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QUADRATURE OVER THE SPHERE

KENDALL ATKINSON AND ALVISE SOMMARIVA

Abstract. Consideiintegrationovertheunitspheran , especiallywhentheintegrandhassingularbehaiour
in apolarregion. In anearlierpaper[4], a numericalintegration methodwas proposedhat usesa transformation
thatleadsto anintegrationproblemover the unit spherewith anintegrandthatis muchsmoothein the polarregions
of the sphere. The transformationusesa grading parameter . The trapezoidalrule is appliedto the spherical
coordinatesepresentationf the transformedproblem. The methodis simpleto apply andit wasshavn in [4] to
have corvergence or betterfor integer valuesof . In this paper we extendthoseresultsto non-integral
valuesof . We alsoexaminesupercomergencethatwasobseredwhen is anoddinteger Theoverall results
agreewith thoseof [11], althoughthelatteris for a different,but related classof transformations.
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1. Intr oduction. In theearlierpaper{4] a quadraturanethodfor the spherewasintro-
ducedto dealwith anintegrandthatis singularat eitherthe northor southpoleof thesphere.
Thepresenpaperaddressesomeof the conjectureshatwereleft unansweredh thatearlier
paper

Theearlierpaperstudiedthe moregeneralproblemof quadraturever a smoothsurface

(1.1)

in which is theimageof a smoothmappingde ned ontheunit sphere ,
(1.2)
Usingthis mappingthe quadraturgroblemreducedo thatof integrationover ,
(1.3)

andthatis thecasewe addres$iere.We assume is severaltimescontinuouslydifferentiable
overtheunit sphere , with the preciseorderof differentiabilityto be speci edlater. In the
following sectionwe de ne the numericalmethodandwe give the mainresultsof the paper
Subsequerdectiongdealwith the proofsof thoseresults.

This problemhasalso beenstudiedby A. Sidi [11], andsomeof our tools are closely
relatedto thoseusedin his paper In [11] Sidi developsa classof singlevariabletransforma-
tionstoimprovethebehaiour of theintegrandin (1.3). Thisclassis denotedasthe“extended
class ", or“class " for short,andit is an extensionof thatdevelopedearlierin [9]. A
particularmemberof this classthatis studiedin [11] is the -transformationandthenu-
mericalexamplesthereare donewith this transformation.Someof the tools usedin Sidi's
paper[11] are similar to oneswe use, althoughthere are differencesas well becauseour
transformatiordoesnotbelongto the classheaddressesThe overallasymptoticerrorresults
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QUADRATURE OVER THE SPHERE 105

thatwe give are,in theend,the sameashis, eventhoughthe underlyingtransformationgre
different. Our resultsare not ascompleteasthoseof Sidi, duein partto thelack of needed
mathematicatools ascomparedo thosedevelopedin [11] for theclass  transformations
analyzedhere.

2. The numerical method. In sphericakoordinateshisintegral (1.3 canbewrittenas

Ratherthan approximatingthis integral directly, we begin by introducinga transformation
. With respecto sphericakoordinateon ,
(2.1)

In thistransformation, is a “gradingparameter' Thenorthandsouthpolesof remain
x ed,while the region aroundthemis distortedby the mapping.

Theintegral becomes

2.2)

with the Jacobiarof themapping

(2.3)

In sphericakoordinates,

(2.4)

For , let ,and

For agenericfunction , introducethebivariatetrapezoidabpproximation

in which the superscripnotation meansto multiply the rst andlasttermsby - before
summing. Apply this to (2.4). Note that the integrandis zero for andthat the
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integrandhasperiod in . Therefore

(2.5)

with asin (2.4).

When is aninteger, we wereablein [4] to shav an acceleratedate of corvergence
for this numericalintegrationof (1.3), asfollows.

THEOREM 2.1. For thegradingparameter in theintegral (2.4), assume and
is a positiveinteger. Introduce

even
odd

Assume is -timesdifferentiablewith , the spaceof Lebesguentegrable
functionson . Thentheerror in approximating(1.3) by (2.5) satis es

(2.6)

We left somequestionsunansweredh the earlierpaperandtwo of thoseareaddressed

in this paper

First,whathappensvhen isnotaninteger

Secondwhen is an odd integer, what is the actualrate of corvergence? We

obsenedin [4] amuchfasterateof corvergencen suchacase.
Themostimportanttool usedn understandingothof thesequestionss theEulerMacLaurin
expansion(e.g. see[3, p. 285], [10, AppendixD]) andits generalizationin Lynessand
Ninham[6]. A modi cation of thelatteris usedin answeringhe rst questiongivenabove,
andthe regular EulerMacLaurin expansionis usedin exploring the secondquestion. We
presentheoremshatgeneralizeéheabose Theoren2.1, demonstratinghemin latersections.

THEOREM 2.2. Assumehe grading parameter satis es , . Let
, with denotingthe integer part of . Assume is -timesdifferentiable
with all ™-derivativesof belongingto . Then
(2.7)

After giving a proof in Section3, we indicatehow the theoremmay be extendedto other
larger non-integral valuesof . We further notethatthis theoremcorresponds$o Theorem
4.3in [11], althoughthelatteris for a differentclassof transformations.

THEOREM 2.3. Assume or or andlet . Assume is
-timesdifferentiablewith all -order derivativesof belongingto . Then
(2.8)

Again, following the proof in Section4, we indicatehow the theoremcanbe extendedto
othercasesn which is anoddinteger Thistheoremalsoagreeswith Theorend.3in [11]
for thetransformationgoveredthere.
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We remarkon the differentiability assumptiongbout over . Suppose is afunc-
tion de nedononly , andsupposeall derivativesof of order , with respecto local
coordinatesystem®on , arecontinuousThenit is knownthat canbeextendedo some -
neighborhooaf with preserationof thedifferentiability. In the following theory without
lossof generality we assumeéhattheintegrand is de ned onan -neighborhoof for

some . Thuswe treat asadifferentiablefunctionof threevariablesnottwo.
As in [4], we decompos¢he calculationof the error into two portions:
(2.9)

The last portion is the trapezoidalerror for a periodic integral over , andit is
straightforvardto dealwith if  is assumedufciently differentiableobtainingthe correct
orderof corvergencefor . More precisely with respecto the integrationvariable ,
the integrandis a smoothdifferentiableperiodic function over . In the remainderof

this paperwe consideronly the rst portion of the error, that of thetrapezoidakule applied
over

3. Convergencewith  non-integral. Thekey tool we useis amodi cation of aresult
of LynessandNinham[6]. Theproofof themodi cation (Lynesq 7]) is basednrecentech-
niquesdevelopedn MonegatoandLynesq 8]. We usemostlythenotationof [6], specializing
theresultsin it to our situation.Considerapproximatingheintegral

with having theform

(3.1)

(3.2)

with . We assume is -timescontinuouslydifferentiableon for
some . Considettheerrorin thetrapezoidatule appliedto ,

(3.3) — —

Then

(3.4)
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In this we usethe Riemanrzetafunction
From(2.4), theintegrandfor our applicationof (3.4) is thefunction

(3.5)

where

andwith assumedufciently smoothonanopenneighborhoof theunit sphere.
Let bethefractionalpartof

Rewrite ourintegrandas

We mustshawv thatthefunction is -timesdifferentiablewith locally integrable
about ; andsimilarly with respecto about . We treatseparatelyhe cases
of and

3.1. Casel: . Wehave and ; andthen
where
andsimilarly sofor Notethat

andtheneasily

is analyticon
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To obtainanerrorof size , asassertedn (2.7), we musttake in (3.4).
Theerrorformulabecomes

(3.6)
Usingthisto showv requires:
1. , ;
2. in neighborhood®f and , respectrely, and
for ;
3. in neighborhoodsf and , respectiely.
The rst conditionis immediate.
We give argumentdor only , but analogousargumentshold for . To nd the
derivativesof , we mustdifferentiatethe product
(3.7)
where
(3.8)
We needto considetthe behaiour of the derivativesaroundthe endpointsof . Sincethe

rst two termsin (3.7),

areanalyticin aneighborhooabf , we needconsideronly thederivativesof theproduct
(3.9)
Recall

We needthe derivativesof

Usethefollowing to do so.

(3.10)
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Thesearespecialcasef the Faadi Bruno[15] formulafor the ™ derivative of acomposite

function:

(3.11)

with amulti-integersatisfying

all
Next, in generafor aninteger .
- odd
- even
For thefunction ,
Since - for thecurrentcasewe have that is singularat

notaninteger,

(3.12)

Combiningtheseresultsfor derivativesof and , we have

(3.13)

Notethat . Thus isintegrableover . Also,
on with
Whatarethederivativesof

. Forageneral

is continuous
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By thechainrule,

To obtainthebehaviour asafunctionof , weuse

For our caseof

For thesecondleriative,

For the presentasethat

(3.14)

, we cancontinuewith this to show that

111
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to shav the singularnatureof and .
Now to (3.7), we calculatethe derivativesof the product

UsingLeibniz'sformula,

(3.15)
where , . Thereare - termsin this expansion.Con-
sider
. Thecorrespondingaluesof are
. Thecorrespondingaluesof are
(3.16)
It is easilychecledthatall producttermsin (3.15 with arecontinuousgventhough
is singular
For , we needto look only attermscontaining or ,

, in orderto checkfor integrability. It is easily
checledthatin thesecaseghe correspondingermsin (3.15 areintegrable. Thus

in aneighborhoof An exactly analogougproof worksin examingthe behaiour of
about . This completeghe proof of for the caseof
3.2. Case2: . We have and ; andthen

andsimilarly for

To obtainan error of size , we musttake in (3.4). Theerrorformula
becomes
(3.17)
Usingthisto show requires:

1. ) ;
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2. in neighborhoodsf and , respectiely;
3. in neighborhoodsf and , respectiely.
Again, the rst conditionis straightforvard,becausef the presencef in thefor-

mulasfor and
In analogywith the rst casewe mustconsidetthe derivativesof

(3.18)
Notethatit containsthe higherpower ascomparedo the of the rst case
in (3.9.

Proceedin@sin thepreviouscase,
(3.19)
shaving and aresingularat The seconcconditionstatedabove, that

in someneighborhood®f and , respectiely, is satis ed. Simply
usethe sameapproachasin the rst case,noting now thatin (3.15 the term is
replacedby . Becauseof this, all termsarisingfrom (3.16 will be continuousat
and
Whatremainsis to shawv that . Returningto (3.15 for thecase ,

thecorrespondingaluesof are

Only whenwe look at termscontaining or ,

, Is thereary needto checkfor integrability. It is easilychecled
thatin thesecaseghe correspondingermsin (3.15 areintegrable. Thus ina
neighborhoodf . An analogousesultholdsfor ~ about . This completeghe

proofof Theorem2.2.
How do we generalizethis theoremto larger non-integral valuesof ? We would again
look attwo cases:

- and -
for someinteger . Thenwe would generalize¢he formulasfor and . Theformula
for generalizesasily; but that for the compositefunction doesnot. The latter

requiresusingthe Faadi Brunoformula (3.11), andwe have not found ary generalway of
handlingthis. It is straightforvard to do particularcases however, and we have suitably
generalized3.13 and(3.19 for and . With theseresultsin hand,we then
canexaminethe Leibniz formula(3.15 andshowv the neededgropertiesor the functions
and

4. Supercorvergencewith  an odd integer. In [4] it wasobsened experimentally
thatwith  sufciently differentiableand ,
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Therewasno preciseestimateof the speedf corvergencdor the cases and .
althoughit wasclearexperimentallythatthe speedf corvergencewasvery high.

As notedearlierfollowing (2.9), we are consideringthe trapezoidalerror when
approximating

(4.1)

(4.2)

Here,resortingto the well-known Euler-MacLaurinexpansionin its standardorm (cf. [3],
[6]), we explainthereasorfor suchsupercomergencedor thecases ,and . Let
,andassume is -timesdifferentiablewith all ™-orderderivativesof belongingto
. Without lossof generalitywe canassumehat is de ned on some -neighborhood
of ,callit ,with havinganalogoudlifferentiabilitypropertieson . Thenwe showv

asstatedn (2.8) of Theorem2.3.
Introduce

(4.3)

andthenwrite (see(2.4)) as

Since is sufciently differentiableover , we canexpandit in a Taylor seriesabout

, correspondingo , with the seriescorverging in some neighborhoodof
. Usinga Taylor seriesof order , We canwrite, roughly speaking,

(4.4)

with appropriatecoefcients . Theremainder canbe written in a variety

of forms, eachdependingon  -orderderivativesof . Moreover, all derivativesof of
order equalzeroat . Usingthis expansionwe expand about
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(4.5)
The remainder dependonthe ™M-orderderivativesof andcanbe writtenin
anintegratedform,
Thus is well-de ned around whenthe "-orderderivativesof belongto
. In additionall derivativesof of order equalzeroat

Denotingby the“Betafunctiori (cf. [1, p. 258]), we notethat

When arebotheven,wehave

andthisintegralequals in all othercasef . Asconsequence,

(4.6)

even

This correspond$o Sidi[11, Lemma4.1landTheoremd.2].
Now let Using Mathematicao simplify the calculations,

Usethisin the expansiorof (4.6), notingthat is alwaysevenandtherefore
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with - aninteger. Then

4.7)

for suitable

Returningto (4.3), we alsohave

(4.8) S —

Combining(4.7) and(4.8), we have

for suitableconstants . A similar Taylor expansiorholdsfor . Thisimpliesthatthe
rst andthird derivativesof arezeroat

We applythe EulerMacLaurinformulato (4.1). Since is timesdifferentiablewith
all  -orderderivativesin , we can concludethat the order of corvergenceof the
quadratureule for is .

Useananalogougproof when (andassuming is -timesdifferentiablewith
all -orderderivativesin ). Then

This allows usto provethat .
For (assuminghat is timesdifferentiablewith all -orderderivatives

in )
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Takentogetherthis impliesthatthe orderof corvergences
We would like to generalizehis proofto

- aninteger

but we have beenableto dosofor only aportionof it. Thedif culty canbeseerin theform of
the Taylor expansiongjivenabove. Thevariousfunctionsareneitherevennor odd; but their
lower degreetermshave the behaiour neededn orderto apply the EulerMacLaurinerror
formula. Nonethelessvhatwe have shavn is sufcient for practicalpurposesgemonstrating
that of this speciaform is the preferablechoice.

5. Conclusion. Althoughsomeof thetechniquesisedin this paperaresimilar to those
usedin Sidi[11], they wereobtainedndependentlyf thatpaper A majordif culty with our
transformation of (2.1) hasbeentheintegralterm

of (3.8). We have hadto be quite carefulin the handlingof its derivatives, aswe did in
obtaining(3.14) of 3. Thereisasimilardif culty in Sidi[11, Theorem4.2],andhehasbeen
ableto handleit in adifferentway, by usingthegeneratheoryhehasdevelopedfor theerror
analysisof the trapezoidalrule whenappliedin connectionwith class  transformations
(cf. [11, Theoren3.1]). SeeSidi[14] for anextensionof theresultsof this papercompleted
independenthyof our presentpaper In addition,the papersSidi [17], [13] alsorelateto the
numericaimethodstudiedin this paperalthoughagainour resultsareobtainedndependently
andaresomevhatdifferentin approach.

In spiteof thedif culty in the erroranalysisof our transformation , we believeit is a
naturalway to gradenodeson the sphereandonethatneedgo be understoodanorefully.
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