normal r¢, %oy IS the exitant
direction, *i, isthe incident direction varying over the hemisphere, andf, isthe BRDF.
Note that cos i, is equivalent to +;, f, which is usedin the rest of this chapter.
Depending on an application's required materials and illumination this equation and
the represenation storedin the illumination texture canbe varied to reducecomputation
time and storagespace. For a simple di use surfacewith xed lighting, a singleirradiance
value is sucient at ead lattice point. In this case, the rendering equation can be

rewritten as:
Z

L) = fr(x) Lk kn)(kin Adip = FOUERD.

(5.1)

Here the diuse BRDF has no dependencyon +i,. It can be removed from the integral

and is then equivalert to the surfacealbedo R(x;) divided by . The remainder of the
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integral is the irradiance at point x¢, E(x{). Storing E(x{) in a texture allows for easy
illumination during rendering, as per Equation 5.1.

The simplestway to compute the irradiance at ead samplepoint x; usesnaive Monte
Carlo pathtracing. Using N random vectors, ¥, sampled over the hemisphere , the

irradiance is approximated:

X

N
j=1

E(xt) = L(Xt;%): (5.2)
Using this equation, compute the irradiance at every point as shown in Figure 5.5.

Explicitly extracting di erent isosurfacedor eah sampleis quite costly. To avoid this
cost, a raytracer performsintersectionswith the trilinear surfaceanalytically [98]. Unfor-
tunately, trilinear techniquesgeneratenoisy surfacesand normals, which can signi cantly
impact the quality of the computed global illumination (seeFigure 5.6). Rather than
directly computing normals from the analytical trilinear surfaceor using a simple nite
di erence gradient, a smoothed normal de ned by atricubic B-spline kernelappliedto the
gradient overa4 4 4 voxel region givesbetter results. Smoothing normals and slightly
o setting X in the normal direction during illumination computations signi cantly re-
ducesthis microscopic self-shadeving noise. Note the global illumination artifacts seen
in Figure 5.6 using gradient normals occur on both microscopicand macroscopicscales.
Noise occurs on the microscopic scaledue to aliasing on the trilinear surface. Artifacts
occur on the macroscopicscalewhen the volumetric dataset and the illumination volume
have di erent resolutions. Visible bands occur where voxels from the two volumesalign,
as can be seenin Figure 5.6(d).

For more complex e ects such asdynamic illumination or nondi use material BRDFs,

a simple irradiance value will not suce, and a more complex represettation of the

for all x; in illumination lattice do
compute isovalue (X)
compute isosurfacenormal f¢
samplehemisphere de ned by A
for all samplesw; 2 do
compute illumination at x; in direction ¥ using isosurfacewith isovalue (xy)
end for
compute irradiance at x; using equation 5.2.
end for

Figure 5.5. Pseudaodeto compute irradiance at samplesin the illumination lattice.
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(@) (b) ()

(d) (e)

Figure 5.6. An isosurfacefrom the Visible Female's head extracted using analytical
intersection of the trilinear surface. Direct illumination from a point light using (a)
gradient normals, (b) tricubic B-spline smoothed normals, and (c) o set surface with
smoothed normals. Four bounce global illumination using (d) gradient normals and (e)
o set surfacewith smoothed normals.
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illumination must be computed. Choosingto usesphericalharmonic (SH) basisfunctions
to store more complex illumination e ciently represents low frequency lighting. As
di use globalillumination tendsto vary smoothly over space,suc a represertation makes
sense.Spherical harmonics allow for dynamically changing illumination aswell as quick
integration during rendering, using a simple dot product or matrix multiply operation.
Assumingadi use material, incident illumination from adistant ervironment L1 (*in)
invariant over x, and a visibility function V(Xxi;*i,), the rendering equation can be

rewritten as:
Z nh i
L(x¢) = fr(X¢) L1 (Min)VXGFin)(Rin 8) + LA V(X i) dRin: (5.3)

Note xf‘” is the point occluding x; in direction *,. As the incident illumination is
assumedconstart over the volume, it can be factored out of the recursive integrals
when using the SH basis, leaving a geometry term whose coe cien ts can be computed
numerically using Monte Carlo techniques. Green [43] clearly explains this processin
greatdetail. Every point in the illumination texture storesSH coe cien ts of this geometry
term.

Similar SH values can be computed and stored at voxels for more complex materials
including glossyor transparernt e ects, asdescribedin Sloanet al. [120, 119. Additionally
other bases like wavelets, could be usedto represen the global illumination in the volume,

especially if higher frequencye ects are desired.

5.3.2 Interactiv e Rendering

After computing the illumination samples, rendering is straightforward. At ewery
visible point on the displayed isosurface, rst index into the illumination texture to nd
the eight nearestneighbors. Afterwards, interpolate the coe cien ts stored in the texture,
and usethe interpolated coe cien ts for rendering.

When using an irradiance texture, simply use Equation 5.1 to compute the illumina-
tion basedon the stored irradiance and the albedo. With the spherical harmonic repre-
sertation, interpolate the stored spherical harmonic geometry coe cien ts and perform a
vector dot product with the ervironmental lighting coe cien ts.

A higher order interpolation [83] schemeover nearhy neighbors was expectedto gen-
erate better smooth illumination over complexisosurfaces.Interestingly, simple trilinear
interpolation of stored coe cien ts proved su cien t. More complexinterpolation schemes

gave equivalert or evenworseresults, asshavn in Figure 5.7. Methods with larger kernels
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(@) (b)

(©) (d)

Figure 5.7. Approachesto interpolating betweenillumination samples. Engine block
illuminated using (a) the illumination sample with closest isovalue, (b) the nearest
illumination sample, (c) a trilinearly interpolated value, or (d) a value computed with a
tricubic B-Spline kernel.

generally gave worseresults due to the increasedlikelihood of interpolating samplesfrom

widely di erent isosurfaces.

5.4 Results
Seweral di erent approadieswere usedto implement this technique. First, a Monte
Carlo pathtracer computed the illumination at texels throughout the volume. Utilizing
the precomputations in an interactive raytracer allows dynamic changesto the visualized
surfaceand illumination. An extensionto the interactive raytracer allowed computation
of illumination lazily, avoiding computations for isosurfacesnever seen. Finally, import-

ing the illumination texture into an OpenGL visualization program allows interactive
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rendering of global illumination on a single PC.

The interactive raytracer runs in parallel on an SGI Origin 3800 with sixty-four
600 MHz R14000processors.This is a shared memory machine with 32 GB of memory;,
allowing for easyaccesdo large volume datasetsand illumination textures. Large SGls
are uncommon, but usersgenerating and interactively displaying large volume datasets
typically have accesgo similarly powerful machines (or clusters [27]) which could apply
this technique. The OpenGL implementation runs on a Dell Precision 450 with 1 GB
memory and an Intel Xeon at 2.66 GHz. The graphics card is a GeForce FX 5900 with
256 MB memory. The code utilizes only simple fragmen shaders,so older cards should
su ce, but the increasedgraphics card memory facilitates visualizing bigger volumes.

Computing global illumination values for every texel in a volume can be quite ex-
pensive, whether computing simple irradiances or setsof spherical harmonic coe cien ts.
Table 5.1 shaws illumination computation timings for the volume shown in Figure 5.8.
Times are shown for computing the ertire texture aswell as for the single views shavn
in Figure 5.8. The prototype uses naive, unoptimized Monte Carlo pathtracing, on
thirt y 400 MHz R12000CPUs, for precomputation. More intelligent algorithms would
signi cantly reducethese precomputation times.

For volumeswith few interesting surfacessudc as the engine block, computing illu-
mination on the y may be preferertial to a long precomputation, as global illumination
samplesresidenear displayed isosurfaces.Sampleselsewherecan remain uncomputed. At
a 512 512resolution, computing a singleirradiance for eat sampletakesa few seconds
per viewpoint using sixty 600 MHz R14000CPUs. Denselysampledillumination textures
and complex ervironmental lighting require longer computations, as shown in Table 5.1.
In either caselazy computation maintains interactivit y, soviewpoint and isovalue can be

changedduring computation.

Table 5.1. lllumination computation timings for imagesfrom Figure 5.8.
100 625 2500 10000
Sampletype samples samples samples samples
per voxel pervoxel pervoxel per voxel
Spherical harmonics (singleimage) 0.33min 2.63min  10.6 min  48.2min
Spherical harmonics (full texture) 8.47min  52.8min  210min 853 min
Irradiance samples(singleimage) 0.95min  5.80min 23.7min  98.3min
Irradiance samples(full texture) 18.2min  113min  450min 1806 min
Pathtraced (single image) 0.73min 451min 18.0min 72.1min
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(@) (b) (c)

Figure 5.8. The engineblock illuminated by the Grace cathedral lightprobe. Spherical
harmonic samples(a) corvergefaster than Monte Carlo irradiance samples(b) or Monte
Carlo pathtracing (c) dueto the Itered low frequencyervironment. From top to bottom:
100, 625, 2500,and 10000samples.
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Precomputation is slow, but it need be done only once. Using the resulting illumi-
nation is simple and quicker than most lighting models usedfor visualization. Table 5.2
comparesframeratesusing Phong and Lambertian materials with this technique. Timings
usethe interactive raytraced implemertation on either thirt y or sixty 600 MHz R14000
CPUs with image resolutions of 512 512. Notice that rendering from either spherical
harmonic coe cien ts or a singleirradiance sampleis faster than simple shadingwith hard
shadaws. Yet both thesetechniquesinclude shadavs along with other global illumination
e ects.

Table 5.2 also shows the memory overheadfor this technique. The irradiance sample
requiresone RGB triplet per voxel, stored as one byte per color channel. Using the same
resolution asthe volume dataset requiresas much asthree times more memory as simply
storing the volumetric data. The spherical harmonic represenation usesno compression,
soa fth orderrepresenation uses25 oating-p oint coe cien ts per channel, or two orders
of magnitude more memory. Using compressiontechniques from Sloanet al. [119 would
help reduce memory usage.

Simulation data, like the Richtmyer-Meshlov instabilit y dataset shown in Figures 5.9,
5.10,and 5.11, also bene ts from global illumination. Often such data are confusingso
shadows and di use interre ections can give a senseof scaleand depth lacking in Phong
and Lambertian renderings. Figures 5.9, 5.10, and 5.11 compare the new technique
to vicinity shading, Phong, and Lambertian with and without shadavs. The Phong
and Lambertian imagesusea varying ambient componert basedon the surfacenormal.
Figures 5.10and 5.11 also comparewith a local approac that adds distance information
using OpenGL-style fog.

Vicinit y shading provides better results than Phong or Lambertian models, but in-
cidert illumination must be constart over the ervironment, suc as on a cloudy day.

Vicinit y shadingturns out to be a special caseof a full global illumination solution. By

Table 5.2. Comparison of framerates and memory consumption for Figure 5.8.

Material Type Framesper second Framesper second Extra memory used
(on 30 CPUs) (on 60 CPUs) (in MB)
Diuse, No Shadaws 17.0 33.1 0
Diuse, With Shadawvs 8.75 17.3 0
Phong, With Shadavs 8.60 17.0 0
Irradiance Samples 15.6 30.5 9.75

Spherical Harmonics 11.7 21.7 975
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Figure 5.9. An enlargedportion of the Richtmyer-Meshlov datasetshown in Figure 5.11.
Theseimagesenlargea crevicein the upper right corner of imagesfrom the right column
using (a) the new approad, (b) vicinity shading, and (c) Phong with varying ambient
componert.
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Figure 5.10. A Richtmyer-Meshlov instability simulation under various illumination.
A view using (a) the new technique, (b) vicinity shading, (c) Lambertian with fog, (d)
Phong with varying ambient, (e) Lambertian with varying ambient, and (f) Lambertian

without shadaws.
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Figure 5.11. Another view of a Richtmyer-Meshlov instabilit y simulation. This di erent
view using (a) the newtechnique, (b) vicinity shading, (c) Lambertian with fog, (d) Phong
with varying ambient, (e) Lambertian with varying ambient, and (f) Lambertian without

shadaws.
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ignoring di use bouncesand insisting on constart illumination, identical results can be
achieved utilizing the illumination texture (as seenin Figure 5.12). Although vicinity
shading shadesconcavities darker than unoccluded regions, recert studies shov humans
use more than a \dark er-means-deepr" perceptual metric to determine shape in an
image[75]. By allowing interre ections betweensurfacesand more complexillumination,

the new approadc adds additional lighting e ects which may help usersperceiwe shape.
Howewer, if shadovs or other illumination e ects inhibit perception for a particular
dataset, they can be removed from the illumination computations.

The results comparable favorably to Monte Carlo pathtracing, particularly when
using an irradiance texture. As ead irradiance texel is computed using pathtracing,
the di erences seenin Figure 5.13result from the issuesdiscussedn Sections5.2 and 5.3.
For the sphericalharmonic represertation, the resulting illumination is smoother and a bit
darker. Illlumination intensity variesslightly basedon the SH sampling of the environment
and material transfer functions, and the SH results in Figure 5.8 appear a bit brighter
than the pathtraced results. Figure 5.8 comparesthe convergenceof illumination using
a fth order SH basis, single irradiance values, and per-pixel pathtracing. As expected,
the SH represenation convergessigni cantly faster than pathtracing, and the irradiance
texture corvergesat roughly the samerate, though the noiseis blurred by the trilinear
interpolation.

One last consideration when using this technique is what resolution illumination

(a) (b)

Figure 5.12. Comparison with vicinity shading. Compare (a) the new technique and
(b) vicinity shading with 625 samplesper voxel.
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(a) (b) (©) (d)

Figure 5.13. The new technique versusMonte Carlo pathtracing with 10000 samples
per pixel. At left, compare (a) an irradiance texture to (b) pathtracing in a bicolored
ervironment. At right, compare(c) a fth order spherical harmonic represenation to (d)
pathtracing inside a lightprob e of St. Peter's cathedral.
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texture gives the best results. Figure 5.14 comparesthe Visible Female head with
three dierent resolutions. It turns out that using roughly the same resolution for
the illumination and the data gave reasonableresults for all the test cases. In regions
whereisosurfacesvary signi cantly, sampling more nely may be desirable. For instance,
illumination texels near the bone isosurfacefrom Figure 5.14 fall on relatively distant

isosurfacesgiving rise to more banding artifacts. Surfaceslike the skin change slowly

(@) (b) (c)

Figure 5.14. Eect of dierent illumination volume resolutions. lllumination texture
of (a) 1/8, (b) 1, and (c) 8 times the resolution of the head dataset. Due to the high
variation in isovalues near the boneisosurface,a denserillumination sampling is needed
to avoid banding artifacts.
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with changing isovalue, so a lessdenseillumination texture su ces.

This chapter intro duceda method for precomputing and interactively rendering global
illumination for surfacesfrom volume datasets. By storing illumination data in a three-
dimensional texture like the underlying volumetric data, interpolation between texels
providesplausible globalillumination at speedsfasterthan illumination modelscommonly
usedfor visualization today. This approac generateshigh quality global illumination on
dynamically changeablesurfacesextracted from a volume, running on either GPU based
visualization tools or interactive raytracers. Combining the technique with a spherical

harmonic represenation allows dynamic environmental lighting.



CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this dissertation, three approades for approximating global illumination e ects
with local information have beendescribed. Thesetechniques split out individual global
illumination e ects to examine individually. This allows applications to incorporate
the most important global illumination e ects for their ervironments without including
the computational baggageof unimportant e ects. The three results presered include
the penumbra map for interactively rendering soft shadavs described in Chapter 3,
the interactive caustic rendering using a simplied v e-dimensional caustic described
in Chapter 4, and the interactive visualization of isosurfacesunder dynamic lighting by
interpolating precomputedillumination samplesdescribed in Chapter 5.

Penumbra maps augmert the standard shadov map approad for rendering hard
shadavs with information about perumbral intensity on surfacesvisible from the certer of
the light. This technique generatesplausible looking penumbrae for moderately complex
models at over ten frames per second. Furthermore, implemenations using standard
shadaov maps easily extend to allow penumbra mapping. This approad does not allow
complete represertation of the penumbra, but studies have showvn accurate shape is
unnecessaryfor human perception|a shadav that looks plausible could thus be perceived
asreal. For the perumbra map, as long as the pernumbral regions are small relative to
the total shadow sizethe results look cornvincing.

Future work might examineadding more information sothe full penumbra canberen-
dered. This might be possibleusing a vertex program to adjust silhouette edgepositions,
or by including another corresponding map cortaining inner penumbral information.
Unfortunately when adding another map, additional penumbrae will not reside on the
foremost polygonsin the shadav map. Additional work may allow implementation of the
ertire algorithm on a graphics card. Bleeding-edgegraphics acceleratorsrecerily intro-
duced support for render-to-vertex-array, which should allow silhouette extraction (via

McCool's approac [86]) and generation of conesand sheetsentirely onboard, drastically
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improving performance.

For rendering caustics, the eight-dimensional caustic function was simplied by ex-
amining caustic behavior and eliminating degreesof freedom which contribute little to
the renderedresult. Thesesimpli cations resulted in a v e-dimensionalfunction. When
sampledlocally nearre ectiv e and refractive objects, this represenation allowsinteractive
rendering of caustics with dynamic geometry and illumination. When rendering using
this approad, tradeo s exist between rendering speed, rendering quality, and memory
consumption. Increasedrendering speed comesat the cost of reduced quality or higher
memory consumption (e.g., by using naive sampling and storage techniques). Tailoring
the data represenation to speci ¢ applications signi cantly reducesprecomputation and
memory costs. For instance, outdoor scenegypically require a single light direction, due
to illumination from a constart direction.

A number of directions for future work on caustics exist. Additional data represen-
tations sud as spherical wavelets, principle componert analysis, or other basisfunctions
may further compressthe sampledcaustic or allow higher delit y reconstruction. A better
measureover the v e-dimensional caustic spaceis necessaryfor accurate interpolation
between samples. Until sudh a measureis found, ad hoc interpolation will cortinue
to causeartifacts for certain object types. Finally, perhapsrepresenations other than
spherical harmonics can allow interactive rendering of causticsfrom area lights without
the blurriness inherent with a spherical harmonic represenation.

The technique from Chapter 5 provides the rst method for interactively rendering
dynamic isosurfacesof a volumetric datasetwith full globalillumination. As usersexplore
a volumetric dataset, they often vary the current isovalue to examine di erent portions
of the volume; this interactive global illumination technique provides valuable global
information to sudch users. A three-dimensionaltexture storesprecomputed irradiance or
spherical harmonic transfer functions, allowing rendering of any isosurfaceof the volume
under arbitrary, changing lighting. Again, a tradeo exists between rendering quality,
rendering speed, and memory consumption. Using a single irradiance value at ewvery
texel, commadity graphics acceleratorscan render static global illumination on arbitrary
isosurfaces.On the other hand, rendering dynamic lighting and complex material types
requiresa macdine with multiple gigabytes of memory. Moreaover, illumination computa-
tions can be performed lazily instead of as an expensiwe preprocess. Lazy computation

allows illumination calculations for just the interesting isosurfacesinstead of the ertire
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volume. This provesvaluable if only a small subsetof the volume needbe displayed or if
a long precomputation is undesirable.

Interesting future work in this areaincludesexamining if illumination canbe storedin
a hierarchy instead of a regular grid. As indirect illumination generally variesslowly over
local regionsin space,hierarchical storagetechniquescould leverageslow gradations into
reduced memory consumption. Compressiontechniques, both within a sample as well
as over neighboring samples, may help reduce memory consumption without a ecting
rendering quality. Again, principal componert analysis may reduce spherical harmonic
coe cien t storage. Sphericalwavelets or other basisfunctions over the spheremay require
fewer coe cien ts or leadto more practical compressionsthemes. Finally, implementation
of this technique usingcommadity graphicshardwareis currently limited to small datasets
by limited onboard memory. Researt: into hierarchy and compressionschemesmay allow
more complex illumination textures to t into graphics memory, allowing higher delit y
global illumination at interactive rates on desktop PCs.

Beyond direct extensionsto the methods described in this dissertation, a number of
guestionsremain asto the importance of global illumination. Studies show that shadows
provide important information, yet visualization researders widely claim that shadowvs
and other complexillumination actually detract from perception of complex datasets. In
somecasesthis may prove correct, but conducting userstudiesto determine when global
illumination helpsand whenit hurts would yield interesting results. Furthermore, it may
turn out that someglobal illumination e ects help and somehurt. Or perhapsshadavs
detract from animagewhenincluded individually , but in conjunction with interre ections,
which augmen shading in shadoved regions, shadavs may help. These questions all
suggestinteresting user studies.

Another open questionis how much global illumination can be approximated without
a ecting perceived realism. By knowing which approximations detract from a user's
experience,techniques focusedon retaining saliert information can be developed.

In summary, this dissertation suggestedthree di erent approades for locally ap-
proximating global illumination e ects. As interactive applications continue to become
more realistic, they will begin demanding nonlocal illumination e ects; howewer, global
approacesthat utilize the existing framework to acceleratelocal lighting will be accepted
and integrated rst, providing an intermediate step on the way to full interactive global

illumination.



APPENDIX A

SHADER CODE FOR PENUMBRA MAPS

This appendix provides the vertex and fragmert shaderprograms usedin Chapter 3.
The code conforms to the ARBvertex _program and ARBfragment program OpenGL
extensions[116 de ned by the OpenGL Architecture Review Board. These programs
will run on any graphics board that supports these ARB extensions;howewver, they were
designedon and optimized for ATl Radeon9700graphics cards, sothey run signi cantly
faster onthe ATl Radeonline of graphicscardsthan on corresponding generationgraphics
cards from nVidia.

A.1 Generating a Penumbra Map
The penumbra map is renderedinto a p-bu er, which is a bu er in onboard video
memory that doesnot get renderedto the screen.Oncerendered,a p-bu er canbe used

as a texture in a later render pass. Figures A.1 and A.2 shaow the vertex and fragmert

IIARBvp1.0

## Grab the OpenGLstate variables
ATTRIBv24 = vertex.texcoord[0];
ATTRIBV19 = vertex.color;
ATTRIBV16 = vertex.position;
PARANM?259[4] = f state.matrix.mvp g;

## Movetextcoord[0] & [1] directly
## graphics card will linearly
MOWresult.texcoord[1], v19;
MOWtresult.texcoord[0], v24;

the vertex & fragment shaders use.

to the fragment shader, the

interpolate  them for us.

## Apply the modelview/projection

DP4 result.position.x, s259[0],
DP4 result.position.y, s259[1],
DP4 result.position.z, s259[2],
DP4 result.position.w, s259[3],

END

matrix to the vertex positions.
v16;
v16;
v16;
v16;

Figure A.l. Vertex program for rendering a penumbra map.



IIARBfp1.0
## Stores f1/pbufferWidth, 1/pbufferHeight, 1, 1g
PARAMIO = program.local[0];

## The 3 and 2 are used for Bernstein interpolation...
PARAMO = f1, 0, 3, 2g;
TEMPRO, R1, HO;

## Take window position, convert to [0-1] tex space
MULRO.xyz, fragment.position, uo;

## Lookup depth in shadow map
TEXR1y, RO.xyxx, texture[0], 2D;

## CompareZg;Zp; kill if Zg > Zp

## (of course, current cards the kil doesn't *actually* do
## anything, so this doesn't really speed things up)
ADDRO.x, R1l.y, -RO0.z;

CMPHO.x, RO.x, -c0.x, -c0.y;

KIL HO;

## Convert to world space & computation of |

## * Texcoord[0] contains far/near values needed to convert to
## world space. This probably could have been a local param
## instead of passing through the texture coordinate.

## * Texcoord[l] contains Zy, and assorted other forms to make

## the conversion & | computation easier (i.e. fewer operations)
MADRO.x, R1l.y, fragment.texcoord[0].x, -fragment.texcoord[0].z ;
RCPRO.x, RO.x;

MADRO.y, -fragment.texcoord[0].y, RO.x, -fragment.texcoord[1].X;
MULRO.y, fragment.texcoord[1].z, RO.y;

RCPRO.y, RO.y;

ADDRO.x, fragment.texcoord[1].y, -fragment.texcoord[1].x;

MULRO.y, RO.x, RO.y;
ADDRO.x, RO.y, -cO.y;
CMPHO.x, RO.x, c0.x, cO0.y;
CMPRO.y, -HO.x, c0.x, RO.y;

## Compute Bernstein interpolation
MADRO.x, -cO.w, RO.y, cO0.z;
MULRO.y, RO.y, RO.y;

MULRO.y, RO.x, RO.y;

## Stores the output color into color.zw and depth.z

## Stores the shadow mapinto color.x (so we only use 1 texture)
MOWesult.color.zw, RO.y;

MOWesult.color.x, R1l.y;

MOWesult.color.y, fragment.texcoord[1].w;
MOWtresult.depth.z, RO.y;
END

Figure A.2. Fragmert program for rendering a penumbra map.
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programs usedfor this work. The value of the vertex.texcoord[0] input to the shaders
is:
If ar |near

[ |
vertex:texcoord[0] = B, 'far ‘near

If ar
I near

where ls 5 and lhear are the distancesto the far and near planes when rendering the
shadov map (i.e., the far an near planesfrom the light's point of view). Note a slightly
faster and better approad would be to passthesedirectly to the fragment program, as
they are constart over the polygon and do not needinterpolation by the rasterizer. The

value of the vertex.color  shaderinput is given by:

0 1
Ly,
vertex:color = % current, § :
’ 1.0 ’
proj;

where Zy, is the distanceto the silhouette vertex, current, is the distanceto the current

vertex, and proj; is the projected depth of the silhouette vertex (i.e., proj, 2 [0;1]).

A.2 Rendering with a Penumbra Map

Figures A.3 and A.4 show the vertex and fragment shadersusedto render using a
perumbra map and a simple Phong shadingmodel for the direct illumination. The vertex
program mainly performs Phong lighting computations, exceptfor the transformation of
the world-space vertex positions into light spacevia the matrix.program[0]  matrix,
which cortains the SPjgntL v matrix givenin Equation 4 from Everitt et al. [34].

Notice in the fragment shader, the texture texture[0] corntains the shadov map in
the red (or x) channel, the penumbra map in the blue and alpha (or z and w) channels,
and the proj, value interpolated during penumbra map creation is stored in the green(or
y) channel. proj, wasusedin the program as a reality ched, to determine if penumbrae

were being cast onto the correct surfaces.
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I'ARBvp1.0

PARAMG6 =f O, O, 1, 1 g, ¢c7 =f 75, 0, 0, O g;
TEMPRO, R1, R2, R3;

ATTRIBvV16 = vertex.position, v18 = vertex.normal;
PARAMO = program.local[0] ; ## The light position
PARANG631[4] f state.matrix.mod elv ie w[0Q]. inv tr ans g;
PARAN255[4] f state.matrix.pro jecti on g;
PARAN327[4] = f state.matrix.pro gram[0] g;
PARAN223[4] = f state.matrix.mod elvie w[0] g;

## Apply the modelview matrix to the vertex position.
DP4R0.x, s223[0], V16;

DP4RO0.y, s223[1], v16;

DP4R0.z, s223[2], v16;

DP4RO.w, s223[3], V16;

## Convert vertex position into (a) projected light coords
## (for shadow maptexture lookup) and (b) projected eye coords
DP4result.texcoord] 0]. x, s327[0], RO;
DP4result.texcoord] 0]. y, s327[1], RO;
DP4result.texcoord] 0]. z, s327[2], RO;
DP4result.texcoord] 0]. w, s327[3], RO;

DP4 result.position. X, s255[0], RO;

DP4 result.position. y, s255[1], RO;

DP4 result.position. z, s255[2], RO;

DP4 result.position. w, s255[3], RO;

## Find the normalized light direction.

ADDR1, c0, -RO;

DP3R0O.x, R1, R1;

RSQRO0.x, RO.x;

MULR3, RO.x, R1;

## Find the transformed surface normal & normalize it.
DP4R1.x, s631[0], v18;

DP4R1.y, s631[1], v18§;

DP4R1.z, s631[2], v18§;

DP4R1.w, s631[3], V18;

DP3R0.x, R1, R1;

RSQRO0.x, RO.x;

MULR2.xyz, RO.x, R1;

## Perform vertex-level  Phong illumination computations.
DP3R0.x, R3, R2;

MOWesult.color.fro nt. primary, RO.x;

ADDR1, R3, c6;

DP3R0.x, R1, R1;

RSQRO0.x, RO.x;

MULRO.xyz, RO.x, R1;

DP3R1, R2, RO;

MOWRO.xy, R1.x;

MOWRO0.zw, c7.X;

LIT RO.z, RO;

MOWesult.color.fro nt. secondary, RO.z;

END

Figure A.3. Vertex program for rendering using a penumbra map.
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PARAMIO = program.local[0];
PARAMO = f1.0, 1.0, 0.0, 0.0g;

PARAM1 = f1.0, 1.0, 1.0, 1.0g;
TEMPRO, R1, R3, HO;

## Do the perspective divide on the shadow map coords.
RCPRO0.x, fragment.texcoord[0].w;
MULRO.xyz, fragment.texcoord[0], RO.x;

## Comparecurrent fragment coords with shadow map frustum.
## If outside frustum, then R1.x is non-zero.

CMPHO.xy, RO, c0.x, c0.z;

MOWR1.xy, HO;

ADDRI1.zw, RO.xxxy, -c0.x;

CMPHO.xy, R1.zwww, c0.z, c0.x;

MOWR1.zw, HO.xxxy;

DP4R1.x, R1, ci;

## Grab the value in the combined penumbra/shadow map.

## Compareshadow map (R3.x) to fragment's light depth (RO.z).
TEXR3, RO, texture[0], 2D;

ADDRO.x, RO.z, -R3.x;

ADDRO.x, u0.x, -RO; ## Addin shadow map bias.

CMPHO.x, RO.x, c0.x, c¢0.z; ## Is illuminated?

CMPRO.x, -HO, c0.z, c0.x; ## Convert from a (H) register to an (R)
CMPRO.x, -R1, cO, RO; ## Consider if inside frustum

## Reality check: shadowing correct surface?

## (Probably can be removed/movedto someplace cheaper)
ADDR3.y, fragment.position.z,-R3. Y;

ADDR3.y, u0.y, -R3.y;

CMPR3.z, R3.y, R3.z, cl,;

## Perform Phong lighting, modulate by light intensity value.
MULRO.x, RO.x, R3.z;

MULR1, fragment.color.secondary.x , State.material.front.sp ecul ar;
MADR1, fragment.color.primary.x, state.material.front.diff use, R1;
MADresult.color, RO.x, R1, state.material.front.amb ient ;

END

Figure A.4. Fragmert program for rendering using a penumbra map.
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APPENDIX B

SPHERICAL HARMONICS

Spherical harmonics provide an orthogonal basis for functions de ned on a unit
sphere. As global illumination dealswith incident and exitant energiesover spheresand
hemispheres spherical harmonics are a natural basisfor represering these functions. A
number of researters [14, 106, 107, 108 117, 119 12Q4 have used spherical harmonic
coe cien ts to store illumination values, though few take time to clearly describe the
mathematics supporting the approad or describe implemenational details. Hence, ac-
tually implementing their techniques requires signi cant badkground reading of cryptic

mathematics texts.

B.1 Laplace's Equation in Spherical Coordinates

A harmonic is a function that satis es Laplace's equation:
re =o (B.1)

In spherical coordinates, Laplace's equation becomes:

1e @, 1 @, 1
r’a@ @ r2sik @2 r2sin

@ . @ , _ .
@sm@ =0 (B.2)

By using separation of variables,where' = R(r) ( ) ( ) and eliminating the ,—lz factor:
@ RN L (HE(), (1@ &)
@ @ siP @2 sin @ @
By dividing through by ( ) ( ), the r-dependenceis reducedto a single term:
@ RN , 1 @(), 1 @, @6)

sin

@ @ ( )sin? @2 ( )sin @ @

As the r-dependert terms and the r-independen terms are constart relative to ead

()C) =0 (B.3)

=0 (B.4)

other and sumto zero, equatingthe r-dependen term to a constart (of the form I(I + 1) [5])

gives:
Q@ L&)

@ @

= 1( + 1); (B.5)
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Substituting Equation B.5 bad into Equation B.4 eliminates the dependencyon r,

resulting in the spherial harmonic di er ential equation:

@ @ .
s(inz) @;2)+ s(in)@ sin @(@) =0 (B.6)

The solutions to Equation B.6 are called spherial harmonics, and can be computed by

I+ 1)C ) )+

continuing the separation of variables. Multiplying by (5")‘2( ) reduces -dependencyto

a single term, which again can be equatedto a constart (typically called m?):

5O ©)
which has solutions:
( )=Ae ™ +BeM : (B.8)

Plugging Equation B.7 bad into Equation B.6 givesan equation dependert on only
sin @ . @ )

sin

()@ @

(1 + 1)sin> m2+ =0 (B.9)

And by replacing cos with x, and @ with —%—, Equation B.9 becomes:

sin

1 xz)% + o1+ 1) 1m; = o (B.10)

@

@
Equation B.10 is known as the ass@iate Legende di er ential equation, which has solu-
tions [5, 13:

( )=PMcos); | m |forl;m22Z: (B.11)

Here P/"(x) are the asseiated Legende polynomials, discussedfurther in Section B.2.
Combining the solutionsfor () and ( ) with a normalization factor givesa solution
for the angular portion of Laplace's Equation in spherical coordinates. These are the

sphericalharmonicsY,™( ; ), dened for 2[0; Jand 2[0;2 ) as:

s
R LAC P (8.12)
q___
here the normalization constart ~ 2*1 ELQ: is chosensud that
Z,7Z
. Y|’1“1( : )Yl’z“z( ;)sindd = momy i (B.13)

with Z de ned asthe complex conjugate of z.
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B.2 Legendre Polynomials
Legendre polynomials are the solution to the Legendie di er ential equation, which is

a second-orderordinary di erential equation of the form:

1 x%% m%+ I(I + 1)y = @@ (1 xz)% +1(1+ 1y =0; (B.14)
which is a special caseof the assaiated Legendre di erential equation given in Equa-
tion B.10, wherem = 0. The solutions to Equations B.10 and B.14 are P/ (x) and P;(x),
respectively the assaiated and unasseiated Legendre functions. When I;m 2 Z and
x 2 R thesefunctions becomepolynomial.

Interestingly, these functions have many represenations, allowing for signi cant im-
plemenational freedomto choosebetweenspeedand accuracy Legendrepolynomials are

special casesof hypergeometricfunctions yF, sud that:

1 n
(Dnll+ Do GA_ )" (B.15)
n! n!

1 pS
Pi(x) = 2F1( I;1+ 1;1;5(1 X)) =
n=0
where (a)y, is the rising factorial de ned as(a), = a(a+ 1) (a+ b 1). Note that this
sum corverges,as( 1), spanszerofor n > |. Alternately, the Rodrigues represenation

yields a generating function for P;(x) [14§ which expandsto:

tk:ZC K ty(:ZC
1 ( DK@ ) g 1 o2 2k g
PI) = 5 NG TOI S TR k:O( D™y X

Finally, the Legendre polynomials satisfy the following recurrence relations, with

(B.16)

Equation B.18 providing more numerical stability for computational implementations [5]:
(21 + 1)x
[+ 1

2xPi(x) Py 1(x)

PO 3Pt 100 (B.17)

XPi(x) P a(x).
I 1 '
The assaiated Legendre polynomials can be written in terms of the unassaiated

Pi+1 (X)

(B.18)

polynomials. Aslongasl OandO0 m |I:

P = (DM@ X" S (B.19)
The polynomials with negative m values correspond to the polynomials with positive m
via the following identit y:
(I m)
(I'+ m)!
Equations B.19 and B.20 provide a framework to compute the spherical harmonic basis

P m(x)=( )" P™(x): (B.20)

functions, but this approad is computationally infeasible due to the mth partial deriva-

tives used in Equation B.19. Luckily another represenation exists for the assciated
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Legendrepolynomials. Four relations allow easycomputation of all ass@iated Legendre

polynomials with m > O:

Py = XA Dpmg  LEM pm (8.21)
P™(x) = %le(x)+[m(m 1) 10+ (B.22)
Phi(x) = x(2+ DP/(x); (B.23)
Pl(x) = (1))@ e x?z: (B.24)

Not all four relations are necessaryto compute P™ for all m; I, but choosingrelations for a
particular application canreducediscretization error. Only two equationsare necessaryto
compute all P/", though Green [43] suggestscombining Equations B.21, B.23, and B.24
to reduce errors for spherical harmonic based illumination. In Equation B.24, n!l is
the doublefactorial, de ned for positive integers. For n odd, n!'=n (n 2) 5 3 1,
andfornewen,n!=n (n 2) 6 4 2. Two special casesare de ned, which makes
computation of n!! easy as 1! 0! 1.
To nd the assaiated Legendrepolynomials with negative m, usethe relation:

P00 = (D e PO (8.29

Another useful identity, particularly when nding the spherical harmonic normaliza-

tion factor using Equation B.13, shavs how to integrate the product of two assciated

Legendrepolynomials:
! 20, m)t 2,(I2+ m)!

1P,T(X)P|’2“(x)dx = G D @ D, M (B.26)

B.3 Spherical Harmonics
Spherical harmonics functions Y,"( ; ) are the angular portion of the solution to
Laplace's equation in spherical coordinates (Equation B.2). They represern an in nite
set of orthogonal functions over the sphere. In fact, any function f ( ; ) over the unit

spherecan be represerted in terms of the complex spherical harmonic basis:

D
f(:) AT ) (B.27)
I=0 m= |

whereA" arethe sphericalharmonic coe cien ts. The function f ( ; ) canalsobewritten

in terms of the real spherical harmonic basisfunctions:
x X . .
f(:) CM™Y™ (5 )+ S () (B.28)
I=0 m=0
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The represeniation in Equation B.28 is a Lapla® series which is a genealized Fourier
series In this sense,spherical harmonics are analogousto the Fourier basis in one

dimension. Here Y,mc and Ylms are respectively the real and imaginary parts of Y,™:

s

Y™ 2|4+ 1%: " 2;: P™(cos )cogm ); (B.29)
s -7

Y™ 2|4+ 1%: " 2;: P™(cos )sin(m ): (B.30)

Generally, the single symbol Y, (x) is usedin global illumination literature to repre-
sent the real spherical harmonic functions instead of a pair of symbols, suc as YImC(x)

and Y,ms(x). To understand the illumination de nition, realizethat Equation B.28 could

easily be rewritten:

XX . w oo
f(:; )= CrY™(; )+ S™UY™(C ) (B.31)

=0 m=0 m= |

Thus, the real form of the spherical harmonics are typically written in cases,suc that:

8s
2+ 101 m) . _
%r Z_WP' (cos )cosm ) ifm>0
V()= ?PP(COS ) fm=0: (B.32)
S
2I2+ 15: + }QB:P,’“(COS )sin(mj ) ifm<o0

Notice the normalization factor haschangedfrom the caseof complexsphericalharmonics.
Here the normalization factors have onceagain beenchosento satisfy Equation B.13. In
the rest of this chapter, Y™ refersto a real spherical harmonic basisfunction, as de ned

in Equation B.32.

B.4 Using Spherical Harmonics Bases

By approximating a spherical function using a nite sum of the form:

X X o X 1 X mom
f(; )= G ) CH G
1I=0 m= | 1I=0 m= |
a low frequencyfunction can easily be represerted with a few C/™ coe cien ts instead of a
more complexform, like an environment map. But the real advantage of using a spherical

harmonic basis, particularly for lighting computations, is the property that integration of
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two functions simpli es to a dot product of their spherical harmonic coe cients C[". In
other words, if f has spherical harmonic coe cien ts a" and g has coe cien ts Q" then:
z % X X X §

X
CfCi)g(s )dd = a" " a"g" = ah: (B.33)
' =0 m= | I=0 m= | i=0

Often for easeof use,coe cien ts arerepresened with a singledimensionalarray a; instead
of atwo-dimensionalarray a". In this case,i = I(I+ 1)+ m, and the sum above simpli es
to a summation overi. Typically, an nth order sphericalharmonic represeration is taken
to include the bands| = 0:::n 1 and requires n? coe cien ts. For clarity of notation
whenusing &, Y; will be usedfor Y,™.

Finding the coe cien ts a; for function f is called projecting f into the spherical
harmonic basis. Projection is accomplishedby integrating f over the sphere S with

respect to eadh basisfunction Y;:
z
a = f (s)Yi(s)ds: (B.34)
s2S

As f ( ; ) often has no closedform solution or is de ned on discrete samples(e.g., a
texture map), computing this integral numerically provessimpler in practice. Generally,
this is done using Monte Carlo integration [89]. By sampling randomly over the domain
of a function h, the Monte Carlo method approximates an integral by the sum:

z by
hoodx = i)

N ._, p(xi)

; (B.35)

where N is the number of samples,and p(x;) is the prokability density function of the
samplesx;. Basically, this approad averagesnumeroussamplesover the domain of h to
approximate the integral. If nonuniform samplesare used, or if the domain has non-unit
length, area, volume, etc., the probability density function accourts for the discrepancy
For projecting a function f ( ; ) into spherical harmonic coe cien ts, using a uniform
sampling over the sphere gives p(x) = 4i, as the surface area of a unit sphereis 4 .
Uniform samplesover the surfaceof a spherecan be generatedwith two random variables

1, 22 [0;1] by [43]:

(;)= 2arccos{p 1);2 2

yi2)= 2 1@ Deok2 22 1@ Dsin@ 2l 21
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For uniform samplesover the hemispherep(x) = zi and the two random variables 1 and

2 map to the hemispherevia [115:

(; )= arcco:{pl 1);2 2

p— p— | p_—
x;y;2) = 1co092 o); 1sin(2 5); 1 1

Consider the two spherical harmonic projected function f (s) and g(s) of order n,
where f has known coe cien ts a; and g has unknown coe cien ts by. Should the need
arise to compute coe cien ts ¢; of the product h(s) = f (s)g(s), a transfer matrix F can
be derived such that:

XZ
G = Fij Q . (B.36)
j=1
The elemerns of this matrix can be computed
Z )QZ Z
Fij = as)Yi(9)Yj(s)ds=  a  Yi(s)Yj(s)Yk(s)ds: (B.37)
s2S k=0 s2S
Theseelemerts can be computed beforehandvia numerical integration, or analytically:
Z,Z7Z
Y™ )Y )Y )sin d d
0

r
_ @+ D@+ D2+ 1) g 1 3 ER PR
= 4 000 mi m ms

where 1 2 I8 isa Winger 3j-symbol [33, 14§.

This property is commonly usedfor nondi use BRDFs, wherethree sphericalharmonic
functions are used: one for the BRDF, one for the incident illumination, and one for the
transfer function describing self-shadaving and interre ections. In this case,changing
either the viewpoint or the illumination changesthe rendered illumination, so two un-
knowns exist. For a single unknown, the dot product from Equation B.33 is su cien t,
but for two unknowns a transfer matrix is necessary

Most importantly for interactive global illumination approades, spherical harmonics
are rotationally invariant. This means a rotation before projection or an equivalernt
rotation after projection give identical results. Since projection requires Monte Carlo
integration for most illumination functions, rotation of spherical harmonic coe cien ts
proves signi cantly faster. Unfortunately, rotation of coe cien ts is not as simple as

the 3 3 rotation matrix on the sphere. Rotation of nth order spherical harmonics
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coe cien ts requiresan? n? rotation matrix, though the matrix is sparseascoe cien ts
from dierent bands do not interact. A spherical harmonic rotation matrix thus takes

the following form:

2 1 000O0O0OOO0ODO 3

0 0O 0O0O0OO0OO O

0 RéH 0O 0O0O0OO0OD

0 0O 0O0OO0OO O

0O 0O0O

Rshy = 00000 X (B.38)

0O 00O R%H

0O 0O0O

0O 00O

where RiSH are (2i+1) (2i+1) matrices which rotate the spherical harmonics of the ith

band. Using the rotation Rg on the sphere,matrix elemers can be computed as follows:
Z

Rsh; = ZSYi(RS(S))Yj (s)ds: (B.39)

B.5 Computing Spherical Harmonic
Rotation Matrices

For rotations that are decomposedinto ZYZ Euler angles, the matrix in Equa-
tion B.38 can be computed analytically as follows. If Rs = Rg. . ) = Zg )Yy )Zg )
can be decompsedinto a rotation of around the z-axis, a rotation of around the

y-axis, and a rotation of around the z-axis, then Rg; ;) can be rewritten:

Rsi; 1) = Zs()Xs( )Zs( )X s+ )2s( ):
So it turns out only three matrices are necessaryfor an arbitrary rotation: one for a

generalrotation about the z-axis and two constart matrices for rotation by - about

the x-axis. Fortunately, sphericalharmonic rotation about the z-axis hasa simple matrix:

2 1 0 0 0 0 0 0 0 0 3

0O cof ) O sin() O 0 0 0 0

0 0 1 0 0 0 0 0 0

0 sin(l) 0 <cos() O 0 0 0 0

0 0 0 0 cos(2) O 0 0 sin(2 )
ZsH()= g8 0 0 0 0 0 cof ) O sin() O

0 0 0 0 0 0 1 0 0

0 0 0 0 0 sinl) 0 cog) O

0 0 0 0 0

sin2 ) 0 0 cog2)
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As the number of bands increases,the nth order coe cien t rotation matrix ZgH( ) €Xx-
pandsasexpected,with termsof coq );coq2 );:::;cogn )and sin( ); sin(2 );:::;

sin(n ). The rotation around the x-axis by - can be described using the following

matrix:
10 000 0 0 0 O 3
00 100 0 0 0 O
0o 1000 O O O O
00 010 O O O O
00 00O O O 1 O
Xs(,»=R0 0 0 0 0 1 0 0 Q
oo o000 o0 3 0o 3
60 00 10 g 0 O
00 00 0 O 20 1

M

These matrices give a straightforward method for arbitrarily rotating spherical har-
monic coe cien ts; howewver, ZYZ Euler angle decompositions may not t well into all
applications. Additionally , performing v e matrix multiply operations costssigni cantly
more than a single matrix multiplication, even with matrices as sparseas Zgy( ) and
X sH( 2) Thesemultiplications can be performed symbolically, but the resulting matrix
Rsh(; ;) cortains somevery complex trigonometric equations, which may prove more
dicult to store and evaluate than simply multiplying the v e axis-aligned rotation
matrices.

Howewer, recen researd from the computational chemistry community [58, 59] has
led to the dewelopmert of recurrence relations for building general rotation matrices,

without relying on Euler angle decompositions. Assuming an ordinary 3 3 rotation

matrix R de ned as: 2 3
Rxx ny sz
R=4 Ry Ry Ry;9;
. Razx Rzy Rzz
h i
let Rst bedened for 1 s;t 1las:
2 3 2 3
h i Ryy Ryz Ryx Ry 1 Rgo R
Rst = 4 Rzy Rzz Rzx 5S=4 Ro: 1 Ro:o Ro;1 S: (B.40)
ny sz Rxx R1; 1 R1;0 R1;1
Let M RiSH (from Equation B.38) for notational clarity. Then for an nth order
sphericalharmonic (i.,e., 0 i<nand i s;t i)

é;t = uis;tué;t + Vis;tvsi;t + Wis;tWSi;t: (B.41)
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Here s and t are indices ranging over elemerns of the (2i+ 1) (2i+ 1) rotation matrix
for the ith band of spherical harmonic coe cien ts. The coe cien ts u; v;w and functions
U;V; W; P appearin TablesB.1, B.2, and B.3 and de ne the recurrencerelation. Note
thesetables are from the original version of the lvanic and Ruederberg paper [58], which
contains erroneous equations but correct tables. The errata [59] x the typosin the
relevant equationsbut intro duce new onesinto the table (for Vsi;t whens < 0). The table

in Green [43] cortains a di erent typo for the sameertry.

B.6 C++ Code to Compute the Rotation Matrix
This section contains a C++ class which computes the spherical harmonic rota-

tion matrix. The two functions visible to the rest of the program are the constructor

Table B.1. De nitions of numerical coe cien ts uk., Vi, and wk,.

Coecient for jtj < i for jtj =i
i a (i+s)(i s) a (i+s)(i_s)
Us;t- (EDIED) 2@ 1)

1 T o D) (1 2 (o) 1 T o DEE) (9 o)

Vgit! 2 G+oO0 1) 2 2@ 1)

;q (jsj 1)(ij SJ)(]_ ;q (jsj 1)(ij SJ)(l

Wit 2 EHID) 5:0) 2 2 1) 5:0)
Table B.2. De nitions of the functions UL, V., and W,.
Function fors=0 fors> 0 fors< 0
Ué;t . OPCi);t OPsi;t Opsi;t
. . . o op .
Sl;t: 1P1I;t + 1P|1;t 1F’sI Lt 1+ s;1 1Ps|+l ;t_(l E) 1) +
1P|s+1;t(1 s;l) 1P|s+1;t 1+ s; 1
W:“i;t: (N/A, aSWio;t = 0) 1Py 7t 1P 1t 1P} 1t 1P g it

Table B.3. De nitions of the function (P{..
Function for jtj < i fort = fort= i

(Pa: RioMét ReaM{ 'l Ry aME Ty ReaMy 4 + Ry MG h,

S;
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SHRotationMatrix() and the function applyMatrix() , which appliesthe rotation matrix

to a vector of spherical harmonic coe cien ts.



/I SHRotationMatrix Class Definition File

I

Takes a rotation matrix of the form:

( ro], r3], rl6] )
( 1], 4, 7] ),
( 2], r5], r8] )

/I and an order. Computesan order? order? matrix.
class SHRotationMatrix f

g

private:

int order;

double inMatrix[9], *outMatrix;

/I Computesthe order? order? matrix
void computeMatrix( void );

/[ Computean 1D index for (col,row) in the matrix

int matindex( int col, int row );

/[ Computedas described in Table B.1.

double uli st (int i, int s, int t);
double vi st (int i, int s, int t);
double wi st ( int i, int s, int t);

/[ Computedas described in Table B.2.

double Ui st ( int i, int s, int t);
double Vi st (int i, int s, int t);
double Wi st ( int i, int s, int t);

/[ Computedas described in Table B.3.
double Pr_i_st ( int r, int i, int s,

/[ Index into the input matrix for 1

public:

int

i ]

t )

1, as per Eq. B.40

double R( int i, int | );

/I Index into band I, element (a,b) of the result
double M(int I, int a, int b);

/[ Constructor. Input:

SHRotationMatrix( int order, double matrix[9]

s SHRotationMatrix();

/I Applies the order? order? matrix to vector
void applyMatrix( double *in, double *out );

Figure B.1. Header le describingthe SHRotationMatrix

);

In

(I ab I

SHorder & 3 3 transformation matrix

C++ class.
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/I Computesthe ul, coefficient, as per Table B.1
double SHRotationMatrix :: ui st( int i, int s, int t )
f
return sgrt(  (i+s)*(i-s) [ ( abs(t)==i?  2**(2*-1): (i+t)*(i-t)
g

Figure B.2. Function de nition for SHRotationMatrix::u _i_st().

/I Computesthe vis;t coefficient, as per Table B.1
double SHRotationMatrix :: vi st( int i, int s, int t)
f

int delta =( s==0? 1: 0);

double factor = 0.5 * (1 - 2*delta);

double numerator = (1+delta)*(i+abs (s)-1 )* (i+ abs(s)) ;
double denominator = (abs(t)==i ? 2**(2*i-1) N (EVK(B9)E
return factor * sqrt( numerator / denominator );

g
Figure B.3. Function de nition for SHRotationMatrix::v _i_st().
/I Computesthe wi, coefficient, as per Table B.1
double SHRotationMatrix :: wi st( int i, int s, int t )
f
int delta =( s==0? 1: 0);
double factor = -05 * ( 1 - delta );
double numerator = (i-abs(s)-1)*(i- abs(s)) ;
double denominator = (abs(t)==i ? 2**(2*i-1) D (iF)*(3-1);
return factor * sqgrt( numerator / denominator );
g

Figure B.4. Function de nition for SHRotationMatrix::w _i_st().

/I Computesthe Ué;t function, as per Table B.2
double SHRotationMatrix :: Ui st( int i, int s, int t )
f

return P.r_i _st(0,i,s,t);

Figure B.5. Function de nition for SHRotationMatrix::U _i_st().

) )
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/I Computesthe V{; function, as per Table B.2

double SHRotationMatrix :: Vi st( int i, int s, int t )
f
int delta = ( abs(s)==1 ? 1: 0);
if (s==0)
return P.r_i _st(1,i,1,t) + P _st(-1,i,-1,t);
if (s>0)
return
sqrt(1+delta)*P  r_i _st(1,i,s-1,t) - (1-delta)*P  r i _st(-1,i,-s+1,t);
return

(1-delta)*P . _st(1,i,s+1,t) + sqrt(1+delta)*P  r i _st(-1,i,-s-1,t);

Figure B.6. Function de nition for SHRotationMatrix::V _i_st().

/I Computesthe Ws‘;t function, as per Table B.2

double SHRotationMatrix :: Wi st( int i, int s, int t )

f
if ( s==0) return O;
if (s>0) return Pr. st(1,i,s+1,) + Pr i st(-1,i,-s-1,t)
return P.r_i _st(1,i,s-1,t) - Pri st(-1,i,-s+1,t);

Figure B.7. Function de nition for SHRotationMatrix::W _i_st().

/I Computesthe Pl function, as per Table B.3

double SHRotationMatrix :: Pr.i st( int r, int i, int s, int t )

f
if (abs(t) < i) return R(r,0)*M(i-1,s,t) ;
if (t==1) return R(r,1)*M(i-1,s,i -1) - R(r,-1)*M(i-1,s, -i +1);
return R(r,2)*M(i-1,s,- i+1) + R(r,-1)*M(i-1,s,i -1);

Figure B.8. Function de nition for SHRotationMatrix::P _r_ _st().

Il Rij indexes into the input matrix for 1 i;j 1
/Il as per the definition of [Rs:] (Eq. B.40)

double SHRotationMatrix :: R(int i, int j )
f
int jp = ((j+2) %3); /I 0 jp <3
int ip = (([+2) %3); /' 0 ip <3

return inMatrix[jp*3+ip ]; // index into input matrix

Figure B.9. Function de nition for SHRotationMatrix::R().



/I Returns an element of the output matrix.

1 | is the band of the matrix to reference 0 | < order
I a and b are elements in the band, in the range [-l..]]
double SHRotationMatrix :: M(int |, int a, int b)

f

if (I<=0) return outMatrix[0];

/[ Find the center of band | (outMatrix[ctr,c tr ])
int ctr = I*(I+1);
return outMatrix] matindex( ctr + b, ctr +a) J;

Figure B.10. Function de nition for SHRotationMatrix::M().

/I Find the index in the order?xorder? output matrix
I for a given column and row

int SHRotationMatrix ::matindex( int col, int row )
f

return col*order*order+ row;

Figure B.11. Function de nition for SHRotationMatrix::matindex().

/I Setup the rotation matrix of a specified order given the equivalent
I 3 3 rotation transformation.
SHRotationMatri x:: SHRotatio nMdr ix( int order, double matrix[9] ):

order(order)
f
/[ Copy the input matrix into local storage.
for (int i=0;i<9;i++)
inMatrix[i] = matrix[i[;
/Il allocate memoryfor SHrotation matrix.
outMatrix = new double[order*ord er* order*order] ;
/I actually compute the matrix.
computeMatrix();
g

Figure B.12. De nition of constructor SHRotationMatrix::SHRotationMatrix().
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/I Assuming we know the input matrix, compute the SH rotation

void SHRotationMatri x:: compute Mdri x( void )
f
/[ initialize the matrix to O's
for (int i=0;i<order*orde r;i ++
for (int j=0;j<order*orde r;j +4)
outMatrix[matind ex(i, j) ] = 0;

/[ Oth band (1 1 matrix) is the identity
outMatrix[0] = 1;
if (order < 2) return;

/[ 1st band is a permutation of the 3D rotation
for (int count=0, i=-1; i<=1; i++)
for (int j=-1; j<=1; j++)

outMatrix] matindex( (i+3)%3+1, (j+3)%3+1 ) ]

/I 2nd+ bands use a recurrence relation.
for (int |=2;l<order;l++)
f
int ctr = I*(I+1);
for (int s=-l;s<=l;s++)
for (int t=-l;t<=l;t++)

outMatrix] matindex( ctr +t, ctr + s
uist( I, s, t ) * Uist( I, s,
vist( I, s, t) * Vist I, s,
wist( I, s, t)* Wi st I, s,

g 9

Figure B.13. Function de nition for SHRotationMatrix::computeMatrix().
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Applies the computed spherical harmonic rotation matrix
in, out should contain order*order elements each.
This does not do a full multiplication, rather only
the (potentially) non-zero elements are multiplied.

void SHRotationMatri x:: appl yMar ix( double *in, double *out )

f

g

/[ first band (order 0) is a 1x1 identity rotation matrix
out[0] = in[O];

/I set up data for multiplying 2nd band (order 1) coefs
int ord=1;

int  minldx=1;

int  maxldx=4;

/[ multiply the rest of the matrix

for (int idx=1; idx<order*order; idx++)
f
/[ multiply coefs from current band
out[idx]=0;
for (int j=minldx;j<maxld x;j ++
outfidx] += outMatrix] matindex( j, idx ) ] * in[];

/I increase the band, reset indices.
if (idx>=maxldx-1)
f

ord++;

minldx=maxldx;

maxldx+=2*ord+1;

g 9

Figure B.14. Function de nition for SHRotationMatrix::applyMatrix().
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