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e Proof of Lovasz local lemma (L3).
e Proof of symmetric L3.

e Application: vertex-disjoint cycles

L3: let Ay, Ag, ..., A, be events in same probability space. Let D = (V, E) be a directed graph
for {A1, Ag, ..., Ap}, suppose there are real numbers z1,z2,...,z, 0 < x; < 1 and Prob[4;] <

Till; jyer(1 — x;), then Prob[A}_1A;] > TI7_ (1 —z;) >0
Proof: By induction on s, we can prove that Prob[A;| Ajes A;] < z; for all 4, S C {1,2,...,n},
S| =s,1¢ 8.

From this L3 follows because:

Prob[Al_ | A;] = Prob[A;j|Ay A As--- A A,) - Prob[As A Az -+ A An]
= Prob[A:| Nj_y Aj] - Prob[As| Aj_3 Aj]- - Prob[Ay]
> (1—m)(1—2) - (1 — )
> 0

For s = 0, the claim is trivially true. We assume that the claim is true for all s’ < s and show
it is true for s.
Let S be partitioned into subsets S; = {j € S|(¢,7) € E} and So =S — S;

ProbA; A (Ajes4;)]
P‘T‘Ob[/\jesAj]
Prob[A; A (Ajesi)Ajl(Ajes,)] - ProbAjes, Aj]
P’I"Ob[/\jeglfij|/\jes2] . PTOb[/\jeSQij]
Prob[A; A (Ajesy)4jl(Ajes,)]
Prob[Ajes; Aj|Ajess]

Prob[Ai| /\jES /IJ] =

For the numerator,

Prob[A; A (Njes,Aj)|(Njes,Aj)] < ProblAi|(Ajes,Aj)]
= Prob[A;]
< Xillijep(l — ;)



For the denominator, if S = (J, the probability is 1, and we are done. So we assume that |S| > 1.
Let Sl = {Ajl , Aj2’ ceey Aj'r}

Prob[Ajes, AjlAjes,] = Prob[Aj,| Ajes, Aj] - ProblAj, _,|Aj, A (Ajes,A;)]

-Prob[Aj, |(Aj, N Ajy A+ NAG) A (Njes, Aj)]]
(L—=z)(L—=zj,)- (1 —z5)
0 jyer(l —z4)
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L? symmetric version
Let Ay, Ao, ..., A, be events in a probability space such that each A; is independent of all but
most d other events. If Prob[A;] < p for each i, and ep(d + 1) < 1, then Prob[A}_,A;] >0
Proof: This can be derived from the asymmetric version as follows:
If d = 0, then the result is obvious.

If d > 1, then set z; = 75 < 1. We will verify Prob[A;] < Xill; jicp(1 — z;)

RH.S = Xl;jep(l—z))

1
= ayiteasl =)
1 1
> 1 d
- d+ 1( d+ 1)
1 1
> - .-
— d+1 e
_ 1
 e(d+1)
Given that ep(d +1) < 1,s0p < m, thus original R.H.S > p > Prob[4;]. Hence asymmetric
L? holds and Prob[A7_; A;] O

Application
Theorem 1 Every k-regular directed graph G has a collection of [ﬁj vertez-disjoint cycles.

Definition 2 A k-regular directed graph is a digraph in which out—degree(v) = in—degree(v) = k
for all vertices v € V.

Proof: Let C = L?’lkmj, construct a partition of V' into subsets V1, V3, ..., Vo randomly, by picking
each vertex and throwing it uniformly at random into one of Vi, Vs, ..., V.

We will show with positive probability, each G[v;] has a cycle. To show this, we will show that
with > 0 probability, each vertex has an outneighbor in the same part.



Let A, = v does not have an outneighbor in the same part.
Showing that Prob[Ayecy Ay] > 0 suffices to show our claim

1 __k
PTOb[A,U] = (1 — a)k S 67 k =e 31’:170 = k73

Q=

A, is mutually independent of all events in
{Aul(u UNT(u)) N (v UNT(v)) =0}
So total number of events not independent with A, is (k+1)-k+ (k+1) = (k+ 1)2. Which means

A, is mutually independent of all but most (k + 1)? events. We now only need to verify that

1
e-ﬁ((k+1)2+1)51

which is true for £ > 6.
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