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In this work, we considersolving the radiosity equationusing the collocationmethod. We develop analytic
evaluationof the integrationswhich are neededo setupthe linear systemin solving the radiosity equation
usingthe collocationmethod. Theseintegrationsare over triangularelementsn R®. Our approachs to use
afne transformationso corvertintegrationsover elementsn R* to integrationsover elementsn R? andthen
to usea changeof variables.For this, we introducefunctionsH m.nc  for m; n; k 2 Ny andusetheseto give
ouranalyticformulas.Theanalyticevaluationsof H :n. 4 andotherrelevantintegrationsaregivenin detailfor
somevaluesof m andn. Finally, a performanceomparisorof the analyticevaluationintegrationwith that of
otherwell-known numericalintegrationschemess given.
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1 Intr oduction

With theintroductionof rastergraphicsin computergraphicsmoreelaborateenderingmethodsvereneededo

decidethe color of all the pixels. Theradiositymethodwas®rst proposedy a groupof researcherat Cornell
University in 1984 as an alternatve to local illumination modelssuchas Phongs model. See[17] and[29].

Theirideawasto simulatethe actualunderlyingphysicalphenomenasingthe radiosityequationthathadbeen
developedin theradiatve heattransfediterature. Theradiosityequationis givenby

®»°

u(p) SV(p:CI)G(D:Q)U(Q)dq: E(p);p2 S: 1)

In this, S is containedn a closedervironmentin R3; andit is oftenpolyhedral.V (p; q) is thevisibility function
betweertwo pointsp;q 2 S, de®nedas

|
L 1 if pg\ S= fp;qg;
V(pia) = 0 otherwise. 2

andG(p; q) is theradiositykernelfunctionde®nedas

cog p) co q)

G(p;q) = — ;

where , and ¢ aretheanglebetweertheline |'3q andthenormalvectorn, atp 2 S andthe normalvectorng
atq 2 S, respectiely. Thedirectionng is thedirectionfrom which p is beingviewedfrom q.

Correspondingwuthor:e-mail: jseol@valdosta.edu, Phone:+012292592043,Fax: +012292191257
e-mail: atkinson@math.uiowa.edu, Phone:+013193350766,Fax: +013193350714

¢ 2004WILEY-VCH VerlagGmbH& Co.KGaA, Weinheim



4 JaehoorSeolandKendallE. Atkinson: Analytic Evaluationof Collocationintegralsfor the RadiosityEquation.

This equationis the resultof applyingthe balanceof enegy to theradiosityunderthe assumptiorthatall the
surfacesarediffuseemitters,absorbers&ndre ectorsin a nonparticipatingnedium,cf. [25]. Mathematicallyit
is aFredholmintegral equatiorof thesecondkind. In generalwe useanumericaimethodto ®nd anapproximate
solutionof this equation After solving(1) usingvariousnumericalmethodsthevalueu(p) is usedto determine
the color valuesfor the pixel p on the surface S: This renderingmethodis calleda global illumination model
sinceit takestheinterre ection betweerall the surfacesinto consideration.

One of the most popularnumericalsolution methodsof solving (1) in computergraphicsis the piecavise
constaniGalerkinmethod Applying the piecaviseconstanGalerkinmethodto theradiosityequatione obtain
thefollowing linear system.

X
Bi=E + ; Fi Bj; 3
j=1

where

z cos( ;) cos( ;)

> V (x; y)dydx: (4)

X2 Pj y2Pj

Here,B; is theradiositythatwe wantto ®nd andF; is calledthe form factor betweertwo elementd; andP; .
Frequentlyequation(3) is calledtheradiosityequationin the computergraphicscommunityinsteadof (1).

The linear system(3) is a densematrix andtherearen? termsFj : Thus, it is importantto ®nd a fastand
accuratemethodto evaluateF;; in orderto ®nd a quality approximatesolution of (3). Someof the special
methodsusedto approximatethe form factorsare the "Monte Carlo method', “crossed-stringsnethod', “unit
spheramethod',andthe insidespheremethod’. Thesemethod$have beendevelopedn theradiatve heattransfer
communityandadaptedo computergraphics.In particulat theimplementatiorof the unit spheremethodusing
renderinghardwarehasbeenstudiedin [11]. It is alsocalledthe "hemi-cubemethod'.

In 1993, PeterSchibderpresented formulafor Fj; betweertwo generalpolygons. He derived the formula
usingrepeatedpplicationof Stoke's theorem.For moreinformation,referto [35]. Morerecently Min Chenand
JamesArvo usedthe conceptof generalizedrradiancetensorgo derive new closed-formexpressiongor com-
putingtheillumination from luminaireswith linearly varyingradiantexitace. The derivationof theseexpressions
arebasedntheuseof Clausensintegral. For moredetails,referto [7] and[8].

Anothernumericaimethodfor solving(1) is thecollocationmethod.Generahumericaimethodgor Fredholm
integral equation®f the secondkind aregivenin [2]. Applying the piecavise constantollocationmethodto the
radiosityequation(1) ; we getthefollowing linearsystem,

MB = E: )
where
)
My = 3 -2 N G(ti; )V (ti; q)dSy; (6)
Bi = b; (7)
Ei = E(): (8)

Again, thelinearsystem(5) is adensematrix with n? doubleintegralsto evaluate.In generalthesentegralsare
nontrivial to evaluate andthey arethereasorfor this paper

In thefollowing section,we presentan analysisof the numericalsolutionof the radiosityequationusingthe
collocationmethod.We give generaktability andcornvergenceaesultsfor thecollocationsolutionof theequation.

In x3 we shav how to useaf®ne transformatiorto corvert the integrationin M; into integrationsover a
standardintegration domain that are easierto evaluateanalytically In x4 we introduceintegrals H m.n: 4;
andwe shav the analytic evaluationof H .. 4 for m;n = 0; 1 thatis neededo solve (6) : We also discuss
possibilitiesanddif®cultiesrelatedto theanalyticevaluationof Hy.n. 4 for othervaluesof m andn. Experimental
calculationsof the analyticevaluationproceduresregivenin x5 for modelsthatarecommonlyencounteredh
computemraphics.
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2 Projection Methodsfor the Radiosity Equation

If we puttheintegralequation(1) into operatorform, we have

(I Ku=E: ©)
In this, K is anintegral operatorfrom a BanachspaceX to X de®nedas
4
<u@ = -2 vipacraudg p2 s (10)

Usually, X = L1 (S) orL%(S). If thesurfaceS is unoccludedthenwe have V (p;q) = 1forall p;q2 S and
theintegral (10) simpli®esinto

®»°

Ku(p) = . G(p;qu(q)dg, p2 S: (11)

In orderto solve (9) approximatelywe choosea sequencef ®nite-dimensionabubspaceX, X with
dim(X,) = d, < 1 andwetry to ®ndafunctiont, 2 X, suchthattheresidualde®nedby

m=E (I K (12)

is madesmallin somesenseProjectionmethodsiseprojectionoperatord, : X ! X, asameango minimize
theresidual(12). For a givenprojectionoperatoP, : X ! X, ourgoalisto ®ndT, 2 X, suchthat

Pafn = Pa[E (I K)Ua]= O (13)

Differentprojectionoperatordeadto differentapproximatesolutionmethodscf. [2]. In the following sec-
tionswe introducecollocationmethodsone of the mostpopularprojectionmethods.After that, we developan
evaluationmethodfor integralsthat arerelatedto collocationmethodssincecollocationmethodsarethe main
subjectof this work.

2.1 CollocationMethods

We review the theoreticalframework for collocation methods,emphasizinghoseaspectsve needhere. Let
Xn =sparfl; 2 X jj = 1,2,...;dvg beasubspacef X andletts;ty;...;tq, 2 S be®xeddistinctpoints.
Givenu 2 X , de®neR, u to betheelemenbf X , thatinterpolatess atthenoded t1;t»;...;tq, 9. Thus,wecan
write

Pnru(t) = bl (1); (14)
j=1
with thecoef®cientsfb j j = 1;2;...; dg determinedy solvingthelinearsystem

Wn
Bli(t)=ut); i=12:::;dn:
=1
This linear systemhasa uniquesolutionif
detfl; (t;)] 6 O:

The projectionoperatoP, de®nedin (14) is calledaninterpolatoryprojectionoperator. Findingt, 2 X, that
satis®eq13) is calleda collocationmethodfor obtaininganapproximatesolutionof (9), cf. [2].

For instance supposeS is a polyhedralsurfacecomposeaf planarpolygonsfS;  R®*jj = 1;:;;Ngin R3.
We have

S=Si[ Sof :::[ Sn: (15)
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We assumehatS; \ Sy is (1) aline segmentof the boundarieof S; andSy, (2) avertex of S; andS, or (3)
Sj \ S = ;.
Let

To=f ok jk=12:::;dng (16)

be a triangulationof S satisfyingS = [ﬁ”zl nk ; andfor eachk; S; for somei = 1;2;...;N. Letl;
bethecharacteristidunctionwith support ,; : Take X, = sparfl;jj = 1;2;...;dng. For ®xeddistinctpoints
ti;to;...;tg, 2 S satisfyingt; 2 inter ior ( n; ); wede®neaprojectionoperato}, : X ! X, by

Y

Pau(t) = u(t))l (1)
j=1

Notethat

Pru(ti) = u(t;); fori = 1;2;:::;dn; (17)
and
lj(tj) = 4 ; fori=1;2:::;dn;

by thede®nitionof B, andl; . Usingthis de®nitionof R, leadsto the piecevise constantollocationmethod.
By usingthe collocationmethodto solve (9) approximatelywe have

Pa[E (I K)U]=0;
Pol(l K)Un]= Pn(E);

(I K)un(t) = E(t); (18)
foralli = 1;2;...;ds, by (17). Sinceu, 2 X, = sparfl; jj = 1,;2;...;dng; we have
Wn
u, = blj: (19)
j=1

Combining(18) and(19), we get

Un(ti) KOn(ti) = E(t)
X ()
b(jt) ——= V(ti; )G(ti; gl (dSy) = E(ti) (20)

j=1 nj
fori = 1;2;...;d,. Since
' _ 1, ifq2 g5

lj (@) = 0, otherwise,
we have thefollowing systemof equations

X t)
by -9 V(96 Qdsy) = E(t); (21)

j=1 n;j

fori = 1;2;...;d,, from equation(20).
In matrix form, (21) canbewritten as

MB = E;
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with
() °
Mij = 5 ——=  V(ti;G(t; PdSy; (22)
n;j
Bi = b; (23)
Ei = E(ti); (24)
ri;j = 1;2;....;d,. By solving this linear systemfor B; we can get the approximatesolution T, (t) =

?21 bl (t) 2 X, of (9): Whent; is thecentroidof ;, we referto this collocationmethodasthe centoid
methodfor obtainingthe approximatesolutionof (9) :

We canusehigherdegreepiecavise polynomialfunctionsover thetriangulationf nx jk = 1;2;...;d,g of
S insteadof usingpiecavise constanfunctions.In thatcase we have to choosedifferentnodepointsdepending
on the degreeof piecavise polynomialfunctionsbeingused.See[2; Section5.2] for a generalschemdor such
methods.

Whenwe consideran interpolatoryprojectionoperatorin X = L1 (S), theevaluationof u 2 X ata point
p 2 S is notwell-de®ned.This issueandotherrelevantconsiderationsf the collocationmethodin L (S) have
beenconsideredinddealtwith by Atkinson,GrahamandSloanin [4].

2.2 GeneraFramavork of the ProjectionMethod

In this sectionwe provide the analysisof the projectionmethodfor solvingthe radiosityequation.If we putthe
projectionmethodfor solvingtheradiosityequationin abstracframework, it canbewritten as

(I PpK)u, = PyE:

In here,P,, is aninterpolatoryprojectionoperatoron a BanachspaceX . We usuallytake X = L1 (S).
In orderto prove

kKk < 1;

we usethefollowing result,provenin [3].

Lemma 2.1 AssumeS is a polyhedal surfaceandp 2 S , theinterior of a faceof S. Then,wehave
z

. V(p;9)G(p;aq)dg (25)

Theinequality (25) holdsat all pointsp 2 S for which S is smoothin someneighborhoodf p. Sincewe
have

measuref p 2 Sj p doesnothave asmoothneighborhoodn Sg = 0;

we cansaytheinequality(25) is true almosteverywhere With this lemma,we canobtainthat

m~
P VEaGEada () Kk ;

almosteverywherefor p 2 S . Fromthis, we have

Z
kKuk, = P _V(piaspidu(ads (26)
1

k k, kuk, : 27)

Thismeans

KKk kK, :
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Thus,k k; < limpliesthat(l K) ! existsasa boundedinearoperatofromL! (S)toL?! (S) and

1

1 .
(K 1 kKk’

by the useof the geometricseriesheorem.
If we assume

kP, Kk <Ln 1 (28)

thenit followstrivially that(I P, K) ! existsandis uniformly boundedorn  1; with

1
1

(I PaK) * n o1 (29)

With thecentroidmethod we have kP, k = 1; andtherefore
kP,Kk kKk kk, <1

For higherdegreeinterpolation we would needto have

supkPhk k k; <1
n 1

in orderto have (28) besatis®ed A lessrestrictive analysigs givenin Hanser{21] to obtain(29).
Usingtheidentity

(I PaK)(u uy)=u Ppu
andassuming28), we alsohave thefollowing bounds

ku Pnuk; ku Phuk; .

Therefore the speedof cornvergenceof u, to u is the sameasthe speedof convergenceof Ppu tou in X =
L! (S). Thelatteris nottruefor mary choicesof u 2 X ; butif u 2 C(S); thenP,,u corvergesto u in X :

3 Calculation of the Collocation Integrals

If we assumehats$ is anunoccludedsurfacein R3, thevisibility functionV (t;;q) = 1. Thus,in orderto solve
thelinearsystem(21) for unoccludedsurfaceS, we arerequiredto evaluatethe following integral

Z
G(t;; dS:; (30)

nj
where ,; is anarbitrarytrianglein R3: For this we corvert theintegral (30) into a sumof following form of

integrals
z

f(ti; Q) dSy;

overthetriangle = f (s;t;0)jO0 s a;and0 t gs g. We call thistype of trianglea standad integral
domain In this sectionwe shov how to useaf®ne transformationso transformtheintegral (30) overatriangle
in R® into oneor moreintegralsover astandardntegral domain .
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3.1 Af®neTransformatiorfrom R into R?2

We ®rst shav how to useanaf®netransformatiorto convertanintegral over atrianglein R into anintegral over
atrianglein R?:

De nition 3.1 Let S bean-polygonin R® de®nedby theverticesw; v1;...; vy 1 With vo satisfying
kvok = minfk vikji = 0;1;:::;n 19

For S having the normalvectorns which is equalto (1; ; ) in sphericalcoordinatesor (ny;ny;n;)" =
(sin( ) cos();sin( )sin( );cos( )T in rectangularcoordinateswe de®neaf®ne transformationsy ; Bs :
R3! R3by

Asq=U(q Vo); g2 R (31)
and

Bsr=vo+ U'r; r 2 RS; (32)
whereU is anunitarytransformatiorde®nedby

0 cos()coq ) cog )sin( ) sin( ) !
u=@ sin( ) cos( ) o A

cog )sin( ) sin()sin( ) cog )

NotethatUns = (0;0; 1) : It is becaus¢he unitarytransformatiorl) rotatesns with respecto z-axisby
degrees®rst, andthenit rotatesthe vectorwith respecto y-axishy degrees.SinceU is anunitary matrix, it
is clearthat

AsBs = BsAg = |R3: (33)

By constructionAs(S) f(s;t;0)js;t 2 Rg R2. Thatis, theaf®netransformatioms putsthen-polygon
S into the xy -planewith the propertythatAs (vo) = 0.
Givenp 2 RS, thenormaln, atp; andthen-polygonS RS2, we considerthefollowing integration:

Z . .
hp gngi by pini
)

Ku(p) = u(Q)dS,: (34)
s kp ok
If we usethechangeof variableq = Bsr and(33), then(34) becomes
z
Bsr;Bs(0;0;1)i lBgr ‘Npi
Ku(p) = P BsriBsO0 1) MBst pinel g rygs, (35)
As(S) kAsp rk
= p Bsr;Bs(0;0;1)i11 hp Bsr;Bs(0;0;1)i I2; (36)
with
Z
MBsr;npi
Iy = 25 P y(Bsr)dS: (37)
ZAS(S) kAsp rk
hp; nyi
5= —— —u(Bsr)ds;: 38
2 AS(S) kAsp I_k4 ( S) ( )

Thisusegheresultthatp  Bsr;Bs(0;0;1)i = lp  ¢; ngi isconstantisq variesoverS. It suf®cesto consider
theintegrationl ; andl, for atriangularregion S in R3, sincean arbitraryn-polygonS canalwaysbe divided
into triangles.
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3.2 Af®neTransformatiorinto a Standardntegral Domain

The af®ne transformationAs mapstrianglesin R? into trianglesin R2. Now, we usethe af®ne transformation
de®nedin thefollowing to transformatrianglein R? into trianglesthatarestandardntegral domains.

De nition 3.2 Let S beatrianglein R? labelledby the verticesvy = 0;vs; Vv, counterclockwiseandlet
2 [0;2 ) betheanglebetweerthex-axisandvertex vi. Thenwe cande®netherotation,Rs : R® | RS3; by

p7! Rsp; p2 R?;
0

cos() sin( ) O1
Rs=@ sin( ) co{ ) O0A:
0 0 1

By de®nition,thevertex Rs(vo) = 0 andthevertex Rs(v) is onthe positive x-axis.
UsingtherotationsRs andBs; theintegrationl ; becomes
Z

. 1
l1 = hvo; npi 4u(BSRAsl(S)s)dSS
RAs(s[SAs(S) RAS(S)AéSp S
7 T 1 o
U R, (5)SNp L .
+ 4u(BSRAS(S)s)dSS. (39)
Rass)As(S) Ra s)Asp s

In this, thevertex vy is thevertex describedn (31) and(32) . Similarly, theintegrationl , becomes
z

, 1
l2 = hp;npi 7U(BsR, ! 5)9)dSs: (40)
Ras(s)As(S) RAS(S)ASp S

By combining(39) with (40), we get

Ku(p) = c1lz + coly; an
with
z 1
|3 = U(BsR 1 S)dSS (42)
RAS(S)AS(S) RA (S)Asp S 4 As(S)
z D - E
UTRA s:n
s(S)= P
lg = 7U(BsR, L 5 9)dSs: 43)

Ras(s)As(S) RAS(S)ASp S

Inhere,ct = lp Bsr;Bs(0;0;1)i hwvo  p;npi andc; = p Bsr;Bs(0; 0; 1)i:

In orderto evaluateintegralsl 3 andl 4 for varioustypesof trianglesin R3, weclassifyRa  (s)As (S) according
to the relative positionof its vertices. SupposeRa (s)As(S) is the trianglewith verticesvy = (0;0); vi =
(x1;0); andvz = (X2;y2): Thenthetype of thetriangleRa, (s)As(S) is determinedoy x»: If 0 < X < Xy,
thenthe triangleis a triangleof type A: If x,  0; thenthetriangleis a triangleof typeB: If x, > xj; then
thetriangleis atriangleof typeC: If X, = X1; thenthetriangleis atriangleof type D : Notethatary triangleof
typeD is a standardntegral domain.We shav thatthe trianglesof type A, type B, andtype C canbe split and
transformedaf®nely into two trianglesof typeD.

First, let's considerthe evaluationof theintegrationl 3 for varioustypesof triangles.

Type A triangle for 13. If the triangle R (s)As(S) is the triangle of type A, it canbe split into two
subtriangled’; andT, asshavn in Figurel. Then,we have

1
l3= 7U(BsR,(5)9)dSs (44)
ZT1 RAS(S)ASp S
1
+ 7U(BsR, 1 (5)9)dSs: (45)

T2 RAS(S)ASp S
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y-axis

X-axis

Fig.1 Two subtriangles'; andT; of triangletype A

NotethattriangleT; in (44) is alreadya triangleof type D . In orderto transformthetriangle T, into atriangle
of type D ; we usethefollowing af®ne transformation.

De nition 3.3 For atriangleT in R? with verticesvp = 0; vq; andv,; we de®neM;t+ : R2! R?2 by
s7! Mt (s); fors 2 R?;
Mir ()= Rt v (s Vi); (46)
wherethetriangleT v, isthetriangleT translatedy v; .
For example theaf®netransformM,.t, (T2) of T, is givenby

1
0 10
Mor,s= @1 0 0A(s w);
0O 0 1

in matrixform since = % if Ra,(s)As(S) is atriangleof typeA.
Usingthe changeof variables = M z;le (t); theintegrationin (45) becomes

z
1

FU(BSR, (M, 1)dS::
M2z, (T2) M2;T2RAs(S)ASp t

It is clearthatthetriangleM .1, (T2) is of typeD.
Type B triangle for | 3. If thedomainD is thetriangleR (s)As(S) of typeB; we ®rstaf®netransformthe
triangleinto atriangleof type A usingM 1.5 . SinceM 1p (D) is atriangleof type A; we have
Z
1
I3 = 7UBBsR, g M 15 (1) dSs: (47)
Mip (D) M1pRa (s)Asp (1)

usingthe changeof variablet = M 1.p (S). Oncewe have theintegration47) overM 1.5 (D) ; atriangleof type
A, we canfollow the samealgorithmthatis describedn theabove to handlethetriangleof typeA.

Type C triangle for 13. Similarly, if the domainD is thetriangleR4(s)As(S) of type C, we ®rst af®ne
transformthetriangleinto atriangleof type A usingM ,.p . SinceM2.p (D) is atriangleof type A; we have

z
I = . U(BSR, )Mo (1)dS: (48)
- s 2:D .
Mzp (D) M2apRa (s)Asp t 4 As(S)

usingthe changeof variablet = M2.p (S). Oncewe have theintegration48) over M ,.5 (D) ; atriangleof type
A, we canfollow the samealgorithmthatis describedn theabove to handlethetriangleof typeA.

The evaluationof the integration| 4 for variousdomainstypescanalsobe handledin the similar way. For
details,se€[38].

¢ 2004WILEY-VCH VerlagGmbH& Co. KGaA, Weinheim
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4 Analytic Evaluation of Hnp

In this section,we studyan analyticevaluationof the integrationsthat are neededor the setupof collocation
methoddor theradiosityequation.
De nition 4.1 Form;n;p 0, wede®neafunction

Hmnp :R®!1 R

by
Z Z

m n

(49)

Hinp (X Y52) = (x )2+ )2+ ZZ)p:zd ()

In this,theregion is atriangularregionboundedoy = a; = 0;and = g .

Theanalyticevaluationof this functionwhenp is anoddintegeris givenin [22]. In this sectionwe consider
theanalyticevaluationof H m:n: 4(X; y; Z) givenin (49) for variousm andn sincetheseintegersarethe casesve
needn orderto evaluateexactlytheintegralsneededn implementingpiecavisepolynomialcollocationmethods.
For piecavise polynomialcollocationof degreer  0; we needto evaluateH .. 4(X; y;z) form;n  r + L If
p = 4; thenwewill usethenotationH ., insteadof H .. 4:

In mostcasesye areinterestedn evaluatingtheintegrationH . (x; y; z) for z 6 0, but we allow the useof
verysmallz > 0. If thevalueof z is largeenoughthentheintegrand(50)

m n
k . . . . =
is well-behaedandtheintegral (49) is nothardto evaluatenumerically However, if thevalueof z is very small,
thenthe denominatoiof the integrand(50) canbe very small dependingon thelocationx andy. In this case,
the integrandk(x; y; z; ; ) behaeslikeit hasa singularityat( ; ) = (x;y) makingit dif®cult to evaluate
numerically For instancejf m = 0andn = 0; then

1 .

k(5 5z )= o3

andaslightchangdan z makesa dramaticdifferencein thevalueof k(x; y;z; ; ) for( ; ) near(x;y):

4.1 Analytic Evaluationof H ., form;n = 0;1
First,we considerthe evaluationof Ho.o(X; y; ). By de®nition,we have

Z,Z b 1
oY= oy re et
Then,
1Za by
Ho.o(x;y;2) = EZO ((x )2 + z2) ((Xa )2+ 22 + (2 y)Z)d (51)
1 y
T2 O PrA Ve )" (52)
1Za arctan(Pﬁ)
+ 2 2y (53)
o ((x )2+ 22)
1Z a arctan(Pﬁ)
+ = (54)

O (x )+ 22)
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The integrationsin (51), (52), (53) and(54) canbe evaluatedanalytically using symbolic calculatorssuchas
Mathematicaor Maple. For further explanationof these referto [38].
Next, let's considetthe analyticevaluationof H 1.9(X; y; z): By de®nition,we have

ZZ
Aoyl = ey e 2t
Then,
XHo:0(X;Y;2)  Huro(Xy;2) (55)
Z.Z»
2 x )t
= dd: 56
o 0 (X P+ P+ 2P (50)
Settingu = X andv =y ;theintegration(56) becomes
Z
L UG x)+y) 7
«, 2+ (Bu )+ y)2+ (U2 + D)
X a Uy
. Ay A ) %)
Zx a u b(u x)+ ay
+ arctan(—p du 59
p 2(u2 + z2)? O (59)
X a
n Y .
) 22+ 77)} arctan(p — 22) du: (60)

With the helpof Mathematicaye canobtainthe analyticevaluationof thesentegralsin (57) ; (58) ; (59) and
(60): For furtherexplanationof these referto [38]. Thus,we cananalyticallyevaluateH 1.o(X; y; z) using(55)
and(56):

We canevaluateH o1 (X; y; z) in asimilar mannerto get

+b
Ho:1(XY;2) = yHo.0(X; Y; 2) —97 arctan pTiz
a x+by a
+ p—————arctan e
2+ a’z? + 8222 |
+ —piarctan P o arctan
e vz FTyez *’m

Finally, we considertthe analyticevaluationof H.1(X; y; z): For that,we usethefollowing identity.

Z Z
x )y )
(x yPriy prpt (61)
= xyHoo XHo1 YHao+ Haa: (62)

Sincewe know the analyticevaluationsof Ho.o(X; y; 2); H1.0(X; y;z) andHo.1(X; y; z); it suf®cesto ®nd the
analyticevaluationof (61) to ®nd theanalyticevaluationof Hy.1(X; y; z):

Using the samechangeof variablethathasbeenusedto ®nd the analyticevaluationof (56), we can®nd the
analyticevaluationof (61) : Thereforetheanalyticevaluationof H ;.1 canbefoundby solving(61) and(62) for
H 1:1-
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14 JaehoorSeolandKendallE. Atkinson: Analytic Evaluationof Collocationintegralsfor the RadiosityEquation.

4.2 Analytic Evaluationof H .., for generaim andn

For larger valuesof m; n; we userecursionto aid in evaluatingH m:n (X; y; ). This will work for most but
not all valuesof m; n; leadingto formulasof the type given above. For certainspecialvaluesof m; n; e.g.
(m; n) = (2;0), wewill needto useyet anothertechnique We begin our consideratiorof largervaluesof m; n
with thefollowing recursiorformula;a proofis givenin [38]

Lemma4.2 Suppose isaright triangleand theoutward normalvectorat a pointontheboundary@ of
thetriangle. Then,wehave

z m 1 n

0o & iy prz ot ©3

= (M DHm 2n2(Xy;i2) + 2XHm 10 (XY;2)  2ZHmn (XY;2);

and
z 1

m n

o & vy ez o ©

=(n LDHmn 220%Y:2)+ 2yHmn 15 Y;2)  2Hmn (XY 2):

In here, coq ; ) isthecosineanglebetweerthevector and axis. Similarly, cof ; ) isthecosineangle
betweerthevector and  axis

In generaltheanalyticevaluationof H m:n (X;y;2z) form  2orn 2 canbesimpli®edby usingtheabove
lemma.As long aswe can®nd the analyticevaluationsof integrals(63), (64), Hn.n 2.2 andHm 2.0 2; Wecan
®ndtheanalyticevaluationof Hy.n (X;V; 2). It isrelatively easyto evaluate(63) and(64) analyticallysincethey
areline integrals. The maindif®culty comesfrom evaluatingHm.n 2.2 andHy,  2:n: 2:

As anexampleof Lemma4:2, we discussanevaluationmethodfor H ».9(X; y; z). By useof (63), we have

1
H2.0(Xy;2) = > Ho:0:2(Xy;2) + XH 1,0(X;Y; 2)

Z 1

2 @ (x )2+ (y )2+ 22

=

dl: (65)

Thus,we canevaluateH ,.o(x; y; z) analyticallyif we can®nd ananalyticevaluationof Hp.0.2(X; y; z) andthe
line integralin (65)

The analyticevaluationof (65) canbe simpli®ed by usingthe assumptiorthat the integrationdomain@ is
theboundaryof aright triangle. Thanksto thisassumptionwe havethat = lone, and = Oone,. Thatis,
theintegralin (65) becomes

z

N I N R R ©)

Ly ez @ ®7)

whereey,; e,; andey arehorizontal,vertical,anddiagonaledgeof thetriangle ; respectiely. Theintegrations
in (66) and(67) canbe evaluatedanalytically
Next, we discusghe analyticevaluationof H ¢.o.2: By de®nition,we have

ZZ 1
Ho0.2(X; y; 2) = L, 1)z+ oy )2+ sz (:) (68)
= arver g Y (69)
foru = X andv = y: Theintegrationdomain is shovn in Figure2 thatwe cangetaftertranslating

the original integrationdomain by (X; y): Sincethereis no rotationinvolved, alwayshasthe verticaland
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-axis
A

p( )P

r( )—

-axis

Fig. 2 Splittingintegraldomain into subtriangles

horizontaledgesIn orderto evaluatethis integrationanalytically we split theintegration(69) into threepartsas
shawvn in Figure2.

Z Z
Ho:0:2(X; y;2) = sign( q) md (u;v) (70)
ZZ¢
. 1
+ sign( ) md (u;v) (72)
ZZ"
+ sign( v) d (u;v) (72)

, U2+ vz 72

In this, 4 isthetriangleformedby connecting0; 0) andthetwo verticesof the hypotenusef theright triangle

: Thetriangles , and 1, areformedsimilarly by connecting(0; 0) andthe vertical and horizontaledgesof
thetriangle respectiely. Thevaluesof sign( 1), sign( ), andsign( 4) takeoneither 1;00r1. They are
determinedsoasto hold theequalityin (70). For speci®cdeterminatiorof thesevalues referto thetablegiven
onpagel06in [38].

We ®rst considertheintegrationover 4 in orderto evaluateH o.0:2(X; y; z). Let's suppose( ) is apointon
the hypotenusevhoseangleis with respecto x axesandv; = (X1;Yy1) andv, = (X2;Y>2) arethetwo vertices
of the hypotenusef theright triangle : Theangle 1; and ; aretheanglesthatv,; andv, make with respect
to X axesrespectiely. De®ner( ) to bethe distancefrom the origin to p( ). SeeFigure2. Then,by setting
u=rcogq )andv=rsin( ); wehave

ZZz 4

1 d (u;v) =

iVt 2 Tlog(r( )2+ 2d  log@( 2 1): (73)

1

NI =

In orderto ®nd theanalyticevaluationof (73), it suf®cesto ®nd theanalyticevaluationof
Z 2
log(r( )2+ z?)d : (74)

1

1
2

First,we de®nes( ) as

_ kv p( )k,
S( )_ le Vzk '
Then,we have
p( )= (X2 + s( )(x2  xX1);yi+s()y2 yi): (75)
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For all pointsp( ) onthehypotenusethevalueof s( ) is betweerD and1: By (75), we have

_yats()(y2 yi).
tan() = X1+ s( )(x2  x1)’ (70)
= arctan())(/i: zg ;gz zl(ll))); (77)
_ Xay2 X2y .
d = Tds. (78)
We canalsoderive thefollowing relationbetweerr ( ) ands( ).
r()?=1[xa+s()(x2 x0))?+ (ya+s()yz y1)’] (79)

By (78) and(79) ; theintegration(74) becomes

Z
(X1y2  X2y1) ~ tlog(s2+ s+ )

5 B (80)

where

(x2 x1)%+ (2 y)%
2(X1(x2  Xx1) + yi(y2 y1));
X2+ y2+ 7%

Thefunctionalbehaior of theintegrandof (80) canbeunderstoody consideringhediscriminantD andthe
minimumvalueof s 2+ s+ fors,0 s 1:LetusconsidetthediscriminantD givenby

D
7" (x1y2  yix2)® kvi vk Z%

Sincekv;  vok? z2 > 0, we ha/e% < 0: Thus,we cansay
s?+ s+ >0 (81)

foralls 2 [0; 1] because > 0; > 0.
By settingv; = (rycoq 1);risin( 1)) andv, = (ra coq 2);rzsin( 2)) theminimumvalueof s 2+ s+
is givenby

4 2 _ (rar2)? sin®( » 1)

z2 82
4 kV]_ ) k2 ( )

This meanghe minimumof thequadraticequations >+ s+ becomesloseto z? asthedifferencebetween
anglesof theverticesv; andv, becomesmall. Thus,we cansaytheintegrand

log( s?+ s+ )

S22+ s+ (83)

in (80) is smoothby (81), but becomesncreasinglyill-behaved asthe aspectatio of the triangle 4 becomes
smallersince% I 1 asx approachew 0. SeeFigure3:

We canusea symbolic calculatorsuchas Mathematicao evaluatethe integral in (80) analytically Thisis
moredif®cult to usepracticallysinceit involvesintegrationin thecomplex domainandtheuseof thedilogarithm
function. See[38]. In complex geometriesisedin practicalcomputergraphicsmosttriangulationschemesuch
as Delaunaytriangulationavoid the useof triangleswith low aspectratio. Thus,it could be practically more
desirableto usea numericalschemeo evaluate(80).
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y-axis
A

> X-axis
Fig. 3 Triangle qwith low aspectatio

y-axis

Z-axis

X-axis
Fig. 4 Two planegoining with angle

5 Numerical Experiments for SampleModels

For our numericalexperimentswe have chosenthreedifferentsurfacemodels. Thesemodelsarethe con®gu-
ration that are mostcommonlyencounteredn computergraphicsto make up biggerscenecf. [19], [23], and
[10]. Usingthesemodelsand properlychosentestsolutions,we have testedtiming, accurag, andthe effect of
differentsubdiision schemesWe ®rstintroducethemodels.

Model 1. This ®rst modelis madeof two rectanglesdenotedby § andS; asillustratedin Figure4: The
dimensionof S; andS; aregivenby

S1=f(xy;0)j0 x 2000 y 100g;
n y 0
S; = XY 5 joO x5y 200 :

ThesurfacesS; andS; joinswith eachotheralongacommonedgeatanangle = 26:5651 . Thisangleis
theresultof choosingtwo rectangless; andS; with integervertex coordinateghatareeasierto renderon
thecomputerscreercoordinate.
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y-axis

/%
S X x > X-axis
Pp p
P/p P
S3 S4 . A
/ discontinuityline

Z-axis

Fig. 5 Fourplaneswith discontinuityline.

Model 2. This modelis madeof two perpendiculasurfaces,denotedby S; andS,. Thisis like modell,
butwith = 90 . Thedimension®f S; andS; aregivenby

S1=f(xy;0)j0 x 2000 vy 100g;
S, =1(x;0;2) jO x;z 2003:

Model 3. This modelis madeof four surfacesdenotedoy S;; S,; S3; andS, asillustratedin Figure5: The
dimension®f S;; Sy; Sg; andS, aregivenby

S =f(x;2402) jO x 1200 z 280g;
S, =f(x;120,2) jO x 1200 z 280g;
S;=f(x;120z) jO x 12060 =z 280y;
S,=1f(x;0;2) j120 x 400 0 =z 280y:

The dimensionof the modelsarechoserto be compatiblewith computergraphicsapplications.Thatis why
we userelatively high valueslike 120, 200, andtheangle = 26:5651 Thesenumbersare easyto renderin
computergraphics.Evenif the surfacesS,; andS; have the samedimensionwe assumehatthe normalvector
of S, is (0; 1; 0), directedupward,andthe normalvectorof Sz is (0; 1; 0), directeddownward.

We appliedboththeanalyticintegrationmethoddevelopedn theprevioussectionsandanumericaintegration
schemdo evaluate

cos(p)cos(q) | .
———dq

kp ok
Thisintegrationis neededo setupthe matrix of the centroidcollocationmethod.The numericaimethodthatwe

usedfor comparisorio the analyticevaluationmethodis basedn corvertingtheintegral to a new integral of the
form

(84)

g(s;t)d ;

overtheunitsimplex = f(s;t):0 s;t;s+t 1g:
Amonga numberof well-known numericalapproximationgo suchintegrals,we usea compositenethodthat
useghefollowing integrationscheme:
z X7
g(s;t)d wig( j):
=1
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Analytic 7-point
n Ta T3 | En | T5 | En
4 0 0 4:413E 4 | 0016 | 6:834FE 8

16 0:031 | 0:016| 1178 4 0:25 3:525FE& 8
64 0:532 0:22 | 5:8931E 5 | 4499 | 1.762%E 8
256 3473 | 4416 | 3:5893& 5| 68323 | 8:7478& 9

Tablel Matrix setuperrorandtiming comparisorfor modell

Analytic 7-point
n Ta Ts | En | Ts | En
4 0 0 4:968F 6| 0:.016 | 9:1420F 10
16 0 0:016 | 3:8486e 6 | 0:281 | 4716E& 10
64 0:765 | 0:33 | 1:925%= 6 | 4:155 | 2:361E 10
256 || 28181 | 4526 | 8:780& 7 | 69324 | 1:1818E 10

Table2 Matrix setuperrorandtiming comparisorfor model2

In this, the weightsw; andnodes ; takenfrom theformulaT2:5-1of Stroud[42]. This numericalintegration
schemehasdegreeof precision5. In orderto improve the accurag of this method,we usethe 7-pointmethod
over4 smallertrianglesthatwe obtainby applying levelsof subdvisionsto . We referto this composite
schemeasthe 7-pointmethodwith  levelsof subdivision

We presentmatrix setuptiming in secondsand error comparisongor models1 and2 in Tables2 and 1,
respectrely. The numbem is the numberof elementghatwe usefor thetest,andT,, T3, andTs arethetimes
takenby theanalyticintegrationmethodthe7-pointmethodwith = 3levelsandthe7-pointmethodwith =5
levels,respectiely, to evaluatetheintegration(84). TheerrorE, is theaveragedsumof all thedifference®f the
analyticevaluationandnumericalevaluationof theintegration(84) atthe nodepoints. By studyingTables2 and
1, we obsenre thatthe analyticmethodis fasterthanthe 7-pointmethodwith level = 5, but is moreexpensve
thanthe 7-pointmethodwith level = 3. Evenif 7-pointmethodwith level = 3 is betterthanthe analytic
methodin termsof speed,t shaws a signi®canterror whencomparedo the analytic evaluationmethod. The
errorbecomesvorseastheangle betweerthetwo surfacesbecomesmaller

In thesetests,it shouldbe notedthatthe analyticmethodis implementedn C++ usingSTL templateclasses,
whereaghe 7-point methodis implementedn Fortran. It is a generallywell-known fact thatthe C++ imple-
mentationwith STL templateds slower thana Fortranimplementation.Consideringthis, the analyticmethod
shaws relatively goodperformancever the 7-pointmethod.Thetimingsweredoneon HP CompagD530CMT
Desktopwith a 3.0 GHz Pentium4 CPUand512 MB RAM runningthe Windows XP Professionabperating
system.TheFortranprogramghatwe usedarepartof BIEPACK [1].

Next, we usemodels2 and 3 with properlychosertrue solutionsu to testthe accurag of the approximate
solutionu, obtainedusingtheanalyticmethodto solve theradiosityequation.

In orderto testthe collocationmethod,we choosea true functionu(x; y; z) andwe thencalculatethe emis-
sivity E usinghighly accuratenumericalintegration. The collocationmethodis appliedto ®nd the approximate
solutionuy, ; thatis thencomparedo the known true solutionu.

Thetruesolutionthatwe will usefor model2 is givenby

0 otherwise

uxy;z) =, y=0

(85)

Thatis, u(x;y;z) = 0onS; andu(x;y;z) = z onS;. Thistestsolutionis chosersinceit is provenin [32]
thatfor mostgivenemissvity functionsk ; u hasthebehaior

ux;0;z) =g(z)+ O(z ); z! 0 (86)
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metric=k k; =n metrick Kk,
n En | Ratio E, | Ratio
4 0:5178890 1:1241126

16 || 0:2097839| 2:4687 | 1:0240879| 1:0976
64 || 0:0845805| 2:4802 | 0:7981865| 1:2830
256 || 0:0332735| 2:5419 | 0:5772808| 1:3827
1024 || 0:0125731| 2:6464 | 0:4086213| 1:4128

Table3 Centroidcollocationerrorsof uwith = 0:5 anduniform meshingon model2
metric=k k; =n metrick Kk,
n En | Ratio E, | Ratio
4 4:1403802 8:5621539

16 1:3010115| 3:1824 | 6:5596009| 1:3052
64 || 0:4049425| 3:2128 | 3:9413914| 1:6642
256 || 0:1237672| 3:2718 | 2:1854562| 1:8038
1024 || 0:0366162| 3:3801 | 1:1736712| 1:8621

Table4 Centroidcollocationerrorsof uwith = 0:9 anduniform meshingon model2

with a smoothfunctiong(z) and ;0 < < 1; atthecommonedge. If the solutionu satis®eq86) ; we can
provethat

ku Ppuk, = O(h ):

We usethe solution(85) for model2 with = 0:5and0:9 to testthe effect of analgebraicsingularityalongthe
commonedge.
Thetestresultsfor = 0:5 aregivenin Table 3 for uniform meshing.In the caseof uniform meshingthe

expectedrateof corvergenceis O(h%®) asexplainedin the above. Table 3 shows thatthe rate of corvergence
is gettingcloseto O(h%®) asthe numberof elementsh increasesThe columnlabelled'Ratio' denotegheratio
EE—“ Thetestresultsfor = 0:9 aregivenin Table4 for uniform meshing.In the caseof uniform meshingthe
expectedrateof corvergences O(h%?°): Thetestresultsin Table4 shawv thattherateof corvergences getting
closeto thistheoreticakxpectationfor = 0:9 aswe increaseghe numberof elementsh.

Thetrue solutionthatwe usefor model3 is givenby

N 0 otherwise ]
utx;y;z) = e X dx d x>dandy=0 87)

whered = 240 Theline x = d onthexz-planeis the discontinuityline. To seethe effect of a discontinuityin a
derivative of u alongthisline, we solve theradiosityequatiorfor u givenby (87) with = 0:5and = 0:02
We presenthe numericaltestingresultfor both uniform meshinganddiscontinuitymeshing.Tables5 and6
shaws the testingresultsfor uniform meshinganddiscontinuitymeshingrespectiely. Table5 revealsthatthe
rateof convergencewith uniform meshingis higherthanthe theoreticalexpectationof O(h*°) asgivenin [3].
We expectthehigherrateof corvergencewill settledown eventuallyasthenumberof elementsncreasesWe can
alsoobsenethatdiscontinuitymeshings no betterthanthe uniform meshingasfar astherateof convergences
concernedFor additionalexplanationof discontinuitymeshingandnumericalexamples see[3] and[23].
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metric K k; =n metric= kK k;
n = | Ratio En | Ratio
8 0.0175512 0:0733565
32 0.0404968 | 0:43340 | 0:0919982 | 0:79737

128 2.974%€ 3| 1:36131 | 7:297E 3 | 1:26064
512 1.9097FE 4 | 1557758 | 5:2234& 4 | 1397122
2048 ||| 6:2298 5| 3:06543 | 1.9211E 4 | 2:71896

Table5 Centroidcollocationerrorsof uwith ( ; ) = (0:5; 0:02) anduniform meshingon model3

metric= k k; =n metric= k k;
n E, | Ratio E, | Ratio
10 0:0024520 0.0080658
40 0:0078304 | 0:31314| 0:0212920 | 0:37882

160 47525 4 | 1.:64764| 0:0132318 | 1:60915
640 1:994F 4 | 2:38304| 6:008E 4 | 2.20214
2560 || 7:311Z& 5 | 272773 | 221996 4 | 2:73168

Table6 Centroidcollocationerrorsof u with ( ; ) = (0:5; 0:02) anddiscontinuitymeshingon model3.
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