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QUADRATURE OF SINGULAR INTEGRANDS OVER SURFACES

KENDALL ATKINSON

Abstract. Considerintegration over a simple closedsmoothsurfacein ~ , onethatis homeomorphido the
unit sphere and supposehe integrandhasa point singularity We proposea humericalintegration methodbased
on usingtransformationghat leadto an integration problemover the unit spherewith an integrandthatis much
smoother At this point, the trapezoidalkule is appliedto the sphericalcoordinaterepresentatiomf the problem.
The methodis simpleto apply andit resultsin rapid corvergence.The intendedapplicationis to the evaluationof
boundaryintegralsarisingin boundaryintegral equatiormethodsn potentialtheoryandtheradiosityequation.

Keywords. sphericaintegration,singularintegrand,boundaryintegral, trapezoidatule.
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1. Intr oduction. Considertheapproximatiorof a surfaceintegral
(1.1)

in which is singularat a point . This is a commonintegrationproblemwhen
implementingboundaryintegral equationrmethods Examplesarethe singlelayerintegral

(1.2)
andthe doublelayerintegral
(1.3) —

in which . In this paperwe introducean ef cient numericalintegration methodfor
suchintegrals.

We limit thesurfaces to betheboundaryof aboundedsimply-connectedegion , and
we assumehat is a smoothsurface'. In addition,we assumeahata mapping

(1.4)

is givenwith  the unit spherein . For example,with the ellipsoidalsurface de ned
implicitly by

(1.5) - - -

we canwrite
(1.6)

Throughoutthis paper we assumehatthe surface andthe mapping  areasdifferen-
tiable asneeded.To simplify the later error analysis,we alsoassumehatthereis an open

Receved Decembeg, 2003.Acceptedior publicationFebruary24,2004.Recommendetly FrankStenger
Departmentsf MathematicandComputerScienceJniversity of lowa, lowa City, IA 52242,U.S.A.

133



ETNA

Kent State University
etna@mcs.kent.edu

134 Quadraturef singularintegrandsover surfaces

neighborhoof , for some , onwhich is de ned, one-to-oneanddifferen-

tiable,with a non-zeroJacobiarwhenconsideredsa three-dimensionahapping.This can
bewealened andwe discusshis atthe conclusionof the paper
With suchtransformationg1.4), theintegral (1.1) becomes

(1.7)

with the Jacobiarof the mapping  consideredasa two-dimensionamappingof
thesurface ontothesurface . For examplewith theellipsoidalsurface(1.6),

In the appendixo this papernwe give away to calculate for generatransformations

. Basedon being ableto performthis transformatiorof variables,we often restrictour
interestin this paperto the unit sphere . The numericalexampleshowever, will illustrate
theuseof moregenerabkurfaces.

Boundaryintegral equationmethodsare of two generaltypes: (i) boundaryelement
methodsn which  is decomposeéhto smallelementsand is approximatedy alow de-
greepolynomialover eachelement;and(ii) usingapproximationgo of a globaltype over
the entiresurface , for example,using sphericalpolynomials. The methodsof this paper
areintendedfor integralsarisingin the latter seconaype of boundaryintegral method. For
example,se€[1], [3], [6]; andfor anearlierdiscussiorof thenumericalapproximatiorof sur
faceintegralswith a point singularity see[2]. For amoregeneraintroductionto quadrature
methodgfor thesphereseeStroud[12)].

In 2, weintroduceandanalyzethe numericaimethoddoingsofor asmoothfunction,
andwe illustrateit numericallyin 3. In 4 thenumericalmethodis extendedto having a
point-singularityandnumericalexamplesaregivenin 5.

2. The numerical method. We begin with the problemof approximating
(2.2)

in which is severaltimescontinuouslydifferentiableover the unit sphere . In spherical
coordinatesthis integral canbe written as

Ratherthan approximatingthis integral directly, we begin by introducinga transformation
. With respecto sphericakcoordinate®n
(2.2)

In thistransformation, is a gradingparameter' Thenorthandsouthpolesof remain
x ed,while theregion aroundthemis distortedby the mapping.
Theintegral becomes

(2.3)
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with the Jacobiarof themapping

(2.4)

In sphericakoordinates,

(2.5)

For the exampleellipsoidalsurfaceof (1.5),

(2.6)

For , let ,and

For agenericfunction , introducethe bivariatetrapezoidabpproximation

in which the superscripnotation meansto multiply the rst andlasttermsby - before
summing. Apply this to (2.5. Note that the integrandis zero for andthat the
integrandhasperiod in . Therefore

2.7)

with asin (2.5).

We note that closely relatedtransformationgor single integrals have beenusedoften
over the pastseveral decadeswith the trapezoidalule appliedto the transformedntegral
(e.g.seeSidi[9], [10]], [11]). A veryreadableovervien andanalysisof suchtransformations
andtheassociatedrapezoidatuleis givenin Elliott [5].
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2.1. Err or analysis. Apply thetrapezoidalule

to theintegral

with asufciently differentiablefunctionand aninteger More preciselyassume
with
even
odd
Then
(2.8)

The proofis animmediatecorollary of the EulerMacLaurinexpansion 4, p. 285]. For later
referenceye statethe Eule-MacLaurinexpansion.

The Euler-MacLaurin formula. Let , , andde ne ,
for . Furtherassume is timesdifferentiableon with
. Then
(2.9)
In this formula, are the Bernoulli constants, is the Bernoulli polynomial of
degree ,and is the periodicextensionof on
Usingthis result,we have thefollowing con/ergencetheorem
THEOREM 2.1. In theintegral (2.5), assumehat andthat is a positiveinteger.
Introduce
even
odd
Assumehat is -timesdifferentiablewith . Thenthe error in approximating

(2.1) by (2.7) satis es

(2.10)

Proof. In orderto provethis, we usethe EulerMacLaurinexpansionapplyingit to both
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theintegrationin andin . More preciselywe write

(2.11)

with

The integrationin  is thatof a periodicfunction over , andwe needonly shav that
the M-orderderivative with respecto is absolutelyintegrableover . Thisis

straightforvard,asall suchderivativesarewell-de ned andcontinuous.
When consideringthe integration in (2.5 with respectto , write the integrand as
with

For theintegrationin , we needto look at the derivativesof with respecto for
. In particular we mustshaw that

(2.12) -

(2.13) —
We shaw (2.12) by insteadshawing
(2.14) —

For thederivativesof , wewrite

(2.15) -



ETNA

Kent State University
etna@mcs.kent.edu

138 Quadraturef singularintegrandsover surfaces

andthenlook attheindividual dervativesof and

As apartof differentiating , we introducethefollowing expressionsLet
Then
(2.16)
with and in nitely differentiablefunctionsof . It will beimportantto keeptrack
of powersof in thevariousderivatives.We will usethenotation , ,todenote

genericsmoothfunctionsof . Next,

(2.17) —

For thederivativesof , we needthe derivativesof consideredasa functionof
. The rst derivativesaregivenby

(2.18)

(2.19) — S

We discusdaterthe higherorderderivativesof
We needto prove both (2.12 and(2.13, andin doing soit is crucial to considerthe

variouspowersof thatoccurin thederivativesof and . When isaninteger,
isin nitely differentiableon . When is aninteger, life is simplerin thattherearenever
ary negative powersof occurringin the differentiationprocesswith either or , no

matterhow high the orderof the derivative. As a consequenceve canshav both (2.12 and
(2.13 with nodif culty . Using(2.8), themainresult(2.10 thenfollows with no dif culty .

Fromhereonwe consideronly thecasethat  is anoddinteger; for someodd
integer . Thus is aneveninteger. The proof of (2.13 requiresshowing thatthe
integrand is -timesdifferentiablewith
(2.20) —

We examinethevariousderivativesof both  and to determinethe powersof OCCUF
ring in both.

To betterfollow whatis happeninggconsidemnly the caseof and . Wethen

needto shaw (2.12 and(2.13 with . We areusingthe EulerMaclaurinformula(2.9)
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with , andtheform we needis
(2.21)
The summatiorlimits arechangececause . We wantto shav thetrape-
zoidalerroris of size

For this case,
(2.22) —
(2.23)
(2.24)
with and in nitely differentiable Also,

For the derivativesof ,
with and in nitely differentiable For the rst derivative of .

with  denotingthepartialderivativeof with respectotheargument . We notethat
is continuoudor , with at
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For thesecondderivative,
(2.25) — — _
(2.26) — N _
(2.27) -
Thetermsin (2.25 and(2.26) involve for and , andthusthecorresponding
integralsarecontinuousandarezeroat . Forthetermsin (2.27), we need
(2.28) - S -
(2.29) —
Thegenerapatternwill continue.Thehigherorderderivativesof will containpowers
of asfollows.
for . Thesamebehaiour carriesacrosgo the derivativesof
(2.30)
For the derivativesof , we have thefollowing.

(2.31)
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for suitablyde ned in nitely differentiablefunctions and . Thefunction
is well-de ned, but doesnot containary obviousfactorof
Using(2.15 with ,

Usingtheabove resultswe have

Thisleadsto

Also,

Usingtheearlierresultsonthedependencef and on , it followsthat

Referringto (2.217), this proves(2.10 for thecase

For the generalkcaseof with anoddinteger, asimilar proof canbe given.
For example,whenwe consider we have andthe functionsof (2.22-(2.24
are
Thena similar setof resultsare true regardingthe dependencen powers of for the

derivativesof and , butwith thepowersincreasedy 2 in thederivativesof . Weomita
generaltreatmentiswe believeit is clearthatsuchageneraknalysisfollows usingtheabove
ideasO

Theratesof (2.10), andevenbetter areobsenedin practice.Thisis illustratedwith the
numericalexamplesof the following section.Basedon thoseexamplesandon otherpatrtial
theoreticaresultswe statethefollowing conjecturehatextendsthe above theorem.

CONJECTURE 2.2. Assume . Under suitableassumption®n the function , the
error in approximating(2.1) by (2.7) satis es

(2.32)
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FiG. 3.1. Thenonsymmetrisurfaceof (3.1)

3. Numerical examples. We give numericalexampleshasedn two surfaces.The rst
is theellipsoidof (1.5, andtheseconds givenby

(3.1)

For the parameters

a sketchof the surfaceis givenin Figure 3.1 andwe referto it asa “peanutsurface'. The
Jacobian wascalculatedby the methoddescribedn the appendix.This surfacewas
designedo demonstratempirically thatthe resultsof the paperdo not dependon ary sym-
metryof the surface asthis secondsurfacehasno obviousgeometricsymmetry

3.1. Numerical results: Ellipsoid. We approximateheintegral

(3.2)
overtheellipsoid (1.5 with . Numericalresultsaregivenin Table
3.1 Thedifferences _aregivenfor the speci ¢ valueof , alongwith the

ratios of successie differencesandthe estimatedorderof corvergence(EOC). The results
areconsistentvith the conjecturedrdergivenin (2.32), as

For the sameintegral (3.1), we give in Table3.2the estimatedrderof corvergenceas
varies.In generatheresultsareconsistentvith (2.10 andtheconjectureadtonvergenceresult
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TABLE 3.1
Numericalintegrals for (3.2) over anellipsoidwith

TABLE 3.2
Numericalintegrals for (3.2) over an ellipsoidwith varying

of (2.32. But with the caseof and , the estimatedorderof corvergence
is much betterthanthat predictedby (2.10. A few additionalcommentsconcerningthis
supercomergencearegivenin the concludingdiscussiorof this paper

3.2. Numerical results: Peanut surface. We approximateheintegral
(3.3)

As beforewe give resultsfor a x edvalueof ; seeTable3.3. Againtheresultsare
consistentvith (2.10 andtheconjectureatornvergenceaesultof (2.32). Thequalitatveresults
for varying arethesameasearlierin Table 3.2, includingthe muchfastercorvergencefor
the casesf

4. Treatmentof a point singularity. We now considelintegrals
(4.1)

in which is singularat a point ; cf. (1.2 and(1.3). As beforein (1.7), we trans-
formto anintegralover . Sincethesubsequerntransformation of (2.2)-(2.5) is basedon
smoothingheintegrandatthe polesof , we needto have thesingularityin  correspondo
apoleof thesphere . Theoriginal coordinatesystemof  needdo berotatedto have the
north pole (or southpole)of in therotatedsystembethelocationof the singularityin the
integrand.

Let , . We interposean orthogonalHouseholdetransformatiorof

(4.2)
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TABLE 3.3
Numericalintegrals for (3.2) over a peanutwith

beforethe nal mappinginvolving . Choosea Householdematrix T such
that
4.3) equivalently,

with the sign choseraterto minimize ary lossof signi canceerror. Therequiremen{4.3)
meanghat will bemappedo eitherthe North or SouthPoleof , or corversely a pole of
is mappedo
Finding is straightforvardandinexpensve. In evaluating(4.2), use

Computing T requires4 multiplicationsand 2 additions;andcomputing requiresa
further3 multiplicationsandthreesubtractionga total of 12 arithmeticoperationdor

)

In theintegral (4.1), thetransformation yields

sincethe Jacobiarof the mappingis 1. Now usethe mapping

asbeforein (2.2)-(2.5), yielding
(4.4)

Now applythe schemeof (2.7) asbeforein (2.7) of 2.
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4.1. Err or analysis. Whenconsideringheearliercorvergenceresultsof (2.10-(2.32),

theprincipalchanges thattheintegrand of theoriginalintegral (4.1) is now singularwhen
. To analyzewhatis happeningye assumeahatwe aredealingwith

(4.5)

This is animportantcaseof interestwhendealingwith boundaryintegral equations. Note
thatoneof thepolesof correspondso  undertherotation , say ;

andthen , makingthedenominatoof theintegrandzerowhen

As assumeearliet theoriginal smoothmapping canbeconsideredsthe

restrictionof a one-to-onemappingof anopenneighborhoodf ,callit , ontoanopen
neighborhooaf

In addition, this canbe donein sucha way that the Jacobiarof the mappingis nonzeroon

when s consideredasa three-dimensionaihapping. We alsoassumehat isa

smoothdifferentiablefunctionof  on

We write
(4.6)
with and functionsof over . Thefunctions and dependonboth
and , andthus and will vary with . Nonethelessthe functions and will
remaindifferentiablewith respecto and , asthedifferentiabilitydepend®n only that
of . Inaddition,

LEMMA 4.1. Let be a continuoushyifferentiablefunctionon a connected
convex set . Let . Then
For notation, is a row vectorand is a columnvector

The proofis a straightforward useof the fundamentatheoremof the calculus.Apply it
to for
With thislemma,we canwrite

(4.7)

We areinterestedn only thecasehatthepoint is beingevaluatedatpoints
. In thematrix, , , , andsimilarly for thefunctions
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and . Theargumentof eachof thesepartialderivativesin thematrixis .

This formularequiresthatthe line joining and beinsidethe openneighborhoo
referencedhbore, or equivalently, the line joining and is inside of
Thiswill betrueif and aresufciently closetogetheror equivalently,

. Thuswe wantto dealonly with pointsof  thataresufciently closeto
This is sufcient sincethe integrandin (4.5) is easily nonsingularand differentiableaway
from .
We apply (4.7) with

Having approach is equivalentto letting tendto 0. For ,
theintegraltermin (4.7) is approximately

(4.8)

the Jacobiammatrix of the three-dimensionamapping denedon  andevaluatedat
. Thematrix is nonsingulamy our earlierassumptiorthat the Jacobiarof is
nonzeroover . Thusthe matrix obtainedfrom the integrationin (4.7) is alsononsingular
with a determinanboundedaway from zero,by continuity.
To introducesomeintuition into the presentdiscussionwe give concreteresultsfor
the ellipsoidal surfaceof (1.5 with . Recallthat
. Then

Following somealgebraiamanipulationwe obtain

Thusthedenominatoin (4.5 actslike
(4.9)

around , with thefunctionof proportionalitynonzercanddifferentiablen
For thegenerakasewe write (4.7) in theform

(4.10)

(4.11)
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Thevectorthatis thelasttermon theright sideof (4.10 is of unit length. Theright sideof
(4.10 istheproductof andatermcloselyapproximatedy

with aunitvectordependentn . As variesin all possiblevays,  will bebounded
away from zerobecause isnonsingularand  will beasmoothdifferentiablefunctionof
. We canusethis anda continuity argumentto shav thattheterm

(4.12)

is a continuousand differentiablefunction of in a neigborhoodof ;
andthe sameis true for away from , sincethe denominatof (4.5) is then
nonzercandwell-behaed. Themainbehaiour of interestfor isboundupin
andit actslike the productof a smoothfunctionand . Thedenominatoin (4.5 again
behaesasin (4.9).

Summarizing,

(4.13)

for somecontinuouslydifferentiablefunction thatis boundedaway from zerofor
and .

Returntothediscussiorof thenumericakschemg?2.7) appliedto (4.5). Theerroranalysis

of (2.7) mimics that given earlierin 2. The principal differenceresultsfrom combining

(4.13 with the Jacobian . We now have anintegrandof thegeneralform

(4.14)

in which  is asmoothfunction. Proceedingasin 2, we have thefollowing. The proofis
essentiallithesameasin Theorem?2.1

THEOREM 4.2. Let beaninteger, andintroduce
even
odd
In theintegral (4.5), assumehat . Assuméhatthesurface is similarly differen-

tiable, which is equivalento assuminghatthemapping s suitablydifferentiable Let
betheapproximationof (4.5 basedontheschemaof (2.7). Then

(4.15)

Theratesof (4.15, andevenbetter areobsenedin practice.Thisis illustratedwith the
numericalexamplesof the following section.Basedon thoseexamplesandon otherpatrtial
theoreticaresultswe statethefollowing conjecturehatextendsthe above theorem.

CONJECTURE 4.3. Assume . Under suitableassumption®n the function , the
error in approximating(4.5) by (2.7) satis es
(4.16)

Themethodf this sectioncanalsobeappliedto theanalysisof thedoublelayerintegral
of (1.3, but we omit this analysis.
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TABLE4.1
Numericalintegrals for (5.1) with

Surface Surface

TABLES.1
Numericalintegrals for (5.1) with

Surface Surface

5. Numerical examples:singular integrand. We begin with numericalresultsfor

(5.1)

with . For theellipsoidalsurface , we usethe surfaceparameters
; andfor thepeanutsurface , we usethe surfaceparameters

Letting denotetheintegralover ,wehave

Thepoint waschosento correspondo the sphericalcoordinates for
bothsurfaces.
In Tables4.1and5.1, we give resultsfor and . In Table5.2we giveresults

for varying . Notethattheresultsagreewith (4.15 andtheconjectureatornvergenceorderof
(4.16) exceptfor thecaseof . Forthislattercasethetheoreticatesultof (4.16) predicts
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TABLE 5.2
Estimatedrder of corvergencefor the numericalintegration (5.1) with varying
Surface
Surface
. Empirically for , basedon both Table 5.1 and otherexampleswe

estimatethat

CONCLUDING DISCUSSION. The proofs of the conjecturesn (2.32 and (4.16 will
probablydependon someextensionof the asymptoticresultsof Lynessand Ninham [8].
Also seetherecentwork of Sidi[10].

As notedin thenumericalexamplesof earliersectionstherearevaluesof for whichthe
convergenceof  to is extremelyrapid,muchmoresothanis predictedby thetheoretical
convergenceesultsfor general . Considerthe specialcaseof

(5.2)

with  nonsingulaiand . Usingthe construction®f the derivativesof and
in the proof of Theorem2.1, it canbe shown that

Thus,we would like to apply the Eule-rMacLaurinexpansionof (2.9) to concludethat
, which would agreefor this casewith the obsenedratein the examplesof 3.
Unfortunatelywe needto alsoshaw that

somethingve have notbeenableto accomplistto date. Thus,we leave it asa conjecturethat
supercomergencetakesplacefor (5.2) with  asufciently smoothfunctionand anodd
integer

Recallthe assumptionsnthemapping  givenin 1 following (1.6). Smoothmap-
pings de ned onsurfacescanbeextendedo meetthe earlierassumptionsfor
example,seeGunter[7, Chap.1, 3].

Thereare probably other transformationghat can be usedto replace(2.2), although
oursseemdothintuitive andsimpleto implement.We have implementedur schemausing
Matlabandwill gladly sharethe codeswith others.

APPENDIX. De ning surfacenormalsand Jacobianfor a geneal surface The mapping
is givenby . Usingsphericakcoordinates,

For derivatives,we usethe shorthanchotation
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with similar notationfor and .
For the surfaceJacobiarusedin the changeof variablesexpressiorin (1.7),

with . For thenormalat
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