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In this work, we considersolving the radiosityequationusingthe collocationmethod. We develop analytic
evaluationof the integrationswhich areneededto setupthe linear systemin solving the radiosityequation
usingthe collocationmethod.Theseintegrationsareover triangularelementsin R3 . Our approachis to use
af�ne transformationsto convert integrationsover elementsin R3 to integrationsover elementsin R2 andthen
to usea changeof variables.For this, we introducefunctionsH m;n;k for m; n; k 2 N0 andusetheseto give
ouranalyticformulas.Theanalyticevaluationsof H m;n; 4 andotherrelevantintegrationsaregivenin detailfor
somevaluesof m andn. Finally, a performancecomparisonof theanalyticevaluationintegrationwith thatof
otherwell-known numericalintegrationschemesis given.
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1 Intr oduction

With theintroductionof rastergraphicsin computergraphics,moreelaboraterenderingmethodswereneededto
decidethecolor of all thepixels. Theradiositymethodwas®rst proposedby a groupof researchersat Cornell
University in 1984asan alternative to local illumination modelssuchasPhong's model. See[17] and [29].
Their ideawasto simulatetheactualunderlyingphysicalphenomenausingtheradiosityequationthathadbeen
developedin theradiativeheattransferliterature.Theradiosityequationis givenby

u(p) �
� (p)

�

Z

S
V (p;q)G(p;q)u(q)dq = E(p); p 2 S: (1)

In this,S is containedin a closedenvironmentin R3; andit is oftenpolyhedral.V (p;q) is thevisibility function
betweentwo pointsp;q 2 S, de®nedas

V (p;q) =
�

1 if  !pq \ S = f p;qg;
0 otherwise.

(2)

andG(p;q) is theradiositykernelfunctionde®nedas

G(p;q) =
cos(� p) cos(� q)

kp � qk2 ;

where� p and� q aretheanglebetweentheline  !pq andthenormalvectornp at p 2 S andthenormalvectornq

at q 2 S, respectively. Thedirectionnq is thedirectionfrom whichp is beingviewedfrom q.
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4 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

This equationis theresultof applyingthebalanceof energy to theradiosityundertheassumptionthatall the
surfacesarediffuseemitters,absorbersandre�ectors in a nonparticipatingmedium,cf. [25]. Mathematically, it
is aFredholmintegralequationof thesecondkind. In general,weuseanumericalmethodto ®ndanapproximate
solutionof thisequation.After solving(1) usingvariousnumericalmethods,thevalueu(p) is usedto determine
the color valuesfor the pixel p on the surfaceS: This renderingmethodis calleda global illumination model
sinceit takestheinterre�ectionbetweenall thesurfacesinto consideration.

Oneof the mostpopularnumericalsolutionmethodsof solving (1) in computergraphicsis the piecewise
constantGalerkinmethod. Applying thepiecewiseconstantGalerkinmethodto theradiosityequation,weobtain
thefollowing linearsystem.

B i = E i + � i

NX

j =1

Fij B j ; (3)

where

Fij = � ij

Z

x 2 P i

Z

y2 P j

cos(� i ) cos(� j )
� r 2 V (x; y)dydx: (4)

Here,B i is theradiositythatwe wantto ®nd andFij is calledtheform factor betweentwo elementsPi andPj .
Frequentlyequation(3) is calledtheradiosityequationin thecomputergraphicscommunityinsteadof (1).

The linear system(3) is a densematrix andtherearen2 termsFij : Thus, it is importantto ®nd a fastand
accuratemethodto evaluateFij in order to ®nd a quality approximatesolution of (3). Someof the special
methodsusedto approximatethe form factorsare the `Monte Carlo method', `crossed-stringsmethod', `unit
spheremethod',andthe`insidespheremethod'.Thesemethodshavebeendevelopedin theradiativeheattransfer
communityandadaptedto computergraphics.In particular, theimplementationof theunit spheremethodusing
renderinghardwarehasbeenstudiedin [11]. It is alsocalledthe`hemi-cubemethod'.

In 1993,PeterSchr̈oderpresenteda formula for F ij betweentwo generalpolygons.He derivedthe formula
usingrepeatedapplicationof Stoke's theorem.For moreinformation,referto [35]. Morerecently, Min Chenand
JamesArvo usedtheconceptof generalizedirradiancetensorsto derive new closed-formexpressionsfor com-
putingtheillumination from luminaireswith linearlyvaryingradiantexitace.Thederivationof theseexpressions
arebasedon theuseof Clausen's integral. For moredetails,referto [7] and[8].

Anothernumericalmethodfor solving(1) is thecollocationmethod.Generalnumericalmethodsfor Fredholm
integralequationsof thesecondkind aregivenin [2]. Applying thepiecewiseconstantcollocationmethodto the
radiosityequation,(1) ; we getthefollowing linearsystem,

M B = E; (5)

where

M ij = � ij �
� (t i )

�

Z

P j

G(t i ; q)V (t i ; q)dSq; (6)

B i = bi ; (7)

E i = E(t i ): (8)

Again, thelinearsystem(5) is adensematrixwith n2 doubleintegralsto evaluate.In general,theseintegralsare
nontrivial to evaluate,andthey arethereasonfor this paper.

In thefollowing section,we presentananalysisof thenumericalsolutionof theradiosityequationusingthe
collocationmethod.Wegivegeneralstabilityandconvergenceresultsfor thecollocationsolutionof theequation.

In x3 we show how to useaf®ne transformationto convert the integration in Mij into integrationsover a
standardintegration domain � that are easierto evaluateanalytically. In x4 we introduceintegrals H m;n; 4;
andwe show the analyticevaluationof H m;n; 4 for m; n = 0; 1 that is neededto solve (6) : We alsodiscuss
possibilitiesanddif®cultiesrelatedto theanalyticevaluationof Hm;n; 4 for othervaluesof m andn. Experimental
calculationsof theanalyticevaluationproceduresaregivenin x5 for modelsthatarecommonlyencounteredin
computergraphics.
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2 Projection Methods for the Radiosity Equation

If weput theintegralequation(1) into operatorform, we have

(I � K)u = E: (9)

In this,K is anintegraloperatorfrom a BanachspaceX to X de®nedas

Ku(p) =
� (p)

�

Z

S
V (p;q)G(p;q)u(q)dq; p 2 S: (10)

Usually, X = L 1 (S) or L 2(S). If thesurfaceS is unoccluded,thenwe have V(p;q) = 1 for all p; q 2 S and
theintegral (10) simpli®esinto

Ku(p) =
� (p)

�

Z

S
G(p;q)u(q)dq; p 2 S: (11)

In order to solve (9) approximately, we choosea sequenceof ®nite-dimensionalsubspacesXn � X with
dim(X n ) = dn < 1 andwetry to ®nd a functionun 2 X n suchthattheresidualde®nedby

rn = E � (I � K)un (12)

is madesmallin somesense.ProjectionmethodsuseprojectionoperatorsPn : X ! X n asameansto minimize
theresidual(12). For a givenprojectionoperatorPn : X ! X n , our goalis to ®nd un 2 X n suchthat

Pn rn = Pn [E � (I � K)un ] = 0: (13)

Differentprojectionoperatorsleadto differentapproximatesolutionmethods,cf. [2]. In the following sec-
tionswe introducecollocationmethods, oneof themostpopularprojectionmethods.After that,we developan
evaluationmethodfor integralsthat arerelatedto collocationmethodssincecollocationmethodsarethe main
subjectof this work.

2.1 CollocationMethods

We review the theoreticalframework for collocationmethods,emphasizingthoseaspectswe needhere. Let
X n = spanf l j 2 X j j = 1; 2;. . . ; dn g bea subspaceof X andlet t1; t2;. . . ; tdn 2 S be®xeddistinctpoints.
Givenu 2 X , de®nePn u to betheelementof X n thatinterpolatesu at thenodesf t1; t2;. . . ; tdn g. Thus,wecan
write

Pn u(t) =
dnX

j =1

bj l j (t); (14)

with thecoef®cientsf bj j j = 1; 2;. . . ; dg determinedby solvingthelinearsystem

dnX

j =1

bj l j (t i ) = u(t i ); i = 1; 2; : : : ; dn :

This linearsystemhasa uniquesolutionif

det[l j (t i )] 6= 0:

TheprojectionoperatorPn de®nedin (14) is calledaninterpolatoryprojectionoperator. Findingun 2 X n that
satis®es(13) is calledacollocationmethodfor obtaininganapproximatesolutionof (9), cf. [2].

For instance,supposeS is apolyhedralsurfacecomposedof planarpolygonsf Sj � R3 j j = 1; ::; N g in R3.
We have

S = S1 [ S2 [ : : : [ SN : (15)
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6 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

We assumethatSj \ Sk is (1) a line segmentof theboundariesof Sj andSk , (2) a vertex of Sj andSk , or (3)
Sj \ Sk = ; .

Let

Tn = f � n;k j k = 1; 2; : : : ; dn g (16)

be a triangulationof S satisfyingS = [ dn
k=1 � n;k ; andfor eachk; � n;k � Si for somei = 1; 2;. . . ; N . Let l j

bethecharacteristicfunctionwith support� n;j : TakeX n = spanf l j j j = 1; 2;. . . ; dn g. For ®xeddistinctpoints
t1; t2;. . . ; tdn 2 S satisfyingt j 2 inter ior (� n;j ); wede®neaprojectionoperatorPn : X ! X n by

Pn u(t) =
dnX

j =1

u(t j )l j (t)

Notethat

Pn u(t i ) = u(t i ); for i = 1; 2; : : : ; dn ; (17)

and

l j (t i ) = � ij ; for i = 1; 2; : : : ; dn ;

by thede®nitionof Pn andl j . Usingthisde®nitionof Pn leadsto thepiecewiseconstantcollocationmethod.
By usingthecollocationmethodto solve (9) approximately, wehave

Pn [E � (I � K)un ] = 0;

Pn [(I � K)un ] = Pn (E );

(I � K)un (t i ) = E(t i ); (18)

for all i = 1; 2;. . . ; dn , by (17). Sinceun 2 X n = spanf l j jj = 1; 2;. . . ; dn g; we have

un =
dnX

j =1

bj l j : (19)

Combining(18) and(19), we get

un (t i ) � Kun (t i ) = E(t i )
dnX

j =1

bj (l j (t i ) �
� (t i )

�

Z

� n;j

V (t i ; q)G(t i ; q)l j (q)dSq) = E(t i ) (20)

for i = 1; 2;. . . ; dn . Since

l j (q) =
�

1, if q 2 � n;j ;
0, otherwise,

we have thefollowing systemof equations

dnX

j =1

bj (� ij �
� (t i )

�

Z

� n;j

V(t i ; q)G(t i ; q)dSq) = E(t i ); (21)

for i = 1; 2;. . . ; dn , from equation(20).
In matrix form, (21) canbewrittenas

M B = E;
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with

M ij = � ij �
� (t i )

�

Z

� n;j

V(t i ; q)G(t i ; q)dSq; (22)

B i = bi ; (23)

E i = E(t i ); (24)

for i; j = 1; 2;. . . ; dn . By solving this linear systemfor B ; we can get the approximatesolution un (t) =
P dn

j =1 bj l j (t) 2 X n of (9) : Whent j is thecentroidof � j , we refer to this collocationmethodasthecentroid
methodfor obtainingtheapproximatesolutionof (9) :

We canusehigherdegreepiecewisepolynomialfunctionsover thetriangulationf � n;k j k = 1; 2;. . . ; dn g of
S insteadof usingpiecewiseconstantfunctions.In thatcase,we haveto choosedifferentnodepointsdepending
on thedegreeof piecewisepolynomialfunctionsbeingused.See[2; Section5.2] for a generalschemafor such
methods.

Whenwe consideran interpolatoryprojectionoperatorin X = L 1 (S), theevaluationof u 2 X at a point
p 2 S is notwell-de®ned.This issueandotherrelevantconsiderationsof thecollocationmethodin L1 (S) have
beenconsideredanddealtwith by Atkinson,GrahamandSloanin [4].

2.2 GeneralFramework of theProjectionMethod

In this sectionwe provide theanalysisof theprojectionmethodfor solvingtheradiosityequation.If we put the
projectionmethodfor solvingtheradiosityequationin abstractframework, it canbewrittenas

(I � Pn K)un = Pn E:

In here,Pn is aninterpolatoryprojectionoperatorona BanachspaceX . We usuallytakeX = L 1 (S).
In orderto prove

kKk < 1;

we usethefollowing result,provenin [3].

Lemma 2.1 AssumeS is a polyhedral surfaceandp 2 S� , theinterior of a faceof S. Then,wehave
Z

S
V (p;q)G(p;q)dq � � : (25)

The inequality(25) holdsat all pointsp 2 S for which S is smoothin someneighborhoodof p. Sincewe
have

measuref p 2 Sj p doesnothaveasmoothneighborhoodin Sg = 0;

we cansaytheinequality(25) is truealmosteverywhere.With this lemma,we canobtainthat

� (p)
�

Z

S
V (p;q)G(p;q)dq � � (p) � k� k1 ;

almosteverywherefor p 2 S . Fromthis,we have

kKuk1 =










� (p)
�

Z

S
V (p;q)G(p;q)u(q)dq










1
(26)

� k� k1 kuk1 : (27)

This means

kKk � k� k1 :
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8 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

Thus,k� k1 < 1 impliesthat(I � K) � 1 existsasaboundedlinearoperatorfrom L 1 (S) to L 1 (S) and






 (I � K) � 1






 �

1
1 � kKk

;

by theuseof thegeometricseriestheorem.
If we assume

kPn Kk � � < 1; n � 1 (28)

thenit follows trivially that(I � Pn K) � 1 existsandis uniformly boundedfor n � 1; with






 (I � Pn K) � 1






 �

1
1 � �

; n � 1 (29)

With thecentroidmethod,wehavekPn k = 1; andtherefore

kPn Kk � kKk � k� k1 < 1

For higherdegreeinterpolation,wewould needto have

� �
�
sup
n � 1

kPn k
�

k� k1 < 1

in orderto have(28) besatis®ed.A lessrestrictiveanalysisis givenin Hansen[21] to obtain(29).
Usingtheidentity

(I � Pn K) (u � un ) = u � Pn u

andassuming(28), wealsohavethefollowing bounds

ku � Pn uk1

1 + �
� ku � un k1 �

ku � Pn uk1

1 � �
; n � 1

Therefore,the speedof convergenceof un to u is the sameasthe speedof convergenceof Pn u to u in X =
L 1 (S). Thelatteris not truefor many choicesof u 2 X ; but if u 2 C(S); thenPn u convergesto u in X :

3 Calculation of the Collocation Integrals

If we assumethatS is anunoccludedsurfacein R3, thevisibility functionV (t i ; q) = 1. Thus,in orderto solve
thelinearsystem(21) for unoccludedsurfaceS, we arerequiredto evaluatethefollowing integral

Z

� n;j

G(t i ; q)dSq; (30)

where� n;j is anarbitrarytrianglein R3: For this we convert the integral (30) into a sumof following form of
integrals

Z

�
f (t i ; q)dSq;

over thetriangle� = f (s; t; 0) j 0 � s � a; and0 � t � b
a s g. We call this typeof trianglea standard integral

domain. In this section,we show how to useaf®netransformationsto transformtheintegral (30) overa triangle
� in R3 into oneor moreintegralsoverastandardintegraldomain� .
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3.1 Af®neTransformationfrom R3 into R2

We®rst show how to useanaf®netransformationto convertanintegralovera trianglein R3 into anintegralover
a trianglein R2:

De�nition 3.1 Let S bean-polygonin R3 de®nedby theverticesv0; v1;. . . ; vn � 1 with v0 satisfying

kv0k = minfk vi k ji = 0; 1; : : : ; n � 1g

For S having the normal vector nS which is equal to (1; � ; � ) in sphericalcoordinates,or (nx ; ny ; nz )T =
(sin(� ) cos(� ); sin(� ) sin(� ); cos(� ))T in rectangularcoordinates,we de®neaf®ne transformationsAS ; BS :
R3 ! R3 by

ASq = U(q � v0); q 2 R3; (31)

and

BS r = v0 + UT r; r 2 R3; (32)

whereU is anunitarytransformationde®nedby

U =

0

@
cos(� ) cos(� ) cos(� ) sin(� ) � sin(� )

� sin(� ) cos(� ) 0
cos(� ) sin(� ) sin(� ) sin(� ) cos(� )

1

A :

NotethatUnS = (0; 0; 1)T : It is becausetheunitarytransformationU rotatesnS with respectto z-axisby �
� degrees®rst, andthenit rotatesthevectorwith respectto y-axisby � degrees.SinceU is anunitarymatrix, it
is clearthat

ASBS = BSAS = I R 3 : (33)

By construction,AS (S) � f (s; t; 0) j s; t 2 Rg � R2. Thatis, theaf®netransformationAS putsthen-polygon
S into thexy-planewith thepropertythatAS (v0) = 0.

Givenp 2 R3, thenormalnp at p; andthen-polygonS � R3, weconsiderthefollowing integration:

Ku(p) =
Z

S

hp � q; nqi hq � p;np i

kp � qk4 u(q)dSq: (34)

If weusethechangeof variableq = BS r and(33), then(34) becomes

Ku(p) =
Z

A S (S)

hp � BS r; BS (0; 0; 1)i hBS r � p;np i

kAS p � r k4 u(BS r )dSr : (35)

= hp � BS r; BS (0; 0; 1)i I 1 � hp � BS r; BS (0; 0; 1)i I 2; (36)

with

I 1 :=
Z

A S (S)

hBS r; np i

kASp � r k4 u(BSr )dSr (37)

I 2 :=
Z

A S (S)

hp;np i

kASp � r k4 u(BSr )dSr : (38)

Thisusestheresultthathp � BS r; BS (0; 0; 1)i = hp � q; nqi is constantasqvariesoverS. It suf®cesto consider
the integrationI 1 andI 2 for a triangularregion S in R3, sinceanarbitraryn-polygonS canalwaysbedivided
into triangles.
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10 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

3.2 Af®neTransformationinto aStandardIntegralDomain

Theaf®ne transformationAS mapstrianglesin R3 into trianglesin R2. Now, we usetheaf®ne transformation
de®nedin thefollowing to transforma trianglein R2 into trianglesthatarestandardintegraldomains.

De�nition 3.2 Let S bea trianglein R2 labelledby theverticesv0 = 0; v1; v2 counterclockwise,andlet  
2 [0; 2� ) betheanglebetweenthex-axisandvertex v1. Thenwe cande®netherotation,RS : R3 � ! R3; by

p 7! RSp; p 2 R3;

RS =

0

@
cos( ) sin( ) 0

� sin( ) cos( ) 0
0 0 1

1

A :

By de®nition,thevertex RS (v0) = 0 andthevertex RS (v1) is on thepositivex-axis.
UsingtherotationsRS andBS ; theintegrationI 1 becomes

I 1 = hv0; np i
Z

R A s ( S ) A S (S)

1



 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs

+
Z

R A s ( S ) A S (S)

D
UT R� 1

A s (S) s;np

E




 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs : (39)

In this, thevertex v0 is thevertex describedin (31) and(32) . Similarly, theintegrationI 2 becomes

I 2 = hp;npi
Z

R A s ( S ) A S (S)

1



 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs : (40)

By combining(39) with (40), we get

Ku(p) = c1I 3 + c2I 4; (41)

with

I 3 :=
Z

R A s ( S ) A S (S)

1



 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs (42)

I 4 :=
Z

R A s ( S ) A S (S)

D
UT R� 1

A s (S) s;np

E




 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs : (43)

In here,c1 = hp � BS r; BS (0; 0; 1)i hv0 � p;np i andc2 = hp � BS r; BS (0; 0; 1)i :
In orderto evaluateintegralsI 3 andI 4 for varioustypesof trianglesin R3, weclassifyRA s (S) AS (S) according

to the relative positionof its vertices. SupposeRA s (S) AS (S) is the trianglewith verticesv0 = (0; 0); v1 =
(x1; 0); andv2 = (x2; y2): Thenthe type of the triangleRA s (S) AS (S) is determinedby x2: If 0 < x2 < x1;
thenthe triangleis a triangleof type A: If x2 � 0; thenthe triangleis a triangleof type B : If x2 > x1; then
thetriangleis a triangleof typeC: If x2 = x1; thenthetriangleis a triangleof typeD: Notethatany triangleof
typeD is a standardintegral domain.We show thatthetrianglesof typeA, typeB , andtypeC canbesplit and
transformedaf®nely into two trianglesof typeD.

First, let's considertheevaluationof theintegrationI 3 for varioustypesof triangles.
Type A triangle for I 3 . If the triangle RA s (S) AS (S) is the triangle of type A, it can be split into two

subtrianglesT1 andT2 asshown in Figure1. Then,wehave

I 3 =
Z

T1

1



 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs (44)

+
Z

T2

1



 RA s (S) ASp � s




 4 u(BSR� 1

A s (S) s)dSs : (45)
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v0 v1

v2

T1 T2

x-axis

y-axis

Fig. 1 Two subtrianglesT1 andT2 of triangletypeA

NotethattriangleT1 in (44) is alreadya triangleof typeD. In orderto transformthetriangleT2 into a triangle
of typeD; we usethefollowing af®netransformation.

De�nition 3.3 For a triangleT in R2 with verticesv0 = 0; v1; andv2; we de®neMi;T : R2 ! R2 by

s 7! M i;T (s); for s 2 R2;

M i;T (s) = RT � v i (s � vi ); (46)

wherethetriangleT � vi is thetriangleT translatedby � vi .

For example,theaf®netransformM2;T 2 (T2) of T2 is givenby

M 2;T 2 s =

0

@
0 � 1 0
1 0 0
0 0 1

1

A (s � v2);

in matrix form since = 2�
3 if RA s (S) AS (S) is a triangleof typeA.

Usingthechangeof variables = M � 1
2;T 2

(t); theintegrationin (45) becomes
Z

M 2;T 2 (T2 )

1





 M 2;T 2

RA s (S) AS p � t







4 u(BSR� 1
A s (S) M

� 1
2;T 2

t)dSt :

It is clearthatthetriangleM 2;T 2 (T2) is of typeD.
Type B triangle for I 3 . If thedomainD is thetriangleRA s (S) AS (S) of typeB ; we ®rst af®netransformthe

triangleinto a triangleof typeA usingM 1;D . SinceM 1;D (D ) is a triangleof typeA; we have

I 3 =
Z

M 1;D (D )

1



 M 1;D RA s (S) AS p � (t)




 4 u(BSR� 1

A s (S) M
� 1
1;D (t))dSs : (47)

usingthechangeof variablet = M 1;D (s). Oncewe have theintegration(47) overM 1;D (D ) ; a triangleof type
A, we canfollow thesamealgorithmthatis describedin theaboveto handlethetriangleof typeA.

Type C triangle for I 3 . Similarly, if the domainD is the triangleRA s (S) AS (S) of type C, we ®rst af®ne
transformthetriangleinto a triangleof typeA usingM 2;D . SinceM 2;D (D ) is a triangleof typeA; we have

I 3 =
Z

M 2;D (D )

1



 M 2;D RA s (S) AS p � t




 4 u(BSR� 1

A s (S) M
� 1
2;D (t))dSt : (48)

usingthechangeof variablet = M 2;D (s). Oncewe have theintegration(48) overM 2;D (D ) ; a triangleof type
A, we canfollow thesamealgorithmthatis describedin theaboveto handlethetriangleof typeA.

The evaluationof the integrationI 4 for variousdomainstypescanalsobe handledin the similar way. For
details,see[38].
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12 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

4 Analytic Evaluation of Hm;n;p

In this section,we studyan analyticevaluationof the integrationsthat areneededfor the setupof collocation
methodsfor theradiosityequation.

De�nition 4.1 For m; n; p � 0, wede®nea function

Hm;n;p : R3 ! R

by

Hm;n;p (x; y; z) =
Z Z

�

� m � n

((x � � )2 + (y � � )2 + z2)p=2
d� (� ; � ): (49)

In this, theregion � is a triangularregionboundedby � = a; � = 0; and� = b
a � .

Theanalyticevaluationof this functionwhenp is anoddintegeris givenin [22]. In this section,we consider
theanalyticevaluationof H m;n; 4(x; y; z) givenin (49) for variousm andn sincetheseintegersarethecaseswe
needin orderto evaluateexactlytheintegralsneededin implementingpiecewisepolynomialcollocationmethods.
For piecewisepolynomialcollocationof degreer � 0; we needto evaluateH m;n; 4(x; y; z) for m; n � r + 1: If
p = 4; thenwe will usethenotationH m;n insteadof Hm;n; 4:

In mostcases,we areinterestedin evaluatingtheintegrationH m;n (x; y; z) for z 6= 0, but weallow theuseof
verysmallz > 0. If thevalueof z is largeenough,thentheintegrand(50)

k(x; y; z; � ; � ) =
� m � n

((x � � )2 + (y � � )2 + z2)2 (50)

is well-behavedandtheintegral(49) is nothardto evaluatenumerically. However, if thevalueof z is verysmall,
thenthe denominatorof the integrand(50) canbe very small dependingon the locationx andy. In this case,
the integrandk(x; y; z; � ; � ) behaves like it hasa singularityat (� ; � ) = (x; y) making it dif®cult to evaluate
numerically. For instance,if m = 0 andn = 0; then

k(� ; � ; z; � ; � ) =
1

z 4 :

anda slight changein z makesa dramaticdifferencein thevalueof k(x; y; z; � ; � ) for (� ; � ) near(x; y) :

4.1 Analytic Evaluationof H m;n for m; n = 0; 1

First,we considertheevaluationof H 0;0(x; y; z). By de®nition,we have

H0;0(x; y; z) =
Z a

0

Z b
a �

0

1
((x � � )2 + (y � � )2 + z2)2 d� d� :

Then,

H0;0(x; y; z) =
1
2

Z a

0

b
a � � y

((x � � )2 + z2) ((x � � )2 + z2 + ( b
a � � y)2)

d� (51)

+
1
2

Z a

0

y
((x � � )2 + z2) ((x � � )2 + z2 + y2)

d� (52)

+
1
2

Z a

0

arctan(
b
a � � yp

(( x � � )2 + z2 )
)

((x � � )2 + z2)
3
2

d� (53)

+
1
2

Z a

0

arctan( yp
(( x � � )2 + z2 )

)

((x � � )2 + z2)
3
2

d� : (54)
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The integrationsin (51), (52), (53) and(54) canbe evaluatedanalyticallyusingsymboliccalculatorssuchas
Mathematicaor Maple.For furtherexplanationof these,referto [38].

Next, let's considertheanalyticevaluationof H 1;0(x; y; z): By de®nition,we have

H1;0(x; y; z) =
Z Z

�

�
((x � � )2 + (y � � )2 + z2)2 d� :

Then,

xH 0;0(x; y; z) � H1;0(x; y; z) (55)

=
Z a

0

Z b
a �

0

(x � � )1

((x � � )2 + (y � � )2 + z2)2 d� d� : (56)

Settingu = x � � andv = y � � ; theintegration(56) becomes

Z x � a

x

u ( b
a (u � x) + y)

2(u2 + ( b
a (u � x) + y)2 + z2)(u2 + z2)

du (57)

�
Z x � a

x

u y
2(u2 + y2 + z2)(u2 + z2)

du (58)

+
Z x � a

x

u

2(u2 + z2)
3
2

arctan(
b(u � x) + ay

a
p

u2 + z2
) du (59)

�
Z x � a

x

u

2(u2 + z2)
3
2

arctan(
y

p
u2 + z2

) du: (60)

With thehelpof Mathematica,wecanobtaintheanalyticevaluationof theseintegralsin (57) ; (58) ; (59) and
(60) : For furtherexplanationof these,referto [38]. Thus,we cananalyticallyevaluateH 1;0(x; y; z) using(55)
and(56):

We canevaluateH 0;1(x; y; z) in asimilar mannerto get

H0;1(x; y; z) = yH0;0(x; y; z) �
a

2
p

� + a2z2
arctan

�
ax + by

p
� + a2z2

�

+
a

2
p

� + a2z2
arctan

�
ax + by� a2 � b2

p
� + a2z2

�

+
1

2
p

y2 + z2
arctan

 
x

p
y2 + z2

!

�
1

2
p

y2 + z2
arctan

 
x � a

p
y2 + z2

!

:

Finally, weconsidertheanalyticevaluationof H 1;1(x; y; z): For that,weusethefollowing identity.

Z Z

�

(x � � )(y � � )
((x � � )2 + (y � � )2 + z2)2 d� (61)

= xyH0;0 � xH 0;1 � yH1;0 + H1;1: (62)

Sincewe know theanalyticevaluationsof H 0;0(x; y; z); H1;0(x; y; z) andH0;1(x; y; z); it suf®cesto ®nd the
analyticevaluationof (61) to ®nd theanalyticevaluationof H1;1(x; y; z):

Usingthesamechangeof variablethathasbeenusedto ®nd theanalyticevaluationof (56), we can®nd the
analyticevaluationof (61) : Therefore,theanalyticevaluationof H 1;1 canbefoundby solving(61) and(62) for
H1;1:
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14 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

4.2 Analytic Evaluationof H m;n for generalm andn

For larger valuesof m; n; we userecursionto aid in evaluatingH m;n (x; y; z). This will work for most but
not all valuesof m; n; leadingto formulasof the type given above. For certainspecialvaluesof m; n; e.g.
(m; n) = (2; 0), we will needto useyet anothertechnique.We begin our considerationof largervaluesof m; n
with thefollowing recursionformula;a proof is givenin [38]

Lemma 4.2 Suppose� is a right triangleand� theoutward normalvectorat a pointon theboundary@� of
thetriangle. Then,wehave

Z

@�

� m � 1� n

(x � � )2 + (y � � )2 + z2 cos(� ; � )dl (63)

= (m � 1)Hm � 2;n; 2(x; y; z) + 2xH m � 1;n (x; y; z) � 2Hm;n (x; y; z);

and
Z

@�

� m � n � 1

(x � � )2 + (y � � )2 + z2 cos(� ; � )dl (64)

= (n � 1)Hm;n � 2;2(x; y; z) + 2yHm;n � 1(x; y; z) � 2Hm;n (x; y; z):

In here, cos(� ; � ) is thecosineanglebetweenthevector� and� � axis . Similarly, cos(� ; � ) is thecosineangle
betweenthevector� and� � axis

In general,theanalyticevaluationof H m;n (x; y; z) for m � 2 or n � 2 canbesimpli®edby usingtheabove
lemma.As long aswe can®nd theanalyticevaluationsof integrals(63), (64), Hm;n � 2;2 andHm � 2;n; 2; we can
®nd theanalyticevaluationof Hm;n (x; y; z). It is relatively easyto evaluate(63) and(64) analyticallysincethey
areline integrals.Themaindif®culty comesfrom evaluatingHm;n � 2;2 andHm � 2;n; 2:

As anexampleof Lemma4:2, wediscussanevaluationmethodfor H 2;0(x; y; z). By useof (63), we have

H2;0(x; y; z) =
1
2

H0;0;2(x; y; z) + xH 1;0(x; y; z)

�
1
2

Z

@�

� 1

(x � � )2 + (y � � )2 + z2 � � dl : (65)

Thus,we canevaluateH 2;0(x; y; z) analyticallyif we can®nd ananalyticevaluationof H0;0;2(x; y; z) andthe
line integral in (65)

Theanalyticevaluationof (65) canbesimpli®edby usingtheassumptionthat the integrationdomain@� is
theboundaryof a right triangle.Thanksto thisassumption,wehavethat� � = 1 onev and� � = 0 oneh . Thatis,
theintegral in (65) becomes

� �

Z

ed

�
(x � � )2 + (y � � )2 + z2 dl (66)

+
Z

ev

�
(x � � )2 + (y � � )2 + z2 dl: (67)

whereeh ; ev ; anded arehorizontal,vertical,anddiagonaledgeof thetriangle� ; respectively. Theintegrations
in (66) and(67) canbeevaluatedanalytically.

Next, wediscusstheanalyticevaluationof H 0;0;2: By de®nition,we have

H0;0;2(x; y; z) =
Z Z

�

1
(x � � )2 + (y � � )2 + z2 d� (� ; � ) (68)

=
Z Z

�

1
u2 + v2 + z2 d� (u; v) (69)

for u = � � x andv = � � y: The integrationdomain� is shown in Figure2 thatwe cangetafter translating
the original integrationdomain� by (x; y): Sincethereis no rotationinvolved, � alwayshasthe vertical and
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Fig. 2 Splitting integral domain� into subtriangles

horizontaledges.In orderto evaluatethis integrationanalytically, wesplit theintegration(69) into threepartsas
shown in Figure2.

H0;0;2(x; y; z) = sign(� d)
Z Z

� d

1
u2 + v2 + z2 d� (u; v) (70)

+ sign(� h )
Z Z

� h

1
u2 + v2 + z2 d� (u; v) (71)

+ sign(� v )
Z Z

� v

1
u2 + v2 + z2 d� (u; v) (72)

In this, � d is thetriangleformedby connecting(0; 0) andthetwo verticesof thehypotenuseof theright triangle
� : The triangles� v and� h areformedsimilarly by connecting(0; 0) andtheverticalandhorizontaledgesof
thetriangle� respectively. Thevaluesof sign(� h ), sign(� v ), andsign(� d) takeoneither� 1; 0 or 1. They are
determinedsoasto hold theequalityin (70). For speci®cdeterminationof thesevalues,refer to thetablegiven
onpage106in [38].

We ®rst considertheintegrationover � d in orderto evaluateH 0;0;2(x; y; z). Let's supposep(� ) is a point on
thehypotenusewhoseangleis � with respectto x axesandv1 = (x1; y1) andv2 = (x2; y2) arethetwo vertices
of thehypotenuseof the right triangle� : Theangle� 1; and� 2 aretheanglesthatv1 andv2 make with respect
to x axesrespectively. De®ner (� ) to be the distancefrom the origin to p(� ). SeeFigure2. Then,by setting
u = r cos(� ) andv = r sin(� ); wehave

Z Z

� d

1
u2 + v2 + z2 d� (u; v) =

1
2

Z � 2

� 1

log(r (� )2 + z2)d� � log(z)( � 2 � � 1): (73)

In orderto ®nd theanalyticevaluationof (73), it suf®cesto ®nd theanalyticevaluationof

1
2

Z � 2

� 1

log(r (� )2 + z2)d� : (74)

First,wede®nes(� ) as

s(� ) =
kv1 � p(� )k
kv1 � v2k

:

Then,wehave

p(� ) = (x1 + s(� )(x2 � x1); y1 + s(� )(y2 � y1)) : (75)
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16 JaehoonSeolandKendallE. Atkinson:Analytic Evaluationof CollocationIntegralsfor theRadiosityEquation.

For all pointsp(� ) on thehypotenuse,thevalueof s(� ) is between0 and1: By (75), we have

tan( � ) =
y1 + s(� )(y2 � y1)
x1 + s(� )(x2 � x1)

; (76)

� = arctan(
y1 + s(� )(y2 � y1)
x1 + s(� )(x2 � x1)

); (77)

d� =
x1y2 � x2y1

r (� )2 ds: (78)

We canalsoderive thefollowing relationbetweenr (� ) ands(� ).

r (� )2 = [(x1 + s(� )(x2 � x1))2 + (y1 + s(� )(y2 � y1))2] (79)

By (78) and(79) ; theintegration(74) becomes

(x1y2 � x2y1)
2

Z 1

0

log( �s 2 + � s + 
 )
�s 2 + � s + 


ds (80)

where

� = (x2 � x1)2 + (y2 � y1)2;

� = 2(x1(x2 � x1) + y1(y2 � y1)) ;


 = x2
1 + y2

1 + z2:

Thefunctionalbehavior of theintegrandof (80) canbeunderstoodby consideringthediscriminantD andthe
minimumvalueof �s 2 + � s + 
 for s, 0 � s � 1: Let usconsiderthediscriminantD givenby

D
4

= � (x1y2 � y1x2)2 � kv1 � v2k2 z2:

Sincekv1 � v2k2 z2 > 0, we have D
4 < 0: Thus,we cansay

�s 2 + � s + 
 > 0 (81)

for all s 2 [0; 1] because� > 0; 
 > 0 .
By settingv1 = (r1 cos(� 1); r1 sin(� 1)) andv2 = (r2 cos(� 2); r2 sin(� 2)) theminimumvalueof �s 2 + � s+ 


is givenby

4�
 � � 2

4�
=

(r1r2)2 sin2(� 2 � � 1)

kv1 � v2k2 + z2 � z2 (82)

This meanstheminimumof thequadraticequation�s 2 + � s + 
 becomescloseto z2 asthedifferencebetween
anglesof theverticesv1 andv2 becomessmall.Thus,wecansaytheintegrand

log( �s 2 + � s + 
 )
�s 2 + � s + 


(83)

in (80) is smoothby (81), but becomesincreasinglyill-behavedastheaspectratio of the triangle� d becomes
smallersince log (x )

x ! �1 asx approachesto 0. SeeFigure3:
We canusea symboliccalculatorsuchasMathematicato evaluatethe integral in (80) analytically. This is

moredif®cult to usepracticallysinceit involvesintegrationin thecomplex domainandtheuseof thedilogarithm
function.See[38]. In complex geometriesusedin practicalcomputergraphics,mosttriangulationschemessuch
asDelaunaytriangulationavoid the useof triangleswith low aspectratio. Thus, it could be practicallymore
desirableto useanumericalschemeto evaluate(80).
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Fig. 4 Two planesjoining with angle�

5 Numerical Experiments for SampleModels

For our numericalexperiments,we have chosenthreedifferentsurfacemodels.Thesemodelsarethecon®gu-
ration that aremostcommonlyencounteredin computergraphicsto make up biggerscene,cf. [19], [23], and
[10]. Usingthesemodelsandproperlychosentestsolutions,we have testedtiming, accuracy, andtheeffect of
differentsubdivisionschemes.We ®rst introducethemodels.

� Model 1. This ®rst modelis madeof two rectangles,denotedby S1 andS2 asillustratedin Figure4: The
dimensionsof S1 andS2 aregivenby

S1 = f (x; y; 0) j 0 � x � 200; 0 � y � 100g;

S2 =
n�

x; y;
y
2

�
j 0 � x; y � 200

o
:

ThesurfacesS1 andS2 joinswith eachotheralongacommonedgeatanangle� = 26:5651� . Thisangleis
theresultof choosingtwo rectanglesS1 andS2 with integervertex coordinatesthatareeasierto renderon
thecomputerscreencoordinate.
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Fig. 5 Fourplaneswith discontinuityline.

� Model 2. This modelis madeof two perpendicularsurfaces,denotedby S1 andS2. This is like model1,
but with � = 90� . Thedimensionsof S1 andS2 aregivenby

S1 = f (x; y; 0) j 0 � x � 200; 0 � y � 100g;

S2 = f (x; 0; z) j 0 � x; z � 200g:

� Model3. Thismodelis madeof four surfaces,denotedby S1; S2; S3; andS4 asillustratedin Figure5: The
dimensionsof S1; S2; S3; andS4 aregivenby

S1 = f (x; 240; z) j 0 � x � 120; 0 � z � 280g;

S2 = f (x; 120; z) j 0 � x � 120; 0 � z � 280g;

S3 = f (x; 120; z) j 0 � x � 120; 0 � z � 280g;

S4 = f (x; 0; z) j 120� x � 400; 0 � z � 280g:

Thedimensionsof themodelsarechosento becompatiblewith computergraphicsapplications.Thatis why
we userelatively high valueslike 120; 200; andthe angle� = 26:5651. Thesenumbersareeasyto renderin
computergraphics.Evenif thesurfacesS2 andS3 have thesamedimension,we assumethat thenormalvector
of S2 is (0; 1; 0), directedupward,andthenormalvectorof S3 is (0; � 1; 0), directeddownward.

Weappliedboththeanalyticintegrationmethoddevelopedin theprevioussectionsandanumericalintegration
schemeto evaluate

Z

�

cos(� p) cos(� q)

kp � qk2 dq: (84)

This integrationis neededto setupthematrix of thecentroidcollocationmethod.Thenumericalmethodthatwe
usedfor comparisonto theanalyticevaluationmethodis basedonconvertingtheintegral to anew integralof the
form

Z

�
g(s; t)d� ;

over theunit simplex � = f (s; t) : 0 � s; t; s + t � 1g:
Amonganumberof well-known numericalapproximationsto suchintegrals,weuseacompositemethodthat

usesthefollowing integrationscheme:
Z

�
g(s; t)d� �

7X

j =1

wj g(� j ):
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Analytic 7-point
n Ta T3 En T5 En

4 0 0 4:4138E � 4 0:016 6:8343E � 8
16 0:031 0:016 1:1786E � 4 0:25 3:5253E � 8
64 0:532 0:22 5:8931E � 5 4:499 1:7629E � 8
256 34:73 4:416 3:58934E � 5 68:323 8:74784E � 9

Table1 Matrix setuperrorandtiming comparisonfor model1

Analytic 7-point
n Ta T3 En T5 En

4 0 0 4:9683E � 6 0:016 9:4203E � 10
16 0 0:016 3:8486E � 6 0:281 4:7163E � 10
64 0:765 0:33 1:9255E � 6 4:155 2:3612E � 10
256 28:181 4:526 8:7804E � 7 69:324 1:18182E � 10

Table2 Matrix setuperrorandtiming comparisonfor model2

In this, theweightswj andnodes� j taken from the formulaT2:5-1of Stroud[42]. This numericalintegration
schemehasdegreeof precision5. In orderto improve theaccuracy of this method,we usethe7-pointmethod
over 4� smallertrianglesthatwe obtainby applying� levelsof subdivisionsto � . We refer to this composite
schemeasthe7-pointmethodwith � levelsof subdivision.

We presentmatrix setuptiming in secondsand error comparisonsfor models1 and 2 in Tables2 and 1,
respectively. Thenumbern is thenumberof elementsthatwe usefor thetest,andTa , T3, andT5 arethetimes
takenby theanalyticintegrationmethod,the7-pointmethodwith � = 3 levelsandthe7-pointmethodwith � = 5
levels,respectively, to evaluatetheintegration(84). TheerrorEn is theaveragedsumof all thedifferencesof the
analyticevaluationandnumericalevaluationof theintegration(84) at thenodepoints.By studyingTables2 and
1, we observe thattheanalyticmethodis fasterthanthe7-pointmethodwith level � = 5, but is moreexpensive
thanthe7-pointmethodwith level � = 3. Even if 7-pointmethodwith level � = 3 is betterthantheanalytic
methodin termsof speed,it shows a signi®canterror whencomparedto the analyticevaluationmethod. The
errorbecomesworseastheangle� betweenthetwo surfacesbecomessmaller.

In thesetests,it shouldbenotedthattheanalyticmethodis implementedin C++ usingSTL templateclasses,
whereasthe 7-point methodis implementedin Fortran. It is a generallywell-known fact that the C++ imple-
mentationwith STL templatesis slower thana Fortranimplementation.Consideringthis, theanalyticmethod
shows relatively goodperformanceover the7-pointmethod.ThetimingsweredoneonHP CompaqD530CMT
Desktopwith a 3.0 GHz Pentium4 CPU and512 MB RAM runningthe Windows XP Professionaloperating
system.TheFortranprogramsthatwe usedarepartof BIEPACK [1].

Next, we usemodels2 and3 with properlychosentrue solutionsu to testthe accuracy of theapproximate
solutionun obtainedusingtheanalyticmethodto solve theradiosityequation.

In orderto testthecollocationmethod,we choosea truefunctionu(x; y; z) andwe thencalculatetheemis-
sivity E usinghighly accuratenumericalintegration.Thecollocationmethodis appliedto ®nd theapproximate
solutionun ; thatis thencomparedto theknown truesolutionu.

Thetruesolutionthatwe will usefor model2 is givenby

u(x; y; z) =
�

0 otherwise
z� y = 0

: (85)

That is, u(x; y; z) = 0 on S2 andu(x; y; z) = z� on S1. This testsolutionis chosensinceit is provenin [32]
thatfor mostgivenemissivity functionsE; u hasthebehavior

u(x; 0; z) = g(z) + O(z� ); z ! 0 (86)
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metric=k � k1 =n metric=k � k1
n En Ratio En Ratio
4 0:5178890 1:1241126
16 0:2097839 2:4687 1:0240879 1:0976
64 0:0845805 2:4802 0:7981865 1:2830
256 0:0332735 2:5419 0:5772808 1:3827
1024 0:0125731 2:6464 0:4086213 1:4128

Table3 Centroidcollocationerrorsof u with � = 0:5 anduniformmeshingonmodel2

metric=k � k1 =n metric=k � k1
n En Ratio En Ratio

4 4:1403802 8:5621539
16 1:3010115 3:1824 6:5596009 1:3052
64 0:4049425 3:2128 3:9413914 1:6642
256 0:1237672 3:2718 2:1854562 1:8038
1024 0:0366162 3:3801 1:1736712 1:8621

Table4 Centroidcollocationerrorsof u with � = 0:9 anduniformmeshingonmodel2

with a smoothfunction g(z) and� ; 0 < � < 1; at thecommonedge. If the solutionu satis®es(86) ; we can
provethat

ku � Pn uk1 = O(h� ):

We usethesolution(85) for model2 with � = 0:5 and0:9 to testtheeffectof analgebraicsingularityalongthe
commonedge.

The testresultsfor � = 0:5 aregiven in Table3 for uniform meshing.In thecaseof uniform meshing,the
expectedrateof convergenceis O(h0:5) asexplainedin theabove. Table3 shows that the rateof convergence
is gettingcloseto O(h0:5) asthenumberof elementsn increases.Thecolumnlabelled'Ratio' denotestheratio
E n= 4

E n
: Thetestresultsfor � = 0:9 aregivenin Table4 for uniform meshing.In thecaseof uniformmeshing,the

expectedrateof convergenceis O(h0:9): Thetestresultsin Table4 show that therateof convergenceis getting
closeto this theoreticalexpectationfor � = 0:9 aswe increasethenumberof elementsn.

Thetruesolutionthatwe usefor model3 is givenby

u(x; y; z) =
�

0 otherwise
e� 
 (x � d) (x � d) � x > d andy = 0

; (87)

whered = 240: Theline x = d on thexz-planeis thediscontinuityline. To seetheeffectof a discontinuityin a
derivativeof u alongthis line, we solve theradiosityequationfor u givenby (87) with � = 0:5 and
 = 0:02:

We presentthenumericaltestingresultfor bothuniform meshinganddiscontinuitymeshing.Tables5 and6
shows the testingresultsfor uniform meshinganddiscontinuitymeshing,respectively. Table5 revealsthat the
rateof convergencewith uniform meshingis higherthanthetheoreticalexpectationof O(h1:5) asgivenin [3].
Weexpectthehigherrateof convergencewill settledown eventuallyasthenumberof elementsincreases.Wecan
alsoobservethatdiscontinuitymeshingis nobetterthantheuniformmeshingasfarastherateof convergenceis
concerned.For additionalexplanationof discontinuitymeshingandnumericalexamples,see[3] and[23].
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metric= k � k1 =n metric= k � k1
n En Ratio En Ratio

8 0:0175512 0:0733565
32 0:0404968 0:43340 0:0919982 0:79737
128 2:9749E � 3 1:36131 7:2977E � 3 1:26064
512 1:9097E � 4 15:57758 5:2234E � 4 13:97122
2048 6:2298E � 5 3:06543 1:9211E � 4 2:71896

Table5 Centroidcollocationerrorsof u with (� ; 
 ) = (0:5; 0:02) anduniformmeshingon model3

metric= k � k1 =n metric= k � k1
n En Ratio En Ratio
10 0:0024520 0:0080658
40 0:0078304 0:31314 0:0212920 0:37882
160 4:7525E � 4 1:64764 0:0132318 1:60915
640 1:9943E � 4 2:38304 6:0086E � 4 2:20214
2560 7:3112E � 5 2:72773 2:1996E � 4 2:73168

Table6 Centroidcollocationerrorsof u with (� ; 
 ) = (0:5; 0:02) anddiscontinuitymeshingonmodel3.
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