ON THE CONVERGENCE RATE OF A PRECONDITIONED SUBSPACE EIGENSOLVER^1

SUELY OLIVEIRA2

Abstract. In this paper we present a proof of convergence for a preconditioned subspace method which shows the dependency of the convergence rate on the preconditioner used. This convergence rate depends only on the condition of the pre-conditioned system κ2(MA) and the relative separation of the first two eigenvalues 1 � λ1/λ2. This means that, for example, multigrid preconditioners can be used to find eigenvalues of elliptic PDE’s at a grid-independent rate.

Keywords: eigenvalue problems, convergence rate, Generalized Davidson AMS classifications: 65F15

1. Introduction. Jacobi–Davidson type algorithms have received a lot of attention lately. Sleijpen and Van der Vorst’s paper [16] provides illuminating insights into the understanding of this class of algorithms and on the use of preconditioners within these methods. The original Davidson algorithm used a diagonal preconditioner [6]. This was later extended to allow for a general preconditioner (Generalized Davidson) [15]. Assume that we are searching for the smallest eigenvalue λ_1 of A and let ^λ_k denote the k^{th} iterative approximation to λ_1. Newton type eigensolvers solve the following equation (A − ^λ_kI)t = ϵu_k − r, t ⊥ u_k, (1.1)

where u_k and ^λ_k are current guesses for the eigenpair and r is the current residual. This is the basis of the method presented in Olsen, Jorgensen and Simon [13]. In its original formulation the Generalized Davidson algorithm solves (A − ^λ_k I)t = r approximately and then orthogonalizes t with respect to span V_k. So the use of a preconditioner to approximate the inverse of (A − ^λ_kI) seems highly desirable. Some problems with a preconditioner in this context [18, 17] are: I) When (A − ^λ_kI)^{−1} is approximated well you get t = u_k (the current eigenvector approximation). II) If ^λ_k is close to an exact eigenvalue, (A − ^λ_k I) is ill-conditioned. III) (A − ^λ_k I) is indefinite if ^λ_k is not an extreme eigenvalue. IV) misconvergence. V) complex eigenvalues of real matrices leads to a complex preconditioner, which is more expensive computationally.

The Jacobi–Davidson method [16] explicitly overcomes some of these problems, by replacing (1.1) with (I − u_ku^∗_k)(A − ^λ_kI)(I − u_ku^∗_k)t = −r (1.2)

where u_k is the current eigenvector approximation, and using a preconditioner for this system instead. The solution and right hand side of (1.2) are understood to be orthogonal to u_k. In this method, stalling problems are avoided (I), and the conditioning of the equations is better when the eigenvalue is simple (II). Sleijpen and Van der Vorst [16] give some examples of problems for which the Jacobi–Davidson method performs much better than when M_k = (A− ^λ_kI)^{−1} is used in the Generalized Davidson method. The explanation for the difference in performance appears to rest on the

1This research was partially supported by NSF grants ASC-9528912, DMS-9720607, and DMS- 9874015.

2Department of Computer Science and Department of Mathematics, The University of Iowa, Iowa City, Iowa 52242, USA. email: oliveira@cs.uiowa.edu 1

fact that the preconditioner which approximates (A−^λ_k I)^{−1} is unbounded as k → ∞, for ^λ_k approaching a simple eigenvalue λ_1, while [(I − u_ku^T_k )(A − ^λ_kI)(I − u_ku^T_k )]^+ is bounded as k → ∞.

Since the Jacobi–Davidson method solves the system on the space orthogonal to u_k (see (2)), the chosen preconditioner for Jacobi–Davidson only needs to be defined on this restricted subspace. A consequence of the formulation (1.2) is that the Jacobi– Davidson preconditioner belongs to a set which is a restriction of all the possible preconditioners allowed by the Generalized Davidson (GD) algorithm.

Another way to overcome (II) is to use a fixed preconditioner with the GD algorithm and analyse its convergence behavior. In this paper, we show that if a fixed preconditioner M (independent of ^λ_k) is used, we can get rapid linear convergence with the Generalized Davidson algorithm, as is the case for the Jacobi–Davidson method. Previous numerical results from the author [12] indicate that preconditioners for the Generalized Davidson algorithm which are independent of ^λ_k work well, at least for some PDE problems. The theoretical development of this paper presents results for preconditioners which are independent of ^λ_k. Examples of these preconditioners are the same used for solution of positive definite systems of equations, such as incomplete factorization [9], multigrid, or domain decomposition preconditioners [8, 7]. In the case of multigrid preconditioners, the cost is O(N) for each preconditioning step.

Some papers [14, 16] have noted that if the preconditioner is (A − ^λ_k I)^{−1}, then superlinear convergence can be obtained for inverse iteration and the Jacobi–Davidson method. However, this requires the use of specialized solvers to accurately solve indefinite problems, which are considerably more complex than solvers for positive definite problems. These indefinite solvers are themselves typically linearly convergent iterative methods, and consequently convergence is slow in terms of the error reduction for a fixed amount of computational work. Some papers have dealt with convergence proofs for Richardson-type eigensolvers [4]. This other class of preconditioned eigensolvers [4] is not related to Jacobi–Davidson or Generalized Davidson algorithms.

In this paper we will develop a bound on the rate of convergence for Davidson type algorithms in terms of the condition number κ_2(MA) of the preconditioned system, and the relative gap for the desired eigenvalue 1 − λ_1/λ_2 where λ_2 is the second distinct eigenvalue of A. The bounds obtained here are similar to the traditional bounds for convergence rates for preconditioned systems of linear equations. For example, if we use multigrid preconditioned conjugate gradient algorithms for suitable discretizations of elliptic PDE’s (with smooth coefficients) the convergence rate can be shown to be bounded independently of the grid spacing. This is because for a multigrid preconditioner M, the condition number κ_2(MA) can be bounded independently of the grid spacing for these equations. We will show that if we use the same preconditioner for GD algorithms, the convergence of the eigenvalue solver is also grid independent. The only assumptions used in this paper are bounded κ_2(MA), and that A and M are symmetric positive definite matrices. The remainder of the paper goes as follows: in Section 2 we review the Generalized Davidson algorithm; a bound on the rate of convergence for GD is presented in Section 3. Section 4 relates the results of Section 3 to the condition number of the preconditioned system. In Section 5 we summarize the main results of this paper.

2. Generalized Davidson Algorithm. The Generalized Davidson algorithm involves the computation of an orthonormal basis for a subspace from a given starting vector x_0. This subspace depends on a preconditioner applied to the current residual.

In other words, the GD algorithm generates an orthonormal basis { v_0, v_1, . . . , v_{k−1} } for subspaces which depend on A, x_0 and the M_λ matrices. From these orthonormal bases, projected matrices are computed S_k = V^T_k AV_k, which are usually dense, making the calculation of eigenvalues on the subspace more expensive than it is for the Lanczos algorithm. Nevertheless, the preconditioning step in this algorithm can reduce the total number of iterations considerably, giving a more attractive subspace algorithm overall. An example of a method belonging to this class is the Jacobi-Davidson method presented in [16]. The Generalized Davidson algorithm with preconditioner M_λ proceeds as shown in Algorithm 1.

Algorithm 1. { Generalized Davidson Algorithm

Given an initial vector x_1 ≠ 0 and iteration limit m, eigenvalue number p, and convergence tolerance ϵ, compute V_k, S_k, ^λ_k and u_k.

1. Set v_1 ← x_1/‖x_1‖_2. 2. V_1 ← [v_1]; W_0 ← [ ]. 3. for k = 1, . . . , m do. . .

(a) w_k ← Av_k .

(b) W_k = [W_{k−1}, w_k].

(c) Compute V^T_k w_k and make it the last column & row of S_k = V^T_k AV_k = V^T_k W_k .

(d) ℓ ← min(k, p) (e) Compute the ℓth smallest eigenpair ^λ_k, y_k of S_k: S_ky_k = ^λ_ky_k, y_k ≠ 0. (This can be done using the QR algorithm.)

(f) u_k ← V_k y_k (Ritz vector).

(g) r_k ← Au_k − ^λ_k u_k = W_ky_k − ^λ_kV_k y_k (residual vector). (h) If ‖r_k‖_2 < ϵ then exit loop. (i) If k < m

• t_k ← M^_{λk} r_k .

• v_{k+1} ← mgs(V_k, t_k) where mgs(V_k, t_k) is the result of applying the modified Gram–Schmidt process to orthonormalize t against the columns of V_k.

• V_{k+1} ← [V_k , v_{k+1}] Note that this algorithm does not necessarily represent the original matrix on a Krylov subspace. Instead, the original matrix A is represented in a subspace span V_k which is constructed with an initial vector v_1 and subsequent preconditioned residuals (M^_{λk} r_k). The theoretical development in [5] has shown that where the largest (smallest) eigenvalue is sought, and the preconditioning matrices are uniformly bounded and uniformly positive definite, then the largest (smallest) eigenvalue ^λ_k of S_k converges to an eigenvalue of A as k → ∞, and that the associated eigenvectors for the eigenvalues ^λ_k converge to eigenvectors of A. As noted in Section 1, this paper results are for preconditioners M^_{λk} = M which are independent of ^λ_k.

In practice, for certain quantum chemistry calculations, the GD algorithm has been shown to be very efficient, requiring a small number of iterations to compute the smallest or largest eigenvalue and eigenvector pairs for matrices of sizes 10^3 to 10^5 and even 10^6. This is because, for these applications, the matrices considered were strongly diagonally dominant, and the choice of the preconditioner M^_{λk} = (D − ^λ_k I)^{−1} with D = diag(A) gives very good convergence rates. However, for matrices obtained from PDE’s, the use of this preconditioner gives no significant improvement over Lanczos.

Thus the speed obtained for the GD algorithm depends crucially on the nature of the preconditioners involved. If poor preconditioners are used, then this method gives little or no improvement on the Lanczos algorithm. If an exact inverse M^_{λk} =

(A − ^λ_kI)^{−1} is used with the Davidson algorithm it leads to stagnation, while with the Jacobi-Davidson algorithm it leads to cubic convergence [16].

3. Rate of Convergence for the Generalized Davidson Algorithm with Fixed Preconditioner. A proof of convergence of the Generalized Davidson algorithm is given in Crouzeix, Philippe and Sadkane [5]. However, they do not obtain any estimates of the rate of convergence, or explain its dependence on the preconditioner chosen. This is an important issue, since the performance of the Generalized Davidson algorithm is crucially dependent on the preconditioner.

Let A be the given matrix whose eigenvalues and eigenvectors are sought. The preconditioner M is given for one step, and Davidson’s algorithm is used with u_k being the current computed approximate eigenvector. The current eigenvalue estimate is the Rayleigh quotient ^λ_k = ρ_A(u_k) = (u^T_k Au_k)/(u^T_k u_k). Let the exact eigenvector with the smallest eigenvalue of A be u, and Au = λ_1u. (If λ_1 is a repeated eigenvalue of A, then we can let u be the normalized projection of u_k onto this eigenspace.)

Theorem 3.1. Let P be the orthogonal projection onto ker(A − λ_1I)^⊥. Suppose that A and M are symmetric positive definite and M^_λ = M is fixed. If γ > 0 and

σ = ‖P − γ(A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}‖_2 < 1,

then for almost any starting value x_1, the eigenvalue estimates ^λ_k converge to λ_1 ultimately geometrically with convergence factor bounded by σ^2, and the angle between the exact and computed eigenvector goes to zero ultimately geometrically with convergence factor bounded by σ.

Proof. The proof of convergence in [5] applies under the hypotheses of this theorem and shows that the method converges. Here we show a bound on the convergence rate under the assumptions above. Therefore we can assume that k is “sufficiently large” and that u_k = α_ku + β_ks_k with β_k “sufficiently small”. Set ‖u_k‖_2 = ‖u‖_2 = ‖s_k‖_2 = 1 and s_k ⊥ u, so α^2_k + β^2_k = 1.

The current estimate of λ_1 is ^λ_k = ρ_A(u_k) = (u^T_k Au_k)/(u^T_k u_k). Then

^λ_k = λ_1α2_k + 2α_kβ_kλ_1uT s_k + β2_ksT_k As_k = λ_1α2_k + β2_k sT_k As_k = λ_1 + β^2_k(s^T_k As_k − λ_1). . (3.1)

The residual vector is

r_k = Au_k − ^λ_ku_k = β_k(As_k − λ_1s_k) + α_kβ^2_k(λ_1 − s^T_k As_k)u + β^3_k (λ_1 − s^T_k As_k) s_k = β_k(A − λ_1I)s_k + O(β^2_k ).

Therefore the vector added to the Davidson subspace is

t_k = Mr_k = β_kM(A − λ_1I)s_k + O(β^2_k ).

The new eigenvalue and eigenvector estimates are the smallest Ritz value and its Ritz vector, respectively, for the expanded subspace. Thus the new eigenvalue estimate ^λ_{k+1} ≤ ρ_A(^u_k) where ^u_k is a linear combination of u_k and t_k. The vector ^u_k will be chosen in such a way that the convergence rate of the method is more easily demonstrated.

To compute ρ_A(^u_k) to an accuracy of O(β^3_k ), we use the following approximation to ρ_A(u + δu) where δu = O(β_k) ≪ 1: ρ_A(u + δu) = (u + δu)^T A(u + δu)/(u + δu)^T (u + δu) = (u^T Au + 2u^T Aδu + δu^T Aδu)/(u^T u + 2u^T δu + δu^T δu) = (λ_1 + 2λ_1u^T δu + δu^T Aδu)/(1 + 2u^T δu + δu^T δu) = (λ_1 + 2λ_1u^T δu + δu^T Aδu)

×(1 − 2u^T δu − δu^T δu + 4(u^T δu)^2 + O(‖δu‖^3)) = λ_1 − λ_1δu^T δu + δu^T Aδu + O(‖δu‖^3) = λ_1 + δu^T (A − λ_1I)δu + O(‖δu‖^3).

(3.2)

Since ^u_k is a linear combination of u_k and t_k, we can choose ^u_k = u_k − γt_k. Clearly, this is in the new Davidson subspace. Then, using (3.2), we have

^u_k = α_ku + β_ks_k − γβ_kM(A − λ_1I)s_k + O(β^2_k ) = u + β_k(I − γM(A − λ_1I))s_k + O(β^2_k ).

Thus with δu = β_k(I − γM(A − λ_1I))s_k + O(β^2_k ) we obtain

ρ_A(^u_k) = λ_1 + β^2_k s^T_k (I − γM(A − λ_1I))^T (A − λ_1I)(I − γM(A − λ_1I))s_k + O(β^3_k ).

Now, P is the orthogonal projection onto ker(A − λ_1I)^⊥. Since ker(A − λ_1I)^⊥ = range P , it follows that (A − λ_1I) = (A − λ_1I)P , and using transposes and symmetry, we have (A − λ_1I) = P (A − λ_1I). Since (A − λ_1I) is a symmetric positive semidefinite matrix, it has a symmetric positive semi-definite square root [10, p. 405], which is denoted (A − λ_1I)^{1/2}. Then ρ_A(^u_k) can be written as

λ_1 + β^2_k s^T_k (I − γMP (A − λ_1I))^T P (A − λ_1I)P (I − γMP (A − λ_1I))s_k + O(β^3_k ) = λ_1 + β^2_k s^T_k (P − γP MP (A − λ_1I))^T (A − λ_1I)(P − γP MP (A − λ_1I))s_k + O(β^3_k ) = λ_1 + β^2_k s^T_k (P − γP MP (A − λ_1I))^T (A − λ_1I)^{1/2} ×(A − λ_1I)^{1/2}(P − γP MP (A − λ_1I))s_k + O(β^3_k ) = λ_1 + β^2_k ‖(A − λ_1I)^{1/2}(P − γP MP (A − λ_1I))s_k‖^2 + O(β^3_k ). (3.3) But (A−λ_1I)^{1/2}(P −γP MP (A−λ_1I)) = (P −γ(A−λ_1I)^{1/2}P MP (A−λ_1I)^{1/2})(A−λ_1I)^{1/2} since (A − λ_1I)^{1/2}P = P (A − λ_1I)^{1/2} = (A − λ_1I)^{1/2}. Applying this to the expression for ρ_A(^u_k) in equation (3.3), we have

ρ_A(^u_k) =λ_1 + β^2_k ‖(P − γ(A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2})(A − λ_1I)^{1/2}s_k‖^2 + O(β^3_k ) ≤λ_1 + β^2_k ‖P − γ(A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}‖^2 ‖(A − λ_1I)^{1/2}s_k‖^2 + O(β^3_k )

Furthermore from the definition σ = ‖P − γ(A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}‖_2, we can write

ρ_A(^u_k) ≤ λ_1 + β^2_k σ^2‖(A − λ_1I)^{1/2}s_k‖^2 + O(β^3_k ) = λ_1 + β^2_k σ^2s^T_k (A − λ_1I)s_k + O(β^3_k ).

(3.4)

Since ^λ_{k+1} ≤ ρ_A(^u_k), and ^λ_k = λ_1 + β^2_k s^T_k (A − λ_1I)s_k,

0 ≤ ^λ_{k+1} − λ_1 ≤ σ^2(^λ_k − λ_1) + O(β^3_k ).

(3.5)

Consequently the convergence of the eigenvalue estimates is geometric with convergence factor σ^2:

^λ_{k+1} − λ_1 ^λ_k − λ_1 ≤ σ^2 + O(β_k ).

(3.6)

If λ_2 > λ_1 is the second distinct eigenvalue, then using (3.1) we have

ρ_A(u_k) ≥ λ_1 + (λ_2 − λ_1)β^2_k ,

and so

β^2_k ≤ ^λ_k − λ_1 λ_2 − λ_1 . Thus |β_{k+1}| ≤ √ ^λ_{k+1} − λ_1

λ_2 − λ_1

≤ (σ + O(β_k )) √ ^λ_k − λ_1 λ_2 − λ_1

which shows that β_k → 0 geometrically with convergence factor σ.

As β_k = sin̸ (u_k, u), it follows that the angle between the exact and computed eigenvectors converges geometrically as desired.

4. Further bounds. The main difficulty of the above results is that it is extremely difficulty to test the hypotheses for any particular matrix. What would be most significant are conditions for the convergence bound which are known to be satisfied by particular existing linear system preconditioners. For example, consider multigrid preconditioners M for matrices A arising from elliptic partial differential equations discretizations; it can be shown that ‖MA‖_2 and ‖(MA)^{−1}‖_2 are both bounded independently of the size of the matrix A [3, 19].

We now seek similar conditions which will at least give convergence rates independent of the size of the problem under consideration. As an illustration of the grid-independence of the convergence rate that is observed in practice, see Figure 4.1. This figure shows results for the Generalized Davidson algorithm modified for calculating several eigenvalues. This eigensolver for several eigenvalues was first presented in [12]. In this variant, the Generalized Davidson algorithm finds the eigenvalues in order. Initially the first or smallest eigenvalue of S_k is used; once that eigenvalue gives a good estimate of the first eigenvalue of A, the next eigenvalue of S_k is used for estimating the next eigenvalue of A, and so on. The graph in Figure 4.1 shows the residual norms ||Ax_k − ^λ_kx_k|| of the iterates of the the GD algorithm applied to the Laplacian on a square, for various grid sizes. The preconditioner used is an implementation of a (2,1)-FMV method (Full Multigrid V -cycle) [11] with a red-black Gauss–Seidel smoother, which is independent of the current eigenvalue sought. The grid-independence of the convergence rates is observed during the convergence of each one of the eigenvalues sought. More numerical results are shown in [12] and a new parallel version of the GD algorithm was presented in [2].

Fig. 4.1. Residual norm (kAuk � ^λkukk2/kukk2) vs. iteration number (k)

GD algorithms for finding one eigenvalue, seek the first (i.e., smallest) eigenvalue λ_1 of A, and the preconditioner for GD can be a fixed matrix or operator, M. Let P denote the orthogonal projection onto the space perpendicular to Null (A − λ_1I). Since P and I − P are projections onto eigenspaces of A, AP = P A, and in fact, P commutes with every power of A. In the following we use the notation ρ(B) to denote the spectral radius of B.

Theorem 4.1. Suppose that:

1. A and M are symmetric, positive definite. 2. ‖MA‖_2, ‖(MA)^{−1}‖_2 ≤ c_1 for some positive constant c_1. Then the asymptotic convergence factor of the eigenvectors u_k produced by Algorithm 1 is bounded above by a constant which depends only on c_1 and λ_1 < λ_2 (the first two distinct eigenvalues). In particular, we can bound the asymptotic convergence factor by (1 − (1 − λ_1/λ_2)/c^2_1)/(1 + (1 − λ_1/λ_2)/c^2_1).

Proof. Note that the asymptotic convergence factor in Theorem 3.1 is bounded above by σ = ‖P − γP (A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}P ‖_2. In this proof we will bound σ in terms of the relative spectral gap and κ_2(MA). To do this we need to find upper and lower bounds on the matrix inside the norm. The main tools are matrix inequalities (A ≤ B means that u^T Au ≤ u^T Bu for all u), the fact that AB and BA have the same spectra, and positive definite square roots of positive definite matrices.

Note that (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2} is similar to

M^{1/2}(A − λ_1I)M^{1/2} ≤ M^{1/2}AM^{1/2}.

M^{1/2}AM^{1/2} is similar to MA, and so ρ(M^{1/2}AM^{1/2}) = ρ(MA) ≤ ‖MA‖_2. Thus, ‖(A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}‖_2 = ρ((A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}) ≤ ‖MA‖_2 ≤ c_1. Hence, (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2} ≤ c_1I, and consequently, P (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}P ≤ c_1P and P − γP (A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}P ≥ (1 − γc_1)P. To obtain an inequality in the reverse direction, consider u ∈ Range P in the expression w = u^T (P − γP (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}P )u. Since P − γP (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}P = P (I − γ(A − λ_1I)^{1/2}M(A − λ_1I)^{1/2})P and P u = u, w = u^T (I − γ(A − λ_1I)^{1/2}M(A − λ_1I)^{1/2})u. Now, u^T u − w = γu^T (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}u = γu^T (I − λ_1A^{−1})^{1/2}A^{1/2}MA^{1/2}(I − λ_1A^{−1})^{1/2}u ≥ γλ_{min}(A^{1/2}MA^{1/2})‖(I − λ_1A^{−1})^{1/2}u‖^2.

But, since u ∈ Range P = (Null (A − λ_1I))^⊥,

‖(I − λ_1A^{−1})^{1/2}u‖^2 = u^T (I − λ_1A^{−1})u = ‖u‖^2 − λ_1u^T A^{−1}u ≥ (1 − λ_1/λ_2)‖u‖^2. Also, we can give a lower bound on λ_{min}(A^{1/2}MA^{1/2}) as follows. Since A^{1/2}MA^{1/2} is symmetric positive definite, λ_{min}(A^{1/2}MA^{1/2}) = 1/ρ((A^{1/2}MA^{1/2})^{−1}) = 1/ρ(A^{−1/2}M^{−1}A^{−1/2}). This latter matrix is similar to A^{−1}M^{−1} = (MA)^{−1}, so λ_{min}(A^{1/2}MA^{1/2}) ≥ 1/‖(MA)^{−1}‖_2 ≥ 1/c_1.

Thus,

u^T (A − λ_1I)^{1/2}M(A − λ_1I)^{1/2}u ≥ (1 − λ_1/λ_2)‖u‖^2/c_1, and so

w ≤ ‖u‖^2 − γ(1 − λ_1/λ_2)‖u‖^2/c_1 = (1 − γ(1 − λ_1/λ_2)/c_1)‖u‖^2. In terms of matrix inequalities, (1 − γc_1)P ≤ P − γP (A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}P ≤ (1 − γ(1 − λ_1/λ_2)/c_1)P.

Combining these two inequalities we see that ‖P − γP (A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}P ‖_2 ≤ max(|1 − γc_1|, |1 − γ(1 − λ_1/λ_2)/c_1|). By choosing γ = 2/(c_1 + (1 − λ_1/λ_2)/c_1), we minimize this bound, giving ‖P − γP (A − λ_1I)^{1/2}P MP (A − λ_1I)^{1/2}P ‖_2 ≤ 1 − (1 − λ_1/λ_2)/c^2_1 1 + (1 − λ_1/λ_2)/c^2_1 . Thus the asymptotic convergence factor is bounded above by 1 − (1 − λ_1/λ_2)/c^2_1 1 + (1 − λ_1/λ_2)/c^2_1 , which is the desired bound on σ.

The above bound for the convergence factor (cf) can be used to derive the formula (1 − cf)/(1 + cf) ≥ (1 − λ_1/λ_2)/c^2_1. Figure 4.2 confirms that in fact this is the case with the multigrid preconditioned GD applied to our test problem. The vertical axis is data obtained from the numerical results in Figure 4.1, the horizontal axis is the right side of this later inequality (assuming c_1 = 1). As predicted, the values on the left side of the inequality are always above the identity line.

Fig. 4.2. Numerical convergence results estimates compared with 1 � λj /λj+1

5. Conclusions. In the preconditioning step of the Generalized Davidson Algorithm, given the condition number κ_2(MA), we can scale M so that ‖MA‖_2, ‖(MA)^{−1}‖_2 ≤ √ κ_2(MA). Since scaling does not affect the iterates of the algorithm, the convergence rate is unchanged. This gives a bound on the convergence factor of (1 − (1 − λ_1/λ_2)/κ_2(MA))/(1 + (1 − λ_1/λ_2)/κ_2(MA)). Thus the bound derived here implies that the number of iterations needed to achieve a residual norm ‖Au_k − ^λ_k u_k‖_2/‖u_k‖_2 < ϵ to be, asymptotically, O(log(1/ϵ)κ_2(MA)/(1 − λ_1/λ_2)). That is, the number of iterations is proportional to the condition number of the preconditioned matrix MA, and inversely proportional to the relative spectral gap 1 − λ_1/λ_2. This bound is independent of the size of the problem as the results of Figure 4.1 suggest.

Acknowledgements. The author is thankful to an anonymous referee whose comments improved the clarity and presentation of this paper.

REFERENCES

[1] R. E. Bank and A. H. Sherman, An adaptive multi–level method for elliptic boundary value problems, Computing, 26 (1981), pp. 91–105.

[2] L. Borges and S. Oliveira, A parallel Davidson-type algorithm for several eigenvalues, Journal of Computational Physics, (1998), pp. 763–770.

[3] J. H. Bramble, Multigrid Methods, vol. 294 of Pitman Research Notes in Mathematical Sciences, Longman Scientific & Technical, Essex, England, 1993.

10 S. Oliveira

[4] J. H. Bramble, J. E. Pasciak, and A. V. Knyazev, A subspace preconditioning algorithm for eigenvector/eigenvalue computation, Adv. Comput. Math., 6 (1996), pp. 159–189 (1997).

[5] M. Crouzeix, B. Philippe, and M. Sadkane, The Davidson method, SIAM J. Sci. Comput., 15 (1994), pp. 62–76.

[6] E. R. Davidson, The iterative calculation of a few of the lowest eigenvalues and corresponding eigenvectors of large real-symmetric matrices, J. Comp. Physics, 17 (1975), pp. 87–94. Note.

[7] A. Greenbaum, Iterative methods for solving linear systems, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1997.

[8] W. Hackbusch, On the multigrid method applied to difference equations, Computing, 20 (1978), pp. 291–306.

[9] W. Hackbusch and G. Wittum, eds., Incomplete decomposition (ILU)—algorithms, theory, and applications, Braunschweig, 1993, Friedr. Vieweg & Sohn.

[10] R. Horne and C. Johnson, Matrix Analysis, Cambridge Uni. Press, Cambridge, 1985. [11] S. McCormick, ed., Multigrid Methods, Frontiers in Applied Math., SIAM, Philadelphia, PA, 1987.

[12] S. Oliveira, A convergence proof of an iterative subspace method for eigenvalues problem, in Foundations of Computational Mathematics Selected Papers, F. Cucker and M. Shub, eds., Springer, January 1997, pp. 316–325.

[13] J. Olsen, P. Jorgensen, and J. Simons, Passing the one-billion limit in full configurationiteraction (FCI) calculations, Chemical Physics Lettters, 169 (1990), pp. 463–472.

[14] B. N. Parlett, The Rayleigh quotient iteration and some generalizations, Mathematics of Computation, 28 (1974), pp. 679–693.

[15] Y. Saad, Numerical Methods for Large Eigenvalue Problems, Algorithms and Architectures for Advanced Scientific Computing Series, Manchester University Press and Halsted Press (an imprint of J. Wiley & Sons), New York, Brisbane, Toronto, 1992.

[16] G. Sleijpen and H. Van der Vorst, A Jacobi-Davidson iteration method for linear eigenvalue problems, SIAM J. Matrix Anal. Appl., 17 (1996), pp. 401–425.

[17] K. Wu, Preconditioned Techniques for Large Eigenvalue Problems, PhD thesis, University of Minnesota, 1997. An updated version also appears as Technical Report TR97-038 at the Computer Science Department.

[18] K. Wu, Y. Saad, and A. Stathopoulos, Inexact Newton preconditioning techniques for eigenvalue problems, Electronic Transactions on Numerical Analysis, 7 (1998), pp. 202–214.

[19] H. Yserentant, Old and new convergence proofs for multigrid methods, in Acta Numerica, A. Iserles, ed., Cambridge University Press, 1993, ch. Chap. 6, pp. 285–326.

S. Oliveira Department of Computer Science University of Iowa Iowa City, IA 52246 U.S.A.

e-mail: oliveira@cs.uiowa.edu