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QUADRATURE OF SINGULAR INTEGRANDS OVER SURFACES
�

KENDALL ATKINSON
�

Abstract. Considerintegrationover a simpleclosedsmoothsurfacein ��� , onethat is homeomorphicto the
unit sphere,andsupposethe integrandhasa point singularity. We proposea numericalintegrationmethodbased
on using transformationsthat lead to an integration problemover the unit spherewith an integrandthat is much
smoother. At this point, the trapezoidalrule is appliedto the sphericalcoordinaterepresentationof the problem.
Themethodis simpleto applyandit resultsin rapidconvergence.The intendedapplicationis to theevaluationof
boundaryintegralsarisingin boundaryintegral equationmethodsin potentialtheoryandtheradiosityequation.

Keywords. sphericalintegration,singularintegrand,boundaryintegral, trapezoidalrule.
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1. Intr oduction. Considertheapproximationof a surfaceintegral
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 is singularat a point ����� . This is a commonintegrationproblemwhen
implementingboundaryintegralequationmethods.Examplesarethesinglelayerintegral
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andthe doublelayerintegral
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in which �0/1� . In this paperwe introducean ef�cient numericalintegrationmethodfor
suchintegrals.

Welimit thesurfaces� to betheboundaryof aboundedsimply-connectedregion 2 , and
weassumethat � is a `smoothsurface'. In addition,weassumethatamapping
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is given with 5 the unit spherein ?A@ . For example,with the ellipsoidalsurface � de�ned
implicitly by
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Throughoutthis paper, we assumethat the surface � andthe mapping 3 areasdifferen-
tiable asneeded.To simplify the later error analysis,we alsoassumethat thereis an open
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�

! neighborhoodof 5 , for some����� , on which 3 is de�ned, one-to-one,anddifferen-
tiable,with a non-zeroJacobianwhenconsideredasa three-dimensionalmapping.This can
beweakened,andwe discussthisat theconclusionof thepaper.

With suchtransformations(1.4), theintegral (1.1) becomes

(1.7) ���,��
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 theJacobianof the mapping3 consideredasa two-dimensionalmappingof
thesurface 5 ontothesurface� . For example,with theellipsoidalsurface(1.6),
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In theappendixto this paperwe give a way to calculate� 	 �

�

� 
 for generaltransformations
3 . Basedon beingable to performthis transformationof variables,we often restrictour
interestin this paperto theunit sphere5 . Thenumericalexamples,however, will illustrate
theuseof moregeneralsurfaces.

Boundaryintegral equationmethodsare of two generaltypes: (i) boundaryelement
methodsin which � is decomposedinto smallelementsand � is approximatedby a low de-
greepolynomialover eachelement;and(ii ) usingapproximationsto � of a global typeover
the entiresurface � , for example,usingsphericalpolynomials. The methodsof this paper
areintendedfor integralsarisingin the lattersecondtypeof boundaryintegral method.For
example,see[1], [3], [6]; andfor anearlierdiscussionof thenumericalapproximationof sur-
faceintegralswith a point singularity, see[2]. For a moregeneralintroductionto quadrature
methodsfor thesphere,seeStroud[12].

In � 2, we introduceandanalyzethenumericalmethod,doingsofor � asmoothfunction,
andwe illustrateit numericallyin � 3. In � 4 thenumericalmethodis extendedto � having a
point-singularity, andnumericalexamplesaregivenin � 5.

2. The numerical method. We begin with theproblemof approximating

(2.1) ������
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in which � is several timescontinuouslydifferentiableover theunit sphere5 . In spherical
coordinates,this integralcanbewrittenas
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Ratherthanapproximatingthis integral directly, we begin by introducinga transformation
'

4$5 6 7.6!�9
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5 . With respectto sphericalcoordinateson 5 ,
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In this transformation,798

*

is a`gradingparameter'.Thenorthandsouthpolesof 5 remain
�x ed,while theregionaroundthemis distortedby themapping.

Theintegral ������
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with �); B

+� E theJacobianof themapping
'

,

(2.4) �); B +� E �
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In sphericalcoordinates,

(2.5)
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For theexampleellipsoidalsurfaceof (1.5),
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, let � ������
 , and
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For agenericfunction � , introducethebivariatetrapezoidalapproximation
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in which the superscriptnotation # # meansto multiply the �rst and last termsby
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summing. Apply this to (2.5). Note that the integrandis zero for ! �
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 asin (2.5).
We note that closely relatedtransformationsfor single integralshave beenusedoften

over the pastseveral decades,with the trapezoidalrule appliedto the transformedintegral
(e.g.seeSidi [9], [10], [11]). A veryreadableoverview andanalysisof suchtransformations
andtheassociatedtrapezoidalrule is givenin Elliott [5].
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2.1. Err or analysis. Apply thetrapezoidalrule
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Theproof is animmediatecorollaryof theEuler-MacLaurinexpansion[4, p. 285]. For later
reference,we statetheEuler-MacLaurinexpansion.

The Euler-MacLaurin formula. Let � 8
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In this formula, '
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�)( are the Bernoulli constants,
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 is the Bernoulli polynomial of
degree * , and
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Usingthis result,wehave thefollowing convergencetheorem.
THEOREM 2.1. In theintegral (2.5), assumethat 7 8
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andthat $:7 is a positiveinteger.
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Assumethat � is � -timesdifferentiablewith �
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Proof. In orderto provethis,we usetheEuler-MacLaurinexpansion,applyingit to both
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theintegrationin � andin ! . Moreprecisely, we write

(2.11)
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The integrationin � is thatof a periodicfunctionover �
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, andwe needonly show that
the � th-orderderivative with respectto � is absolutelyintegrableover �
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straightforward,asall suchderivativesarewell-de�ned andcontinuous.
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For theintegrationin ! , we needto look at thederivativesof
�

� !S

� � !S
 with respectto ! for
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We show (2.12) by insteadshowing
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For thederivativesof
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andthenlook at theindividualderivativesof
�

and � .
As a partof differentiating
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 , we introducethefollowing expressions.Let
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We needto prove both (2.12) and(2.13), and in doing so it is crucial to considerthe

variouspowersof ��� �%! thatoccurin thederivativesof
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and � . When $:7 is aninteger,
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. When 7 is aninteger, life is simplerin thattherearenever
any negativepowersof ��� � ! occurringin thedifferentiationprocess,with either
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or � , no
matterhow high theorderof thederivative. As a consequencewe canshow both(2.12) and
(2.13) with nodif�culty . Using(2.8), themainresult(2.10) thenfollowswith nodif�culty .

Fromhereonwe consideronly thecasethat $ 7 is anoddinteger; 7 ��� �%$ for someodd
integer � . Thus �
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We examinethevariousderivativesof both
�

and � to determinethepowersof ��� �%! occur-
ring in both.

To betterfollow whatis happening,consideronly thecaseof $ 7 � � and�

��� . Wethen
needto show (2.12) and(2.13) with �

��� . We areusingtheEuler-Maclaurinformula(2.9)
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with �)�

*

, andtheform weneedis
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Thesummationlimits arechangedbecause
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P

6
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 and
P

F

��!S
 in�nitely differentiable.Also,
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F
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For thederivativesof �	T
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�

�

4

P

�

� !S
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R

with
P

@

� !$
 and
P

�

��!S
 in�nitely differentiable.For the�rst derivativeof � ��!S
 ,

�

#

��!S
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�

F

�
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(

�

6

�ST

�
!

G3�

F

�
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!
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�
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!

+

�)�

R

with �

� denotingthepartialderivativeof � with respectto theargument* . Wenotethat � # � !S


is continuousfor ��	

!

	

� , with ��# ��!S
H�

� at ! �

�

R

� .
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For thesecondderivative,

�
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�

F
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�

�

�
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! &
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F(2.25)
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Thetermsin (2.25) and(2.26) involve �#�*�

�

! for * �

*SR *

_

�

R

and $ , andthusthecorresponding
integralsarecontinuousandarezeroat ! �

�

R

� . For thetermsin (2.27), weneed
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Thegeneralpatternwill continue.Thehigherorderderivativesof �,T

R<U'RWV


 will containpowers
of ��� �%! asfollows.
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for * �
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R

�
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� . Thesamebehaviour carriesacrossto thederivativesof � ��!S
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for suitablyde�ned in�nitely differentiablefunctions
P �

� !S
 and
P

�

��!S
 . Thefunction
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is well-de�ned,but doesnot containany obviousfactorof ��� �%! .
Using(2.15) with * � � ,
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Usingtheaboveresults,we have
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Usingtheearlierresultson thedependenceof
�

and � on �#� �%! , it followsthat
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Referringto (2.21), this proves(2.10) for thecase7 �

*

_

�

.
For thegeneralcaseof 7 � � �%$ with � 8 � anoddinteger, a similar proof canbegiven.

For example,whenwe consider7 � $�_
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we have �

�

�

andthe functionsof (2.22)-(2.24)
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Thena similar setof resultsare true regardingthe dependenceon powersof �#�*�%! for the
derivativesof

�

and � , but with thepowersincreasedby 2 in thederivativesof
�

. Weomit a
generaltreatmentaswebelieveit is clearthatsuchageneralanalysisfollowsusingtheabove
ideas.

Theratesof (2.10), andevenbetter, areobservedin practice.This is illustratedwith the
numericalexamplesof thefollowing section.Basedon thoseexamplesandon otherpartial
theoreticalresults,we statethefollowing conjecturethatextendstheabovetheorem.

CONJECTURE 2.2. Assume7 8

*

. Undersuitableassumptionson the function � , the
error in approximating(2.1) by (2.7) satis�es

(2.32) ��!

&

;

��� � �

F

-
�A_
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FIG. 3.1. Thenonsymmetricsurfaceof (3.1)

3. Numerical examples.We givenumericalexamplesbasedon two surfaces.The�rst
is theellipsoidof (1.5), andthesecondis givenby

(3.1)
3 4 �
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a sketchof the surfaceis given in Figure3.1 andwe refer to it asa `peanutsurface'. The
Jacobian�)	1�

�

��
 wascalculatedby themethoddescribedin theappendix.This surfacewas
designedto demonstrateempirically that theresultsof thepaperdo not dependon any sym-
metryof thesurface,asthis secondsurfacehasnoobviousgeometricsymmetry.

3.1. Numerical results:Ellipsoid. We approximatetheintegral

(3.2)
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�


 . Numericalresultsaregivenin Table
3.1. The differences

&

;

!

&

�

�

; aregiven for thespeci�c valueof 7Y� $ _ $

�

, alongwith the
ratiosof successive differencesandthe estimatedorderof convergence(EOC). The results
areconsistentwith theconjecturedordergivenin (2.32), as $ 7 � �O_

�

.
For thesameintegral (3.1), we give in Table3.2 theestimatedorderof convergenceas 7

varies.In generaltheresultsareconsistentwith (2.10) andtheconjecturedconvergenceresult
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TABLE 3.1
Numericalintegrals for (3.2) over anellipsoidwith ������� ���
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TABLE 3.2
Numericalintegrals for (3.2) over anellipsoidwith varying �
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of (2.32). But with the caseof 7 �

*

_

�

R

$ _

�

R

and �O_

�

, the estimatedorderof convergence
is much betterthan that predictedby (2.10). A few additionalcommentsconcerningthis
superconvergencearegivenin theconcludingdiscussionof this paper.

3.2. Numerical results:Peanutsurface. We approximatetheintegral

(3.3)
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As beforewe give resultsfor a �x edvalueof 7 � $�_ $

�

; seeTable3.3. Again theresultsare
consistentwith (2.10) andtheconjecturedconvergenceresultof (2.32). Thequalitativeresults
for varying 7 arethesameasearlierin Table3.2, includingthemuchfasterconvergencefor
thecasesof 7 �
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4. Treatmentof a point singularity. We now considerintegrals
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in which � is singularat a point �0/1� ; cf. (1.2) and(1.3). As beforein (1.7), we trans-
form to anintegral over 5 . Sincethesubsequenttransformation

'

of (2.2)-(2.5) is basedon
smoothingtheintegrandat thepolesof 5 , weneedto have thesingularityin � correspondto
a poleof thesphere5 . Theoriginal coordinatesystemof ?H@ needsto berotatedto have the
northpole(or southpole)of 5 in therotatedsystembethelocationof thesingularityin the
integrand.

Let 3 �

�

��
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�

� /15 . We interposean orthogonalHouseholdertransformationof
? @ ,

(4.2)
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TABLE 3.3
Numericalintegrals for (3.2) over a peanutwith � � ��� ���
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with thesignchosenlater to minimizeany lossof signi�canceerror. Therequirement(4.3)
meansthat
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5 is mappedto

�

� .
Finding � is straightforwardandinexpensive. In evaluating(4.2), use
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Computing $
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requires4 multiplicationsand2 additions;andcomputing
�
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further3 multiplicationsandthreesubtractions(a totalof 12arithmeticoperationsfor �
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asbeforein (2.2)-(2.5), yielding
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Now applytheschemeof (2.7) asbeforein (2.7) of � 2.
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4.1. Err or analysis. Whenconsideringtheearlierconvergenceresultsof (2.10)-(2.32),
theprincipalchangeis thattheintegrand� of theoriginal integral (4.1) is now singularwhen

� � � . To analyzewhatis happening,weassumethatwearedealingwith

(4.5) � �
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This is an importantcaseof interestwhendealingwith boundaryintegral equations.Note
thatoneof thepolesof 5 correspondsto
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� underthe rotation � , say � 4 �
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andthen 3 B
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As assumedearlier, theoriginalsmoothmapping3 4$5)687�6 !'9

:-;>=	:

� canbeconsideredasthe

restrictionof a one-to-onemappingof anopenneighborhoodof 5 , call it 5�� , ontoanopen
neighborhoodof � :
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In addition,this canbe donein sucha way that theJacobianof themappingis nonzeroon
5

� when 3 is consideredasa three-dimensionalmapping.We alsoassumethat � ����
 is a
smoothdifferentiablefunctionof � on �
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We write
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�

R *


 � �

6

R

J

�

�

R

�

R *


 � �

F

R

N

�

�

R

�

R *


 � �

@

_

LEMMA 4.1. Let
�

4�? @ 9 ? bea continuouslydifferentiablefunctionon a connected
convex set �

�

?

@ . Let �

R

�

�

/ � . Then

�

��� 
 !

�

���

�


L�

$

�

6

�

	��

���

�

G

�

���Y!
�

�


-
��

�

&

���Y!
�

�


'_

For notation,
	��

is a row vectorand �Y!��

� is a columnvector.
Theproof is a straightforwarduseof thefundamentaltheoremof thecalculus.Apply it

to
�

���

�

G

�

��� !
�

�


-
 for ��	

�

	

*

.
With this lemma,wecanwrite

(4.7) �

C

R

J

R

N


 ! �[�

�


�

6

�

�
�

C

6

C

F

C

@

J

6

J

F

J

@

N

6

N

F

N

@

�
�

�

��� �

�
�

T

U

V

!

*

�
�

_

Weareinterestedin only thecasethatthepoint �

C

R

J

R

N


 is beingevaluatedatpoints �	T

R<U�R V


X/

5 . In thematrix,
C

6

�

%

C

�

%

T ,
C

F

�

%

C

�

%

U

,
C

@

�

%

C

�

%

V

, andsimilarly for thefunctions
J
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and
N

. Theargumentof eachof thesepartialderivativesin thematrixis �

�

T

R

�

U�R *

G

�

�

V

!

*


-
 .
This formula requiresthat the line joining �

C

R

J

R

N


 and � be insidetheopenneighborhood
��� referencedabove, or equivalently, the line joining �	T

R<U'RWV


 and �

�

R

�

R *


 is insideof 5�� .
This will betrueif �

C

R

J

R

N


 and � aresuf�ciently closetogether, or equivalently, �	T

R<U'RWV


 �

�

�

R

�

R *


 . Thuswe want to dealonly with pointsof 5 thataresuf�ciently closeto �

�

R

�

R *


 .
This is suf�cient sincethe integrandin (4.5) is easilynonsingularanddifferentiableaway
from +� � �

�

R

�

R *


 .
We apply(4.7) with

�	T

R<U�R V


H�

�����
������� �0-0!

R

�#�*������� �.-/!

R

�(�)�$!S


2

�(�)�

F

!QG3��� �

F

-/!

_

Having �,T

R<U�R V


 approach�

�

R

�

R *


 is equivalentto letting ! tendto 0. For ��T

R-U'R V


 � �

�

R

�

R *


 ,
theintegral termin (4.7) is approximately

(4.8) �

4

�
�

C

6

C

F

C

@

J

6

J

F

J

@

N

6

N

F

N

@

�
�

�

�

�

�

�

�

� ���

� ��� �




 

�

�

�

�

�

6


 


R

the Jacobianmatrix of the three-dimensionalmapping 3 de�ned on 5�� andevaluatedat
�

�

R

�

R *


 . The matrix � is nonsingularby our earlierassumptionthat the Jacobianof 3 is
nonzeroover 5�� . Thusthematrix obtainedfrom the integrationin (4.7) is alsononsingular
with a determinantboundedaway from zero,by continuity.

To introducesomeintuition into the presentdiscussion,we give concreteresultsfor
the ellipsoidal surfaceof (1.5) with � � �

�

R

�

R

P


 . Recall that �

C

R

J

R

N


 � 3 �	T

R-U'RWV


 �

�

D

T

R

K

U'R

P

V


 . Then

 

�

C

R

J

R

N


 ! �

�

R

�

R

P




 

�




C

F

G

J

F

G1�

N

!

P




F

�

��

�

� �

D

���
������� �.-/!

2

�(�)�

F

! G3��� �

F

-0!	�

F

G

�

K

�#� �%���#�*�.- !

2

�(�)�

F

! G3��� �

F

-0!
�

F

G

P

F

�

*

!

�(�)�$!

2

�(�)�

F

! G3��� �

F

-/!
�

F

4

2 _

Following somealgebraicmanipulation,weobtain

2 �

�#� �
-

!

2

�(�)�

F

! G3�#�*�

F

-0!

�
�

�

�

�

D

F

�(�)�

F

� G

K

F

��� �

F

� G

P

F

�#� �

F

-
!

�

���
�$! G

2

�(�
�

F

! G3��� �

F

-0!
� F

_

Thusthedenominatorin (4.5) actslike

(4.9) 2 ��� ����� �0-0!S


around! �

� , with thefunctionof proportionalitynonzeroanddifferentiablein � !

R

�'
 .
For thegeneralcase,wewrite (4.7) in theform

�

C

R

J

R

N


 !#� �

�

2

�



�

6

�

��

C

6

C

F

C

@

J

6

J

F

J

@

N

6

N

F

N

@

�� �

���
�

�

�

�

T	�

�

2

U

�

�

2

�

V

!

*


��

�

2

�

�

�

R

(4.10)

�

2 �

�#�*�.- !

2

�(�
�

F

! G3��� �

F

-0!

�

�

�

�

�

*

G

�#�*�

F

-/!

�

�(�)�$! G

2

�(�)�

F

! G3�#�*�

F

-/!
�

F

_(4.11)
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Thevectorthatis thelasttermon theright sideof (4.10) is of unit length. Theright sideof
(4.10) is theproductof

�

2 anda termcloselyapproximatedby

� �

Rwith � aunit vectordependenton ��!

R

�'
 . As � variesin all possibleways, ��� will bebounded
awayfrom zerobecause� is nonsingular;and � � will beasmoothdifferentiablefunctionof

� !

R

�'
 . We canusethis andacontinuityargumentto show thattheterm

(4.12)

�


�

6

�

��

C

6

C

F

C

@

J

6

J

F

J

@

N

6

N

F

N

@

�� �

��� �

�

�

�

T	�

�

2

U

�

�

2

�

V

!

*


 �

�

2

�

�

�

is a continuousand differentiablefunction of ��T

R-U'R V


 /M5 in a neigborhoodof �

�

R

�

R *


 ;
andthesameis true for �	T

R-U'RWV


 away from �

�

R

�

R *


 , sincethedenominatorof (4.5) is then
nonzeroandwell-behaved.Themainbehaviour of interestfor �

C

R

J

R

N


 ! � is boundupin
�

2 ,
andit actslike theproductof a smoothfunctionand �#� �/-/! . Thedenominatorin (4.5) again
behavesasin (4.9).

Summarizing,

(4.13) �

�

�

�"!#3 � �

'

�:+ ��
-


�

�

�

��� ��!

R

�'
���� �.-0!

R

for somecontinuouslydifferentiablefunction � ��!

R

�'
 that is boundedaway from zerofor
��	

�

	

$%� and � 	

!

	

� .
Returnto thediscussionof thenumericalscheme(2.7) appliedto (4.5). Theerroranalysis

of (2.7) mimics that given earlier in � 2. The principal differenceresultsfrom combining

(4.13) with theJacobian�);YB +� E . We now haveanintegrandof thegeneralform

(4.14)
�3�

�

� �#� �%!

�

-

7�6

�

F

�

�

� ����� � !

R

���
��!

R

�#�*���

R

�(�
�.��
 �)� �:!

R

in which � is a smoothfunction. Proceedingasin � 2, we have the following. Theproof is
essentiallythesameasin Theorem2.1.

THEOREM 4.2. Let 798

*

bean integer, andintroduce

�

�




7

R

7 even
R

7 G

* R

7 odd_

In theintegral (4.5), assumethat � /

5

�

���

 . Assumethat thesurface� is similarly differen-
tiable, which is equivalentto assumingthat themapping3 is suitablydifferentiable. Let

&

;

betheapproximationof (4.5) basedon theschemaof (2.7). Then

(4.15) � !

&

;

��� � �

�


'_

Theratesof (4.15), andevenbetter, areobservedin practice.This is illustratedwith the
numericalexamplesof thefollowing section.Basedon thoseexamplesandon otherpartial
theoreticalresults,we statethefollowing conjecturethatextendstheabovetheorem.

CONJECTURE 4.3. Assume7 8

*

. Undersuitableassumptionson the function � , the
error in approximating(4.5) by (2.7) satis�es

(4.16) � !

&

;

� � � �
-


'_

Themethodsof thissectioncanalsobeappliedto theanalysisof thedoublelayerintegral
of (1.3), but weomit this analysis.
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TABLE 4.1
Numericalintegrals for (5.1) with � � ��� �

Surface �

6

Surface�

F




&

;

!

&

�

�

;

� D

�

�
	

�

�
�

&

;

!

&

�

�

;

� D

�

� 	

�

�
�

�

*

_

	 	

�

G

* *

_ �

�

�

G $

�

!

�

_

	

�

�

!

*

! � �O_

� �

!

*

_

�

�

�

G

*

!

	

_

�

*

*

�

*

_

� �

�

!

*

! �O_

�

�

!

*

_

�

*

�

G

�

*

�

_

*

�

�	$ $�_

� �

�

! $

�

_

*

�

$�_

�

$

�
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$

�

! $ !

*
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�

�

�

� �O_

�

�

�

!��

�

_

�

� $�_

�

�

*

_

�

�

�

! $ �O_

�

	

*

_

	

$

*

$

� �

_

�

*

�

! �

�

_

� �

$�_

�

�

� _ $ �

�

!��

�

_

� �

$�_

�

�

$

� �

*

_ � $

�

! �

�

_

� �

$�_

�

�

�

_

�

$

�

! �

�

_

� �

$�_

�

�

�

*

$ $�_

�

�

�

!

� �

_

� �

$�_

�

�

*

_

�

*

�

! �

�

_

� �

$�_

�

�

*

�

$ � �O_ � �

�

!

� �

_

� �

$�_

�

�

*

_

�

	

�

!

� �

_

� �

$�_

�

�

TABLE 5.1
Numericalintegrals for (5.1) with �����

Surface�

6

Surface �

F




&

;

!

&

�

�

;

� D

�

� 	

&

;

!

&

�

�

;

� D

�

�
	

� $ _ $

*

�

G

* *

_ �

�

�

G $

�

! $�_ �

�

�

G

�

!

�

_

	 �

! $�_ � $

�

G

*

!

�

_

*

$

*

�

!

�

_

� �

�

! $ �	$ _ $ ! $�_ � �

�

G

�

*

�

_ �

�	$ !

*

_

�:�

�

!��

�

�

_

�

$�_ �

�

�

! $ !

	 �

_

*

$

�

�

�

_

�

���

!

�

!

*

�

*

� �

!

*

_

�

�

�

!

�

!

*

�

�

�

*

$

�

�O_ $	$

�

!

*

�

$

*

	 �

_

	 �

�

!

	

! $

	

�

�

$

� � �

_

�

�

�

!

*

$

�

�O_

	

�

_

�

�

�

!

*

$

�

	

�

�

*

$

�

_

� �

�

!

*

�

� �

_

�

*

_

*

�

�

!

*

�

� �

_ $

*

�

$ �

� �

5. Numerical examples:singular integrand. We begin with numericalresultsfor

(5.1) � �

�
�

�

�

� 6

�

�

�

F

�

�

@ �




 

�"! �

 

���
�

R

with �M� �

C

R

J

R

N


 . For theellipsoidalsurface �

6

, we usethesurfaceparameters�

D

R

K

R

P


^�

�

*SR

$

R

�S
 ; andfor thepeanutsurface�

F

, weusethesurfaceparameters

�

D

R

K

R

P

R

�

R

�

R

�

R

� 
 �]�

*SR *

_

�

R

$

R * R

�

_

�

R

�

R

�

_ �$
�_

Letting �

� denotetheintegralover �

� , we have

�

6

� �

�

_ $

�

�

	

*

� 	 � 	 �

�

�

	

$ �

R

�

F

�

*

� � _ $

��� �

� � �

�

$

�

�

���

*

_

Thepoint � waschosento correspondto thesphericalcoordinates� !

R

�'
 � � ��� �

R

��� �$
 for
bothsurfaces.

In Tables4.1and5.1, wegiveresultsfor 7 ��$�_

�

and 7 � � . In Table5.2wegiveresults
for varying 7 . Notethattheresultsagreewith (4.15) andtheconjecturedconvergenceorderof
(4.16) exceptfor thecaseof 7 � � . For this lattercase,thetheoreticalresultof (4.16) predicts
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TABLE 5.2
Estimatedorderof convergencefor thenumericalintegration (5.1) with varying �

7

*

_

�

$�_

�

$�_

�

� _

�

� _

�

��_

�

Surface�

6

*

_

�

$�_

�

$�_

� �

D

� � � � _

�

��_

�

Surface�

F

*

_

�

$�_

�

$�_

� �

D

� � � � _

�

��_

�

� !

&

;

� � � �

�

� . Empirically for 7 � � , basedon bothTable5.1 andotherexamples,we
estimatethat � !

&

;

� � � �

�

� .

CONCLUDING DISCUSSION. The proofs of the conjecturesin (2.32) and (4.16) will
probablydependon someextensionof the asymptoticresultsof Lynessand Ninham [8].
Also seetherecentwork of Sidi [10].

As notedin thenumericalexamplesof earliersections,therearevaluesof 7 for whichthe
convergenceof

&

; to � is extremelyrapid,muchmoresothanis predictedby thetheoretical
convergenceresultsfor general7 . Considerthespecialcaseof

(5.2) ������

�

�

�

� ����
����
�

R

with � nonsingularand $ 7�� � . Usingtheconstructionsof thederivativesof
�

� !S
 and � � !$


in theproofof Theorem2.1, it canbeshown that

�

�

�:!

�

�

�

��!S
�� ��!S


�

�

�

R

* �

*SR

�

R

! �

�

R

�A_

Thus,we would like to apply theEuler-MacLaurinexpansionof (2.9) to concludethat � !

&

;

� �
�

�

�

� , which would agreefor this casewith theobservedratein theexamplesof � 3.
Unfortunately, weneedto alsoshow that

�

�

�:!

�

�

�

��!S
�� ��!S


�

/

5

�

�

R

� 


R

somethingwehavenotbeenableto accomplishto date.Thus,we leave it asaconjecturethat
superconvergencetakesplacefor (5.2) with � a suf�ciently smoothfunctionand $ 7 anodd
integer.

Recalltheassumptionson themapping3 givenin � 1 following (1.6). Smoothmap-
pings 3 4$5 687�6!'9

:-;>=	:

� de�ned onsurfacescanbeextendedto meettheearlierassumptions;for

example,seeGunter[7, Chap.1, � 3].
Thereare probablyother transformationsthat can be usedto replace(2.2), although

oursseemsbothintuitiveandsimpleto implement.We have implementedour schemeusing
Matlabandwill gladlysharethecodeswith others.

APPENDIX. De�ning surfacenormalsand Jacobianfor a general surface. The mapping
3 4�5

6 7.6
!�9

:-;>=	:

� is givenby ��T

R-U'R V


HZ 9\�

C

R

J

R

N


 . Usingsphericalcoordinates,

C

�

C

�,T

R<U'RWV




R

J

�

J

�,T

R-U'R V




R

N

�

N

�,T

R<U'RWV


 _

For derivatives,we usetheshorthandnotation

C

6

�

%

C

�	T

R-U'RWV




%

T

R

C

F

�

%

C

�,T

R-U'R V




%

U

R

C

@

�

%

C

�,T

R<U�R V




%

V

R
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with similar notationfor
J

and
N

.
For thesurfaceJacobianusedin thechangeof variablesexpressionin (1.7),

�

� 	 �

�

��
 � FQ�

�

�

�

�

�

�
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U V

J

6
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@
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�

�

�
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�
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�

�
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C

@

T

U V
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@

�

�

�
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�

F

G
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�

�

�

�

�

C

6

C

F

C

@

J

6

J

F

J

@

T

U V
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�

�

�

�

�

F

R
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�

�[�]�,T

R<U'RWV


 . For thenormalat �

C

R

J

R

N



� 3 �	T

R-U'RWV
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�

� ��

�

J

6

N

F

!

J

F

N
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J

@

N

6

!

J

6

N
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U
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F
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!
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F

C
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@
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!
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