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QUADRATURE OVER THE SPHERE
�

KENDALL ATKINSON
�

AND ALVISE SOMMARIVA �

Abstract. Considerintegrationover theunit spherein ��� , especiallywhentheintegrandhassingularbehaviour
in a polar region. In anearlierpaper[4], a numericalintegrationmethodwasproposedthatusesa transformation
thatleadsto anintegrationproblemover theunit spherewith anintegrandthatis muchsmootherin thepolarregions
of the sphere. The transformationusesa grading parameter � . The trapezoidalrule is appliedto the spherical
coordinatesrepresentationof the transformedproblem. The methodis simpleto apply, andit wasshown in [4] to
have convergence�	��

����� or betterfor integer valuesof ��� . In this paper, we extendthoseresultsto non-integral
valuesof ��� . We alsoexaminesuperconvergencethatwasobservedwhen ��� is anoddinteger. Theoverall results
agreewith thoseof [11], althoughthelatteris for adifferent,but related,classof transformations.

Keywords. sphericalintegration,trapezoidalrule,Euler-MacLaurinexpansion
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1. Intr oduction. In theearlierpaper[4] a quadraturemethodfor thespherewasintro-
ducedto dealwith anintegrandthatis singularateitherthenorthor southpoleof thesphere.
Thepresentpaperaddressessomeof theconjecturesthatwereleft unansweredin thatearlier
paper.

Theearlierpaperstudiedthemoregeneralproblemof quadratureovera smoothsurface
�
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Usingthis mappingthequadratureproblemreducesto thatof integrationover ' ,
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andthatis thecaseweaddresshere.Weassume< is severaltimescontinuouslydifferentiable
over theunit sphere' , with thepreciseorderof differentiabilityto bespeci�ed later. In the
following sectionwe de�ne thenumericalmethodandwe give themainresultsof thepaper.
Subsequentsectionsdealwith theproofsof thoseresults.

This problemhasalsobeenstudiedby A. Sidi [11], andsomeof our tools areclosely
relatedto thoseusedin his paper. In [11] Sidi developsa classof singlevariabletransforma-
tionsto improvethebehaviourof theintegrandin (1.3). Thisclassis denotedasthe“extended
classACB ”, or “class A�B ” for short,andit is anextensionof thatdevelopedearlierin [9]. A
particularmemberof this classthatis studiedin [11] is the D9EGF

B -transformation,andthenu-
mericalexamplestherearedonewith this transformation.Someof the tools usedin Sidi's
paper[11] are similar to oneswe use,althoughthereare differencesas well becauseour
transformationdoesnotbelongto theclassheaddresses.Theoverallasymptoticerrorresults
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thatwe give are,in theend,thesameashis,eventhoughtheunderlyingtransformationsare
different. Our resultsarenot ascompleteasthoseof Sidi, duein part to the lack of needed
mathematicaltoolsascomparedto thosedevelopedin [11] for theclassA B transformations
analyzedthere.

2. The numerical method. In sphericalcoordinatesthis integral (1.3) canbewrittenas
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Ratherthanapproximatingthis integral directly, we begin by introducinga transformation
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' . With respectto sphericalcoordinateson ' ,
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In this transformation,monqp is a`gradingparameter'.Thenorthandsouthpolesof ' remain
�x ed,while theregionaroundthemis distortedby themapping.

Theintegral �f��<&� becomes
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In sphericalcoordinates,

(2.4)

���#<&�=�

�
I

K

DZE�F

L

e

2&0

U�‚#m@O�P/D

L

UTiMD9EGF

L

UR„

‚
DZE�F

L

egU[iJOQPRD

L

U
„

…†

�
LYI

K

<o��‡ WZˆgWY‰R�V$]S[$RU

�Š‡ W9ˆ�W3‰
���

��OQPRD?STD9EGFfe&UXW9D9EGF[STD9EGFfe�U?W9O�P/D UR�

h

D9EGF

L

e�UTiMO�PRD

L

U

For ‹Œnqp , let •Ž�l•�•‘‹ , and
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For agenericfunction – , introducethebivariatetrapezoidalapproximation
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in which the superscriptnotation œ œ meansto multiply the �rst and last termsby
0

L

before
summing. Apply this to (2.4). Note that the integrandis zero for U“�ž•XW9• and that the
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integrandhasperiod Ÿ • in S . Therefore

(2.5)
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with �#‡ WZˆgW3‰
� asin (2.4).
When Ÿ m is an integer, we wereablein [4] to show an acceleratedrateof convergence

for thisnumericalintegrationof (1.3), asfollows.
THEOREM 2.1. For thegradingparameterm in theintegral (2.4), assumem¤ndp and Ÿ m

is a positiveinteger. Introduce ¥
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functionson ' . Thentheerror in approximating(1.3) by (2.5) satis�es
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We left somequestionsunansweredin theearlierpaperandtwo of thoseareaddressed
in this paper.

° First,whathappenswhen Ÿ m is notaninteger.
° Second,when Ÿ
m is an odd integer, what is the actualrate of convergence? We

observedin [4] a muchfasterrateof convergencein suchacase.
Themostimportanttoolusedin understandingbothof thesequestionsis theEuler-MacLaurin
expansion(e.g. see[3, p. 285], [10, Appendix D]) and its generalizationin Lynessand
Ninham[6]. A modi�cation of thelatter is usedin answeringthe�rst questiongivenabove,
and the regular Euler-MacLaurinexpansionis usedin exploring the secondquestion. We
presenttheoremsthatgeneralizetheaboveTheorem2.1, demonstratingthemin latersections.

THEOREM 2.2. Assumethe grading parameter m satis�es p²±1mJ±³Ÿ , ml´ �µp
¶«· . Let
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After giving a proof in Section3, we indicatehow the theoremmay be extendedto other
largernon-integral valuesof Ÿ m . We furthernotethat this theoremcorrespondsto Theorem
4.3 in [11], althoughthelatteris for a differentclassof transformations.

THEOREM 2.3. Assumems�¼p
¶«· or m½�¾Ÿ ¶«· or m½�À¿?¶ · and let
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Again, following the proof in Section4, we indicatehow the theoremcanbe extendedto
othercasesin which Ÿ
m is anoddinteger. This theoremalsoagreeswith Theorem4.3in [11]
for thetransformationscoveredthere.
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We remarkon the differentiability assumptionsabout < over ' . Suppose< is a func-
tion de�ned on only ' , andsupposeall derivativesof < of order Å

¥

, with respectto local
coordinatesystemson ' , arecontinuous.Thenit is known that < canbeextendedto someÆ -
neighborhoodof ' with preservationof thedifferentiability. In thefollowing theory, without
lossof generality, we assumethat the integrand < is de�ned on an Æ -neighborhoodof ' for
someÆÈÇÉ• . Thuswe treat <È��‡ W9ˆ�W3‰
� asa differentiablefunctionof threevariables,not two.

As in [4], wedecomposethecalculationof theerror �
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The last portion is the trapezoidalerror for a periodic integral over º •XWYŸ •g» , and it is
straightforwardto dealwith if < is assumedsuf�ciently differentiable,obtainingthecorrect
orderof convergencefor �

5

£

8 . More precisely, with respectto the integrationvariable S ,
the integrandis a smoothdifferentiableperiodicfunction over º •?WYŸ •g» . In the remainderof
this paper, we consideronly the �rst portionof theerror, thatof thetrapezoidalrule applied
over •NÅ•U¤ÅÉ• .

3. Convergencewith Ÿ m non-integral. Thekey tool weuseis amodi�cation of aresult
of LynessandNinham[6]. Theproofof themodi�cation (Lyness[7]) is basedonrecenttech-
niquesdevelopedin MonegatoandLyness[8]. Weusemostlythenotationof [6], specializing
theresultsin it to our situation.Considerapproximatingtheintegral
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someÚµn¡p . Considertheerrorin thetrapezoidalruleappliedto � ,
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In this weusetheRiemannzetafunction ‰X�

ä

� .
From(2.4), theintegrandfor our applicationof (3.4) is thefunction
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To obtainanerrorof size ¯ ‚
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„ , asassertedin (2.7), we musttake Úñ�_¿ in (3.4).
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Thesearespecialcasesof theFaadi Bruno[15] formulafor the ‹

th derivativeof acomposite
function:

(3.11)
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to show thesingularnatureof óJ©

L

¬ and ó ©G,Y¬ .
Now to (3.7), we calculatethederivativesof theproduct
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UsingLeibniz's formula,
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2. Õ
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How do we generalizethis theoremto largernon-integral valuesof m ? We would again
look at two cases:

÷

±ÉmÈ±

÷

i

0

L

and
÷

i

0

L

±+mo±

÷

i“p

for someinteger
÷

. Thenwe would generalizetheformulasfor •�©

™

¬ and ó ©ôüÏ¬ . Theformula
for ó © üÏ¬ generalizeseasily; but that for the compositefunction •ƒ©

™

¬ doesnot. The latter
requiresusingthe Faadi Bruno formula (3.11), andwe have not foundany generalway of
handlingthis. It is straightforward to do particularcases,however, and we have suitably
generalized(3.13) and(3.19) for mx­q��ŸXW9¿R� and ��¿XW9Á/� . With theseresultsin hand,we then
canexaminetheLeibniz formula(3.15) andshow theneededpropertiesfor thefunctionsÕ

K

and Õ

0

.

4. Superconvergencewith Ÿ
m an odd integer. In [4] it wasobservedexperimentally
thatwith < suf�ciently differentiableand m|�_p
¶«· ,

�

5

£

8

�¡¯¤��•�'‘�



ETNA
Kent State University 
etna@mcs.kent.edu

114 K. ATKINSON AND A. SOMMARIVA

Therewasnopreciseestimateof thespeedof convergencefor thecasesmy�¡ŸX¶ · and my�l¿X¶«· ,
althoughit wasclearexperimentallythatthespeedof convergencewasveryhigh.

As notedearlierfollowing (2.9), we areconsideringthe trapezoidalerror �

5

£

8 when
approximating

(4.1)
�

I

K

�!�ŠU/��(!�ŠU/�@$
U

(4.2)
�!��UR�=�

�up

5

m � D9EGF

L

UTiJm

�#DZE�F

L

egUTiMO�PRD

L

UR�

,

�

L

DZE�F

L

e

2&0

U

(!�ŠU/�Ò�

� LYI

K

<@�Š‡ WZˆgW3‰
� $]S

Here,resortingto thewell-known Euler-MacLaurinexpansionin its standardform (cf. [3],
[6]), weexplain thereasonfor suchsuperconvergencefor thecasesmy�_pR¶ ·XWèŸ ¶«· , and ¿X¶«· . Let

¥

�+Á/m , andassume< is

¥

-timesdifferentiablewith all

¥

th-orderderivativesof < belongingto

k

�Ï'y� . Without lossof generality, we canassumethat < is de�ned on someÆ -neighborhood
of ' , call it '*) , with < having analogousdifferentiabilitypropertieson '+) . Thenwe show

�

5

£

8

�q¯Ã‚�•?Ä
e

„

asstatedin (2.8) of Theorem2.3.

Introduce

(4.3)
ÕT�ŠU/���

D9E�FfegU

h

D9EGF

L

e�UTiMO�PRD

L

U

,

�ŠU/���

OQPRD U

h

D9EGF

L

egUTiMO�PRD

L

U

andthenwrite �Š‡ WZˆgW3‰
�\­x' (see(2.4)) as

�Š‡ WZˆgW3‰
���`�ŠÕz�ŠUR� OQPRD�SCW9ÕT��UR� D9EGF[S�W

,

�ŠUR�9�

Since < is suf�ciently differentiableover '
) , we canexpandit in a Taylor seriesabout

��•?W9•?WQp¢� , correspondingto U¾� • , with the seriesconverging in someneighborhoodof
��•?W9•?WQp¢� . Usinga Taylor seriesof order Ú

5

p , we canwrite, roughlyspeaking,

(4.4) <@�Š‡ W9ˆ�W3‰
��� á

240

˜

-
Í

’

Í ™�.

K

-

ç

’

ç

™0/

á

�

-
Í

’

Í ™

‡

-

ˆ

’

‰

™

i21

á

�Š‡ WZˆgW3‰
�

with appropriatecoef�cients �

-
Í

’

Í ™ . The remainder1

á

�Š‡ W9ˆgWY‰
� canbe written in a variety
of forms,eachdependingon Ú

th-orderderivativesof < . Moreover, all derivativesof 1

á

of
order ±_Ú equalzeroat ��‡ WZˆgWY‰R�z�¼�#•XW9•?WQp‘� . Using this expansion,we expand (!��UR� about



ETNA
Kent State University 
etna@mcs.kent.edu

QUADRATURE OVER THE SPHERE 115

Uo�l• ,

(!�ŠU/�Ò�

� LYI

K

á

240

˜

- Í

’

Í ™�.

K

-

ç

’

ç

™0/

á

�

- Í

’

Í ™

‡

-

��UXWYSg�]ˆ

’

��UXWYSg�X‰

™

��UXWYSg� $]S!i

�

á

��UR�

� á

240

˜

- Í

’

Í ™�.

K

-

ç

’

ç

™0/

á

�

- Í

’

Í ™

�

LYI

K

‡

-

�ŠUXW3Sg�]ˆ

’

�ŠUXW3Sg�X‰

™

�ŠUXW3S��X$/S i

�

á

�ŠU/�

� á

240

˜

- Í

’

Í ™�.

K

-

ç

’

ç

™0/

á

�

- Í

’

Í ™

Õ

-

ç

’

�ŠU/�

,

™

��UR�

�ML9I

K

OQPRD

-

S[D9E�F

’

S[$]S!i

�

á

��UR�(4.5)

Theremainder
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th-orderderivativesof < andcanbe written in
anintegratedform,
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th-orderderivativesof < belongto
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Thiscorrespondsto Sidi [11, Lemma4.1andTheorem4.2].
Now let my�dpR¶ ·X¶ UsingMathematicato simplify thecalculations,
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with
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Returningto (4.3), wealsohave
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Combining(4.7) and(4.8), we have
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�rst andthird derivativesof �!�ŠU/��(!�ŠU/� arezeroat Uo�¡•XW9•í¶

We applytheEuler-MacLaurinformulato (4.1). Since < is ö

5 timesdifferentiablewith
all ö
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-order derivatives in
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quadraturerule for m|�)p
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Takentogether, this impliesthattheorderof convergenceis pèÁ .
We would like to generalizethis proof to

m|�

Ü

i

0

L

W

Ü

nqp aninteger

but wehavebeenableto dosofor only aportionof it. Thedif�culty canbeseenin theform of
theTaylor expansionsgivenabove. Thevariousfunctionsareneitherevennor odd;but their
lower degreetermshave thebehaviour neededin orderto apply theEuler-MacLaurinerror
formula.Nonethelesswhatwehaveshown is suf�cient for practicalpurposes,demonstrating
that m of this specialform is thepreferablechoice.

5. Conclusion. Althoughsomeof thetechniquesusedin this paperaresimilar to those
usedin Sidi [11], they wereobtainedindependentlyof thatpaper. A majordif�culty with our
transformation

^

of (2.1) hasbeentheintegral term

óJ��Ñ?���

�
LYI

K

<o��‡ WZˆgWY‰R�V$/S

of (3.8). We have had to be quite careful in the handlingof its derivatives,as we did in
obtaining(3.14) of M 3. Thereis asimilardif�culty in Sidi [11, Theorem4.2],andhehasbeen
ableto handleit in adifferentway, by usingthegeneraltheoryhehasdevelopedfor theerror
analysisof the trapezoidalrule whenappliedin connectionwith class A@B transformations
(cf. [11, Theorem3.1]). SeeSidi [14] for anextensionof theresultsof thispaper, completed
independentlyof our presentpaper. In addition,thepapersSidi [12], [13] alsorelateto the
numericalmethodstudiedin thispaper, althoughagainourresultsareobtainedindependently
andaresomewhatdifferentin approach.

In spiteof thedif�culty in theerroranalysisof our transformation
^

, we believe it is a
naturalway to gradenodeson thesphereandonethatneedsto beunderstoodmorefully.
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