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Abstract

Generating soft shadowsquickly is dif�cult. Few techniqueshaveenough�exibility to interactively rendersoft
shadowsin sceneswith arbitrarily complex occluders and receivers. This paperintroducesthe penumbramap,
which extendscurrentshadowmaptechniquesto interactivelyapproximatesoftshadows.Usingobjectsilhouette
edges,as seenfrom the centerof an area light, a mapis generatedcontainingapproximatepenumbral regions.
Renderingrequirestwo lookups,oneinto each thepenumbra andshadowmaps.Penumbra mapsallow arbitrary
dynamicmodelsto easilyshadowthemselvesandothernearbycomplex objectswith plausiblepenumbrae.

Categories and Subject Descriptors (according to ACM CCS): I.3.3 [Computer Graphics]: Picture/Image
Generation—Bitmapandframebuffer operations,I.3.7 [ComputerGraphics]:Three-DimensionalGraphicsand
Realism—Color, shading,shadowing, andtexture

Keywords: Soft shadows,shadow map,graphicshardware,shadow algorithms

1. Intr oduction

Shadows provide cuesto importantspatialrelationships.By
changingshadow size,position,or orientationin an image,
anobjectcanappearto changesizeor location21. Similarly,
soft shadows give contactcues.As an occluderapproaches
a shadowedobject,its soft shadow becomessharper. When
objectstouchtheshadow is completelyhard.

Many recent interactive applicationshave incorporated
real-timeshadows.Generally, theseapplicationsuseshadow
volumes6, shadow maps23, or related techniques.These
methodsusepoint light sourceswhich only casthardshad-
ows. Sincereal world lights occupy not a point but some
�nite area,realistic imagesrequiresoft shadows. Thus,as
interactivegraphicssystemsbecomemorerealistic,methods
for quickly renderingsoft shadowsareneeded.

Shadows consistof two parts,anumbra anda penumbra.
Umbral regionsoccurwherea light is completelyoccluded
from view and penumbraeoccur when a light is partially
visible. Until very recentlythe only techniquesto compute
theseregions involved either evaluatingcomplex visibility
functions10 or merging hard shadows renderedfrom vari-
ouspointson the light11. Evaluatingvisibility is slow, and
samplingtechniquesproducebandingartifactsunlessmany
samplesareused.Otherapproximationshave emerged,but

most do not allow dynamicallymoving objectsto shadow
arbitraryreceivers.

We introduce the penumbra map, which allows arbi-
trary polygonal objects to dynamically cast approximate
soft shadows onto themselves and other arbitrary objects.
A penumbramap augmentsa standardshadow map with
penumbralintensity information. Our shadows (see Fig-
ure1) hardenwhenobjectstouch,avoid bandingartifactsin-
herentin samplingschemes,andaregeneratedinteractively
with commoditygraphicshardware. Additionally, penum-
bra mapscan leverageexisting researchon shadow maps
(e.g.perspective shadow maps19 or adaptive shadow maps8

to helpreduceshadow aliasing).On theotherhand,our ap-
proachbreaksdown whentheumbraregionsigni�cantly de-
creasesor disappears.This happensfor very largearealight
sourcesor as an occludermoves away from the objectsit
shadows.

Thenext sectiondescribesrelatedwork followedby adis-
cussionof our algorithm in section3. Section4 discusses
someimplementationspeci�cs andoutlinesthe limitations
of our technique.Section5 presentsour results,afterwhich
weconclude.
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Figure 1: With two penumbra maps,this sceneruns at 11
fps for 1024x1024images(left). Compare to shadowmaps
(right) which only renderhard shadows.

2. PreviousWork

This sectionprovidesanoverview of previouswork in ren-
dering interactive shadows. As completecoverageof other
shadow techniquesis beyond the scopeof this paper, refer
to Woo et al.24 andAkenine-MöllerandHaines3 for a more
completereview.

Researchershaveproposedsoftshadow techniqueswhich
run quickly, but do not handledynamicscenesinteractively.
For instance,Soler and Sillion18 convolve imagesof hard
shadows andthe light sourceto approximatesoft shadows
for nearly parallel con�gurations. Stark and Riesenfeld20

use vertex tracing to computeexact shadows for polygo-
nal scenes.Variousbackprojectiontechniques7 can gener-
atesoft shadows via discontinuitymeshing.Using layered
depthimages1 allows renderingsoft shadows interactivity,
but moving lightsor objectsrequirescostlyrecomputation.

Parker et al.15 usea point light sourceanda “soft-edged
object” to raytracesoft shadows using only a single sam-
ple. They createdthis techniquefor interactive raytracing,
limiting useto applicationswith signi�cant computational
resources.

The two most commontechniquesfor real-time shad-
ows are shadow volumes and shadow mapping.Shadow
volumes6 createa polygonalshadow modelbasedon object
silhouettesasseenfrom the light. Heidmann12 implements
this techniquein hardware using a stencil buffer. Shadow
mapping23 rendersthe light's view of a sceneinto a depth
map.Whenrendering,eachfragment'sdepthis comparedto
thedepthmapto determineits visibility from thelight. Segal
etal.17 show ahardwareimplementationof shadow maps.

As used today, shadow volumesand shadow mapping
only allow hardshadows.However, variousresearchershave
proposedextensionswhich allow themto rendersoft shad-

ows in certain cases.Reeves et al.16 introduce percent-
age closer �ltering , which reducesaliasingby blurring the
shadow map.Thisblurringcangive theimpressionof softer
shadows. Heidrich et al.13 usethe two endpointsof a lin-
earlight to computea non-binaryvisibility mapof a scene,
allowing for soft shadows. However, computinga visibility
mapcantakeacoupleseconds.

Haines9 presentsa techniqueto rendera shadow texture
on a receiving plane.He suggestsapproximatingumbralre-
gionsusingstandardhardshadow techniquesandextending
theseregionswith anapproximatepenumbra.Thesepenum-
brae are computedusing the following process(seeFig-
ure 2). From the centerof the light, object silhouettesare
foundanda hardshadow is renderedontothetextureplane.
Next, througheachsilhouettevertex a coneis drawn with
the tip at the vertex andthe baseat the plane.Finally, hy-
perboloidsheetsaredrawn connectingeachsilhouetteedge
and the adjacentcones.The radii of the conesare based
on the distancebetweenthe silhouetteand the plane,and
thecolor renderedin theshadow texture rangesfrom black
(fully shadowed) to white (fully illuminated) as the cones
andsheetsapproachtheplane.

Figure2: Hainesgeneratessoftshadowsby(left) rendering
a hard shadow, (middle)renderingconesat each silhouette
vertex, and(right) renderingsheetsconnectingthecones.

Akenine-MöllerandAssarsson2 extend the shadow vol-
ume techniqueusing a methodsimilar to Haines.Instead
of computinga shadow sheetat eachsilhouetteedge,they
generatea penumbra wedge consistingof four planarsides.
A per-fragmentprogramrendersthesewedgesto a light
buffer, which canbe usedto renderthe scenewith various
shadow intensities.To get suf�cient intensitygradationsin
their penumbrae,however, they needa 16-bit stencilbuffer
for useasa light buffer. Suchstencilbuffers arenot avail-
able on currentgenerationsof graphicscards,though the
functionality canprobablybe emulated.Additionally, they
arelimited to occluderswhosesilhouettesform closedloops,
with exactly two silhouetteedgespervertex. Arbitrary, non-
closedobjectscanhave morecomplex silhouettebehavior.
We found that verticeswith threeor four adjacentsilhou-
ettesedgesarenot uncommonin typical models,andsome
pathologicalverticescanhaveup to eight.

BrabecandSeidel4 approximatesoftshadowsusingasin-
gle depthmap.They transforman eye-spacecoordinateto
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light-spaceusingthe standardshadow maptechnique,then
searcha neighborhoodaroundthetransformedpoint to �nd
nearbyobjectswhich may partially occludethe light. This
techniquecan generateapproximatesoft shadows quickly,
but sinceit usesobjectIDs, soft self shadowing is notpossi-
ble.Additionally, theneighborhoodsearchmaynotbeplau-
siblefor high resolutiondepthmaps.

3. Penumbra Maps

As peopleare often poor judgesof soft shadow shape22,
plausiblesoft shadows should suf�ce in interactive envi-
ronments.Haines'9 shadow plateausgive compellingshad-
owsquickly enoughto usewith dynamicoccluders,but lack
theability to shadow arbitrarysurfaces.Thepenumbramap
techniquedrawsheavily from thiswork.

Two observations allow us to develop an algorithm to
shadow arbitrary surfaces.First, a shadow map can easily
createthehardshadow usedto approximateanumbra.Sec-
ond,if oneassumesthis hardshadow approximatestheum-
bra,thentheentirepenumbrais visible from thepointonthe
light usedfor thehardshadow. Thisallowsthepenumbrain-
formationto bestoredin asingletexturewecall thepenum-
bra map. This texturestoresthepenumbralintensityon the
foremostpolygonsvisible from the light, just asa shadow
map storesdepth information about thesesurfaces.These
observationsled to similar, concurrentwork by Chanand
Durand5, allowing themto renderapproximatesoftshadows
usingnew geometricprimitivescalledsmoothies.

Renderingwith penumbramapsis a three-passprocess.
The�rst passrendersastandardshadow mapfrom theview-
pointof apoint light sourceat theapproximatecenterof the
light. Thesecondpassrendersthepenumbramap.Thethird
passcombinesdepthinformationfrom theshadow mapand
intensityinformationfrom thepenumbramapto renderthe
�nal image.

Let V � f v1;v2; : : :g and E � f e1;e2; : : :g be the set of
silhouetteverticesandedges,asseenfrom the light. Let Lr
bethe light radius,Zvi thedepthvalueof vertex vi from the
light, andZ f ar bethedistanceto thelight's far plane.Then,
to generateapenumbramap(suchasin Figure3):

� Clearthepenumbramapto white.

� FindV andE for thecurrentlight.

� 8vi 2 V, draw a conewith tip at vi and baseat the far

plane(seeFigure4). The coneradiusCr i =
(Zf ar � Zvi )Lr

Zvi
.

We subdivide eachconeinto a numberof triangleswith
onevertex at vi andtwo on thefarplane.

� 8ei 2 E, draw asheetconnectingadjacentcones.Depend-
ing on the coneradii, this quadmay be non-planar. We
subdivideextremelynon-planarquadsto avoid artifacts.

Eachpixel in the penumbramapcorrespondsto a pixel
in the shadow map. Eachpenumbramap pixel storesthe

Figure3: Anexampleshadowmap(topleft), corresponding
penumbra map(top right), andthe�nal renderedresult.
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Figure 4: Each cone's tip is locatedat a vertex vi with the
baselocatedat the far plane(left). Usingsimplegeometry,
wecomputetheconeradiusCr i . Each sheet(right) connects
twoadjacentcones.

shadow intensityat thecorrespondingsurfacein theshadow
map.A fragmentprogramappliedto the penumbrasheets
andconescomputesthis intensityusingthesimplegeometry
shown in Figure5. Theideais thatby usingZvi , thedepthof
thecurrentconeor sheetfragmentZF , anddepthof thecor-
respondingshadow mappixel ZP, we cancomputethelight
intensityatpointP. Equation1 speci�esthiscomputation.

I = 1�
ZP � ZF

ZP � Zvi

=
ZF � Zvi

ZP � Zvi

(1)

WecomputeZvi ontheCPUonaper-vertex basis.For cones
Zvi is constant,andfor sheetswe usetherasterizerto inter-
polatebetweentheZvi valuesof thetwo adjacentcones.ZP
canbecomputedby referencingtheshadow map,andZF is
automaticallycomputedby the rasterizerwhen processing
fragmentF.
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Figure 5: Each fragmentF on a coneor sheetcorresponds
to somesurfacelocationP visiblein theshadowmap.Byus-
ing Zvi , ZF andZP, wecomputethe intensityI usingEqua-
tion 1.

This processgivesus a linear intensitygradientthrough
ourapproximatepenumbra.Parkeretal. notethatfor spher-
ical lights this intensityshouldvary sinusoidally. They ap-
proximatethis sinusoidalfalloff using the Bernsteininter-
polants= 3t 2 � 2t 3. We usetheir approximationin our re-
sults,whereweassumesphericallight sources.

Pseudocodefor a fragmentprogramto computeapenum-
bramapfollows:

FragmentProgram(Zvi , F, Smap )
(1) Fcoord = GetWindowCoord( F )
(2) ZP = TextureLookup(Smap, Fcoord )
(3) ZF = Fcoordz

(4) if (ZF > ZP) DiscardFragment()
(5) Z0

P = ConvertToWorldSpace(ZP )
(6) Z0

F = ConvertToWorldSpace(ZF )
(7) I = (Z0

F - Zvi ) / (Z0
P - Zvi )

(8) I0= 3I2 � 2I3

(9) Out putcolor = I0

(10) Out putdepth = I0

Sinceboththeshadow map,Smap, andthepenumbramapare
renderedwith thesameviewing matrices,thewindow coor-
dinatesof fragmentF can be usedto �nd its correspond-
ing point P in the shadow map. Due to the non-linearity
of z-buffer values,ZF and ZP must be convertedback to
world-spacedistances(Z0

F andZ0
P) beforeuse.NotethatZ0

F
canbe computedon a per-vertex basisandcanbe interpo-
latedby the rasterizerto save fragmentinstructions.Since
thepenumbramaponly requiresa singlecolor channel,fur-
thersavingscanbeachievedby storingtheshadow mapand
penumbramapin differentchannelsof thesameimage.

Renderingsoft shadows with a penumbramap is sim-
ple. For eachpixel renderedfrom the camera's viewpoint,
a comparisonwith thedepthin theshadow mapdetermines
if thepixel is completelyshadowed.If not fully shadowed,a
lookupinto thepenumbramapgivesanapproximationof the
light reachingthesurface.Like shadow mapping,penumbra

mapswork in sceneswith multiple light sources.Insteadof
computinga singleshadow mapandpenumbramap,each
light requiresoneof each.

4. Implementation

Whenwriting our application,we madea numberof imple-
mentationalchoiceswhich affect our results.First, we use
a sphericallight sourcebecausepeopleoftencannotdistin-
guish betweenshadows from lights of variousshapes.As
Haines9 notes,thisalgorithmneednotbelimited to spherical
light sources.For example,in thecaseof a triangularsource
theconesgeneratedfor thepenumbramapwouldhavetrian-
gularbases.

Second,our applicationdetectssilhouettesusinga brute
force algorithm.We did not usea more intelligent silhou-
etteextractiontechniquebecausewe expectedthe graphics
cardwouldbethebottleneck.Surprisingly, wefoundoursil-
houettecodetakes30% of the rendertime. Obviously, fast
silhouettetechniqueswould beusedfor interactive applica-
tions.

One detail which complicatesimplementationis how
to deal with overlapping shadows. Given two silhouette
edgeswith overlappingpenumbralregions, thereare mul-
tiple ways of counting their contributions (seeFigure 6).
When one shadow completely containsanotheronly the
darkestshadow shouldbeused.If just thepenumbraeover-
laptheshadow contributionsshouldbesummed.Oftenwhen
the objectsilhouettesintersect,multiplication bestapprox-
imates the true interaction.Unfortunately, there doesnot
seemto bea straightforwardway to determinewhich of the
threemethodsto useon a per-fragmentbasisduring cone
andsheetrasterization.Our implementationusesamodi�ed
depthtest to determinewhich coneor sheetshadesa par-
ticular fragmentin the penumbramap.As the pseudocode
above shows, we storethe penumbraintensity in the depth
channel,anduseglDepthFunc( GL_LESS ) to always
choosethedarkestshadow in agivenpixel. This leadsto ar-
tifactsin the shadows. As in Haines' work, thesearemost
noticeableatsilhouetteconcavities.Suchartifactsworsenas
thesizeof thepenumbraincreases.

4.1. Discussionof the Penumbra Maps

Before discussingour results, we note what limitations
the assumptionsinherentin the penumbramap technique
impose.We assumethat silhouettesof an object remain
constantover the areaof a light and that the umbra can
be approximatedby a hard shadow. Akenine-Möller and
Assarsson2 andHaines9 alsousesilhouettescomputedat a
singlepointon thelight. BrabecandSeidel's4 techniqueim-
plicitly makesthis assumptionby usingonly a singledepth
map.Obviouslyasanarealight increasesin size,silhouettes
vary moreover the light so the generatedshadows will be-
comelessrealistic.
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Figure 6: Thesepathtraced images show three different
types of interactions betweenoverlapping penumbra. At
left, only the darkest contribution is needed.In the center,
shadowcontributionsshouldbesummed.At right, multiply-
ing the contributions from the two polygonsbestapproxi-
matestheresult.

We believe approximatingtheumbraby a hardshadow is
reasonablein many cases,asmostpeoplearepoorjudgesof
soft shadow shape22. If plausiblesoft shadows arerequired
in an interactive application,using a hard shadow for the
umbramaybesuf�cient. As a shadow's umbrasizeshrinks,
our approximationleadsto noticeablylarger, darker shad-
ows. Shadow umbrasshrink aslight sizegrows andasoc-
cludersandreceiversmove furtherapart.Thus,our method
worksbestfor relatively small light sourcesandobjectsoc-
cludingnearbyobjects.

5. Results

We implementedpenumbramapsin an interactive appli-
cation using OpenGL.Our resultswere obtainedusing a
Windows 2000 systemwith a 2.0 GHz Pentium4 proces-
sorandanATI Radeon9700PRO graphicsaccelerator. We
useOpenGLARB vertex andfragmentprogramextensions
for our shaders.Both the shadow andpenumbramapsare
renderedinto p-buffer texturesso they canbeuseddirectly
without readingthembackinto mainmemory.

All our scenesarerenderedat 1024x 1024with shadow
andpenumbramapsof the samesize.For complex models
suchasthe bunny, buddha,anddragonwe found we could
get equivalent quality shadows with simpli�ed models,as
soft shadows effectively blur detail.This increasesaliasing
artifacts,thoughwe reducethem by addinga larger bias.
Weused10,000polygonsto generateshadowsfor thebunny
and the dragon(Figures7 and 8). Buddha's shadow (Fig-
ure 1) uses5,000polygons.Table 1 shows frameratesfor
thesemodelsusingpenumbraandshadow maps.Note that
for comparisonpurposes,the hardshadows weretimed us-
ing a fragmentprogramsimilar to theoneusedfor penum-
bra maps.This programcomputesthe Phonglighting and
performsthe lookup into the shadow map,which is signif-
icantly slower thanusingothercapabilitiesof thehardware
designedspeci�cally for thoseoperations.

Thirty percentof our computationtime is usedby our
bruteforcesilhouetteextractioncode.Thirty-� ve percentis
spentrenderingthe penumbramapandthe remainingtime

Bunny Dragon Buddha Buddha
(1 light) (2 lights)

PenumbraMaps 18.1 14.5 18.3 11.0
Shadow Maps 42.0 48.1 48.1 27.4

Table1: Frameratecomparisonbetweensoftshadowsusing
penumbra mapsandhard shadowsusingshadowmaps.

is usedduringtherenderpass.Notethat therenderpassin-
cludesfragmentcodeto performlighting computationsand
checklight visibility using the shadow map.Theseopera-
tions take 15 of the 22 instructionsin our ARB fragment
program.To renderpenumbramaps,weusea fragmentpro-
gramwith 24assemblerinstructions.

6. Conclusionsand Futur eWork

In this paper, we presentedthepenumbra map, a new tech-
niquefor renderingapproximatesoft shadows in real-time.
Penumbramapsallow dynamicallymoving polygonalmod-
els to castsoft shadows ontothemselvesandothercomplex
objects.Theseresultswork bestfor relatively smallpenum-
brae.Penumbramapsprovide a simple multi-passexten-
sionto shadow mappingfor easyincorporationinto existing
shadow map-basedsystems.

Whilepenumbramapsgiveplausibleresults,therearestill
areaswewish to improve in futurework. First,webelieve it
maybepossibleto approximateafull penumbrausingvertex
programsto adjustthe silhouetteedgepositions.However,
this is complicatedby thefactthatpenumbraewill no longer
lie on theforemostpolygonsin theshadow map.

We alsowish to explorethepossibilityof moving theen-
tire algorithm into hardware. Futuregraphicsaccelerators
will have theability to renderto avertex array. If thisallows
usto createnew primitives,we believe we cancombineour
work with that of McCool14 to move the silhouetteextrac-
tion andconeandsheetgenerationonto the graphicscard,
greatlyreducingtheburdenon theCPU.
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