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ABSTRACT

In the Euclideanbipartite matchingproblem,we aregivena setR
of “red” pointsanda setB of “blue” pointsin ¢ wherejRj =
jBj = n, andwe wantto pair up eachred point with a distinct
blue pointsothatthe sumof distancedbetweerthe pairedpointsis
minimized. We presentain approximatioralgorithmthatgivenary
parameted < " < 1runsin O(n'* ") expectedtime andreturns
a matchingwhoseexpectedcostis within a multiplicative factor
O(log(1=")) of theoptimal. Thedimensiond is consideredo bea
x edconstant.

Categoriesand SubjectDescriptors: F.2.2[Theoryof Computa-
tion]: NonnumericaAlgorithmsandProblems—geometricalprob-
lemsand computationsG.2.1[DiscreteMathematics]:Combina-
torics—combinatorialcompleity

General Terms: Theory CombinatorialOptimization

Keywords: Matching,approximatioralgorithms

1. Intr oduction

In the Euclideanbipartite matchingproblem,we aregivena setR
of “red” pointsanda setB of “blue” pointsin ¢ wherejRj =
jBj = n, andwe wantto pairup eachredpointwith adistinctblue
pointsothatthe sumof distancedetweerthe pairedpointsis min-
imized. This is awell knovn geometricoptimizationproblemthat
hasapplicationsn operationgesearchpatternrecognition,shape
matching statisticsandVLSI.

Related work. Euclideanbipartite matchingproblemis a spe-
cial caseof the classicalbipartite matchingproblemin a graph.
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The rst polynomialtime algorithmin the graphsettingis the fa-
mous“Hungarian”algorithmdueto Kuhn[9]. Thefastesknowvn
implementatiorof this algorithmrunsin O(jVj®) time on dense
graphs(seeLawler [10]) androughly O(JEjjVj) time on sparse
graphg[8], wherejVj andjE] arerespectrely the numberof ver
ticesandedgesin the graph. Thereis a scalingalgorithmdueto
Gabav andTarjan[7] thatrunsin O( jVjjEjlog(jVjN)) time,
whereN is the largestweight of an edgein the graph (weights
are assumedo be integers). For the two-dimensionaEuclidean
version of this problem, Vaidya [13] shaved that geometrycan
be exploited to getalgorithmsrunningin O(n°2 log®® n) time.
Agarwal etal. [1] improved the runningtime for the bipartitecase
toO(n?" ), forary > 0. Agarwal andVaradarajati2] gave an
(1 + ")-approximatioralgorithmfor this problemthatreturns,for
ary 0 < " < 1, aperfectmatchingwhosecostis at most(1 + ")
timesthe optimalin O((n3*2="?) log®(n=")) time. Thisis ageo-
metric implementatiorof the scalingalgorithmmentionedabove.
No algorithmwith a betterrunningtime is known for computing
evena constanfactorapproximatiorto the optimalmatching.We
restrictour attentionto suneying the two-dimensionaEuclidean
casebecausehis is a goodindicationof the stateof the art. The
bestalgorithmsin ary x ed dimensionareobtainedby a straight-
forwardtranslationof thetwo-dimensionahlgorithms.

A generalizatiorof the Euclideanbipartite matchingis the so-
calledtransportationproblem,in which we are given two setsof
pointsU andV in 2 andapositiveintegraldemand (p) for each
p2 UJ[ V sothat

(u) = (v):
u2U v2Vv

A feasiblesolutionto this problemis a subsetM U Vof
edgesand positive integral weightsw(u; v) for each(u;v) 2 M
suchthat

(p) = w(p;q) 8p2 U

(pg)2M
w(p;q) 8q2V
(p:g)2m

Thegoalisto nd afeasiblesolutionM ; w thatminimizes

(@ =

w(u; v)d(u; v):
(uv)2M™

Hered(u; v) is the Euclideandistancebetweenu andv. The bi-
partite matchingproblemis a specialcaseof the transportation
problemin which all demandsare 1. Atkinson and Vaidya [4]
presentednalgorithmto solve the transportatiorproblemin time
O(k?° logk logN) wherek = jUj + jVj andN is themaximum
demand.



The nonbipartiteversionof Euclideanmatching,wherewe are
givenasetP of 2n pointsin ¢ andwe wantto pair up the points
into n pairsso asto minimize the sum of the distancesetween
pairedpoints,is alsowidely studied.The rst polynomial-timeal-
gorithm for the graphversionof this problemis the classicalal-
gorithm due to Edmonds[6]. The bestimplementationsof this
algorithmandthe bestscalingalgorithm have runningtimes sim-
ilar to the bipartite case. Vaidya[13] gave an algorithm for the
two-dimensionalEuclideanversion of this problemthat runsin
0(n°21og®°® n) time. Varadarajaril4] latergave a divide-and-
conquenlgorithmthatrunsin O(n®2 1og®® n) time. For theap-
proximateversionof this problem,Vaidya[12] gave analgorithm
that,for ary " > 0, runsin roughly O(n3=2="%) time andreturns
a (1 + ")-approximateperfectmatching. In a seminalpaperthat
gave improved algorithmsfor mary geometricoptimizationprob-
lemslikethe TSR Arora[3] gave aMonte-Carloalgorithmthatruns
in O(n log® =" n) timeandreturnsa(1+ ")-approximatenatch-
ing with high probability Building onhisapproachRaoandSmith
[11] give a Monte-Carloalgorithmthat runsin O(nlogn) time
andproducegwith probability atleastl=2) a matchingwhosecost
is within a constantfactorof the optimal. Agarwal andVaradara-
jan [2], also building on Arora's approach,gave a Monte Carlo
algorithmthatreturnsa (1 + ")-approximatematchingwith proba-
bility atleast1=2 in O((n="2) log® n) time.

Fromthe discussiorof the stateof theart, it appearghatbipar
tite matchingis harderthannonbipartitematchingin thegeometric
setting.This seemgounterintuitve at rst but alittle re ection re-
vealsthatthebipartitecasecanbemore“non-local” thanthenonbi-
partitecase.Indeedthenearlinearapproximatioralgorithmdueto
Arora[3], whichis basednahierarchicatlecompositiorf apoint
setby arandomlyshiftedquadtreedoesnot extendto the bipartite
case. Onesourceof dif culty is thatwhena cell of the quadtree
is divided into four cells,the numberof edgesof even anapproxi-
matematchingthatcrossthe subdviding linesmaybe muchlarger
thanaconstanbr log n. This makesthe numberof subproblemsn
the naturaldynamicprogrammingapproachoo large,andit is not
clearhow to getaroundthis dif culty .

Neverthelesshegenerafeelingamongresearchersasbeenthat
anearlineartime algorithmthatgivesatleasta constant-fctorap-
proximationmustexist, andthatthe subdvision dueto arandomly
shiftedquadtreeshouldbe a usefultool.

Our results. In this paper we make substantiaprogressowards
realizingthe above intuition: we give a Monte Carlo algorithmfor
the two-dimensionabipartite matchingproblemthat, for any 0 <
" < 1, runsin O(n'"") expectedtime and returnsa matching
whoseexpectedcostis within O(log(1=")) of the optimal. Thus
the closerour asymptoticrunningtime getsto O(n), the largeris
the constanin the constant-éctorapproximationwve get.

Our algorithmusesa variantof theideaof the randomlyshifted
quadtreeWhenacell of thequadtreas subdvidedinto “subcells”,
we computea matchingin which the numberof edgeghat“cross”
a subcellis the minimum numberthat needsto in ary matching
(dueto animbalancebetweenthe numberof red and blue points
in the subcell). We resolwe the questionof which points of the
subcellareto bematchedutsidethesubcellby pickinganarbitrary
subsetof the right size from the points of the predominantolor.
We boundthe expectedncreasén thecostof the matchingthatwe
computeusingthe factthat we are usinga probabilisticpartition.
To ensurethatthe overallincreasen costis nottoo muchwe make
surethatthe numberof levelsin the quadtrees O(log(1=")). To
dothis we allow acell of the quadtredo bepartitionedinto alarge
numberof subcells,not just4. Thesizeof the subproblemsn the
“merge” stepmay be quite large but we reducethis problemto a

small-sizedransportatiorproblem.Our analysisof the costof the
matchingcomputedby our algorithm hassomenew ideaswhich
maybeusefulelsavhere.

Organization. In Section2 we de ne the problemmorecarefully
andstatesomepreliminarylemmasandresultsthatwe will subse-
quentlyuse. To simplify the presentatiorwe rst presentin Sec-
tion 3 analgorithmthatrunsin O(n'* ") expectedime andreturns
amatchingwhoseexpectedcostis within O(1=") of theoptimal.In

Sectiord we describeourimprovedalgorithmthatreturnsa match-
ing whoseexpectedcostis within O(log 1) of theoptimal. Wewill

restrictour expositionto the two-dimensionalersion. Our algo-
rithmsandtheir analysigeadilygeneralizeéo ary x eddimension.

2. Preliminaries

Let R beasetof n “red” pointsandB a setof n “blue” points
in 2. A perfectbipartite matcing of P = R [ B is a subset
M R B of red-bluepairssuchthateachpointin P is present
in exactly onepair of M ; we referto a perfectbipartite matching
assimply amatching.Obviously, jM j = n. We de ne the costof
amatchingM of P to be

(P;M) = d(u; v);
(uv)2M™

whered(u; v) is the Euclideandistancebetweeru andv. If theset
P is x edor obviousfrom thecontext, wewill use (M) todenote
(P;M). Let

(P)= min (P;M)

denotethe costof the min-costmatchingof P, andlet
min-costmatchingof P.

We bagin with thefollowing simpleobsenrations.

(P) bea

LEMMA 2.1.LetP = R [ B, let P° be the point set ob-
tainedby “moving” ead pointp 2 P to apointp’, andlet =
o2p d(p;p%)-

(i) LetM beanyperfectmatdingof P, andlet
M= f(p%d) i (pa)2Mg

bethe correspondingerfectmatding of P°. Then
i (M9 (M)

(i) LetM bethe matcing in P correspondingo the optimal
perfectmatding of P Then

M) (P)+2

Thefollowing lemmasuggestfiow to computea roughapprox-
imationof (P).

LEMMA 2.2. LetR bea setof n red pointsandB a setof n
bluepointsin  2; setP = R[ B. Wecancomputan O(n logn)
timeanumber sud that

(P) 2n?: (1)
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Figure 1. A recursve stepof the matchingalgorithm: (i) An input setandits min-costmatching. (i) The transportatiorproblemcorrespondindo Q; the
numbersearthe pointsaretheirdemandsandthe numbersearthe arcsarethe edgeweightsin the solutionof the transportatiorproblem. iii) A recursve

solutionfor eachcell in thegrid. (iv) The outputmatching.
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Figure 2. Computingaroughapproximatiorof (P).

PrROOF. Wecomputen O(n log n) timetheminimumspanning
treeT of P (ignoringthe colors),undertheL; -metric,usingthe
algorithmby CallahanandKosaraju5]. Letes;::: ;exn 1 bethe
edgef T in increasingrderof theirlengths.For0 i 2n 1,
let G; denotethe subgraphinducedby the edgese:;::: ; e/, and
leti bethesmallestintegerfor whicheachcomponenbf G; has
equalnumberof red and blue points. Given the orderingof the
edgesj canbecomputedn O(n) time. Thelengthof e isthe
desiredvalueof . SeeFigure?2.

Indeed,thegraphG; 1 hasatleastoneconnecteccomponent
C in which the numberof redandblue pointsis not the same.So
ary perfectmatchingM of P hasanedgee thathasoneendpointin
C andanotherendpointin acomponenbf G; 1 differentfrom C.
By awell known propertyof MSTSs, kek; ke ki . Moreover,
kek,  keki , weconcludethat (P)

Every connectedcomponenbf G; hasthe samenumberof red
andblue points. We constructa perfectmatchingM ° of P by nd-
ing anarbitraryperfectmatchingfor thepointswithin eachcompo-
nent. Notethatfor eachedge(u; v) 2 M ° thereis a pathbetween
u andv in G; . Sinceeachedgeof G; haslengthat most , we
concludefrom the triangle inequality that kuvki n . Thus
d(u;v) 2n and (M9 2n?% . O

For a parameter > 0, let be the squaregrid formed by
the horizontallinesy = i andtheverticallinesx = j , where
i;j 2 . Wede ne arandomshift of to be the grid formed
by thelinesy = i + ax andx = j + ay, whereax;ay aretwo
independentlghoserrandomnumbersn theintenal [O; ).

3. The Algorithm

In this section,we describean algorithmthat, given the input set
P = R[ B of 2n pointsandaparametet > 0, runsin O(n** ")

expectedtiime andreturnsa matchingof P whoseexpectedcostis
atmostO(1=") timesthe optimal. We assumehatthe point setP

is enclosedn a boundingsquareE . Thealgorithmis a call to the
following procedureM atch with parameter$ andE. Thealgo-
rithm is describedn a way thatwill make it easyto describethe
modi cations neededo obtainthe improved algorithm. Through-
outthealgorithm,n will denotgRj = jBj.

Procedurév atch(S;D).

1. If m = jSj=2 is smallerthansomeconstantthencompute
anoptimalmatchingof S usingthe Hungariaralgorithmand
andreturnthis matching.

2. Usingthe algorithmof Lemma2.2, we rst computeanap-
proximation to (S) suchthat (S) 2m? .

3. If 2m® is greaterthan 1=8 timesthe side-lengthof D, we
computea matchingof S by making a call to the proce-
dure SubM atch with parametersS, D, , m andreturn
this matching. Otherwise,we take a randomshift of the
grid ,,5 . Let denotethe setof grid cells thatinter
sectD. ForeachgridcellC 2 ,letSc = S\ C, let

(C) = jjSc \ Rj jSc \ Bjj. If Sc containsmorered
points than blue points (resp. blue pointsthanred points)
we arbitrarily pick (C) red points(resp. blue points)and
denotethe setby Qc. LetQ = [c2 Qc. NotethatQ
containsan equalnumberof red andblue points. We com-
pute a perfectmatchingof the pointsin Q asfollows. For
eachcell C, we “move” eachpointin Q¢ to thecenterof the
grid cell C. We computeanoptimalperfectmatchingfor the
moved points usingthe Hungarianalgorithm;let M denote
thecorrespondingnatchingof Q.

4. ForeachcellC 2 for whichSc Q¢ is nonemptywe
computea perfectmatchingM ¢ of the pointsSc Q¢
using a call to the subroutineSubM atch with parameters

Sc  Qc;C; ; m.WereturnthematchingM | c2 Mc.

The subroutineSubM atch is a recursve procedurethat takes
asinput a point setS consistingof an equalnumberof red and
bluepoints,aboxD containingS, andparameters andm. Note
thatm herewill be setto the size of the point setin the original
M atch routinethatinvoked SubM atch; and will bethe crude
approximationcomputedby this M atch routine. The subroutine
SubM atch will computea perfectmatchingof S.

ProcedureSubM atch(S;D; ; m)

1. Let L denotethesidelengthof D. If L =m 2, we com-
puteanarbitraryperfectmatchingof S andreturnit.



2. Let = "=12 If jSj=2 n® , we computeaperfectmatch-
ing of S usingthe Hungarianalgorithmandandreturnit.

3. We take a randomshift of the grid |- o ram 4- L€t
denotethesetof grid cellsthatintersecD . Foreachgrid cell
C2 ,letSc =S\ C,let (C)=jjSc\ Rj jSc\ Bjj.
If Sc containsmorered pointsthanblue points(resp. blue
pointsthanred points)we arbitararilypick (C) red points
(resp. blue points) and denotethe setby Qc. Let Q =
[ c2 Qc. NotethatQ containsanequalnumberof redand
blue points. We computea perfectmatchingof the points
in Q asfollows. For eachcell C, we “move” eachpointin
Qc tothecenterof thegrid cell C. We computean optimal
perfectmatchingfor themovedpointsusinganalgorithmfor
the transportatiorproblem:let M denotethe corresponding
matchingof Q.

4. ForeachcellC 2 for whichSc  Qc is nonemptywe
computea perfectmatchingM ¢ of the pointsSc Q¢
using a call to the subroutineSubM atch with parameters

Sc  Qc;C;; m.WereturnthematchingM [ ., Mc.

Running time analysis

Step2 of procedureM atch takesO(m logm) time. Theexpected
runningtime of Step3 is O(m), becausgQj = ., (C)is
boundedy thenumberof edgesf the optimal perfectmatchingof
S thatcrossthegrid lines,andtheprobabilitythatthelatternumber
is greatetthan0is atmostl=m?® dueto thelargegrid size. Thusthe
runningtime is O(m?) (for runningthe Hungariaralgorithm)with
probability at most1=m*® andis O(m) otherwise. The expected
timeis thuslinear Theoverall expectedrunningtime of M atch is
thusO(m logm).

Therunningtime of Step2 of procedureSubM atch is O(jSj*),
wherejSj n® . Thusthe contritution of Step2 to the overall
overall runningtimeis | O(n?) giventhat i ni  nandeach
ni  n® . Thusthecostof Step2 overallis O(n***2 ). In step3,
thesizeof Q maybequitelargebut the sizeof themovedpointset,
notcountingmultiplicities,isonly O(m? ) = O(n? ) (becaus¢he
numberof grid cellsin  is O(m? )). Thussolvingthis matching
problemby running the algorithmfor the transportatiorproblem
dueto AtkinsonandVaidya[4] takesO(n® log? n) timewhichis
O(n® ). Thisis boundedby the sizeof the point setS. Thusthe
runningtime of SubM atch is linearin jSj if we ignoreStep2.

Thenumberof levelsin therecursionis O(1= ) becausehesize
of the boundingbox when SubM atch is rst invoked is at most
16m° , theboundingbox sizefalls by afactorof atleastm with
eachlevel of the recursion,andthe smallestboundingbox sizeis
=m 2. Sothe overall expectedrunningtime of the algorithmis
O(mlogm + m= + n'2 ), Note that the third term comes
from Step2 of SubM atch. With our choiceof = "=12 the
overall expectedrunningtimeis O(n** ).

Remark 3.1 The proceduresvl atch and SubM atch are quite
similar. The purposeof M atch is to handlethe scenariovhenthe
initial boundingbox of theinput point setis too large.

Quality of the matching produced

In analyzingthe quality of the matchingproducedjt will be con-
venientto speakof the hierarchicalsubdvision or the generalized
quadtreghattheprocedure$/ atch andSubM atch togetherpro-
duce.Theroot nodeof this subdvision is associateavith theinput

pointsetP andits boundingsquareln generalanodeof thesubdi-
visionis associatewith apointsetS P andasquareD contain-
ing S. If thisis aleafof thesubdvision (correspondingo Stepl of

M atch and Stepsl and?2 of SubM atch), the algorithmdirectly

computesa matchingof the point setS. If thisis aninternalnode
of the subdvision, the algorithm usesa randomlyshifted grid of

anappropriatesizeto breakup D into asetof cells ,computesa
matchingof asubseQ S of pointsthatarethendiscardedand
recursvely computesa matchingfor the pointsSc Q¢ within

eachcell C 2 . Thusthereis a nodeof the subdvision for each
cell C forwhichSc  Qc is non-emptyandeachsuchnodebe-
comesa child of thecurrentnode.

For ary nodev of the subdvision thatis producedby the al-
gorithm,let S, betheassociatedetof pointsandD, thebounding
squarelf v isaninternalnodeof ,letQy Sy denotethe setof
“discarded”points,letZ, = S, Qy, let , denotethematching
of Qv computeddy ouralgorithm,let , denotethesetof cellsinto
which Dy is subdvided, andlet , denotethe side-lengthof ary
cellin . Let o denotethe setof leavesof and i thesetof
internalnodes.

Let denotethe optimal perfectmatchingof the input setof
pointsP . For the sale of analysiswe describea schemeor con-
structinga perfectmatching  for the pointsS, associatedvith
eachleafv 2 o. LetM'= , . letM® =, .

Clearly M' [ MY is aperfectmatchingof P. The constructioris
bestviewedasaschemehatcorverts intoM'[ M ¢.

The corversion scheme.We visit  in atop dovn manner(in a
post-ordeffashion).At eachnodev we have a matching  of S, .
Fortherootu of , , = . If visaninternalnode,we process

v in two stages.eachof which involves performinga sequence
of edgeswaps. Let £ v denotethe subsetof edgesthat are
“cut” by thesubdvisionof Dy into , thatis, thoseedgeswvhose
endpointdie in differentcellsof .

Stage I. LetM%=  initially. We repeathefollowing step
till we aredone:While therearetwo edgeqr1; by) and(r2; ) in
M ° suchthatboth edgesarecut by the subdiision of Dy into v,
r; andb, arebothin thesamecell of |, andareof oppositecolor,
we replacetheseby (r1; ) and(rz2; b); seeFigure3. At theend
of thisstageexactly (C) = jQv\ Cjedgef M °from eachcell
C 2  arecutbythesubdvisioninto .

by b1
O ry

rl./
X
sz*—.rz by ra

Figure 3. Swappinganedgein Stagel.

Stage Il. ForeachcellC 2 , we repeatthe following
steptill we aredone: if thereis in M ° a cut edge(r; b,) where
ro 2 Zy\ C and(by necessity)a non-cutedge(r; ;) where
ri1 2 Qv \ C hasthesamecolorasr,, we replacetheseedgesby
thecutedge(r1; bp) andthenon-cutedge(r; b); seeFigure4.

Let v bethe matchingM ° at nodev after having performed
edgeswapsin Stagel andll. Clearly, v = %[ ,where {isa
matchingof Q, and  isamatchingof Z,. Furthermoreno edge
of  is cut by the subdvision of Dy into . Thatis, for each
C 2 ,therestrictionof , toZy\ CisamatchingofZ,\ C
(andindeedconstitutegheinputmatching w of Sy = Zy \ C for
thenodew in  correspondingo C).
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Figure 4. Swappinganedgein Stagell.

LEMMA 3.2. After havingprocessedn internal nodev 2
we havethefollowing:

M v+ (v)

stant.

(v)+cvjEj, wheec> Oisacon-

@) jvn 37

PrROOF. Eachstepin Stagel decreasethenumberof cutedges
in M ° by at leastoneandincreaseshe costof the matchingby at
most2 . Thusthenumberof stepsis atmostj £j andthecostof
thematchinghasincreasedy atmost2 j £jin thisstage At the
endof thestagegexactly (C) edgeof M °fromeachcellC 2
arecutby thesubdvisioninto .

The numberof timesthe stepin Stagell is performedover all

cellsin  is at mostjQyj 2j £j, andeachstepincreaseshe
costof thematchingby atmost2 . It is thereforeclearthat

(V+ (V)
for someconstant® > 0. Now
(v) (9)+24jQij (9)+84jdh
wherethe rst inequalityfollows from Lemma2.1 (ii). Thiscom-
pletesthe proof of (i). We introducedat mostonenew edgeinto

M %in eachstepof stagel andstage2. Hencethe overall number
of new edgessatmost3 j Fj, completingtheproofof (ii). O

(v)+ o vj EJ

It is clearthatat the end of the traversal,we have the matching
M'[ M¢ asstated.Indeed,for ary leafv 2 o, v is goingto
be .. Thesignicanceof M' [ M ¢ is thatif our algorithmwere
to computean optimal matchingfor the pointsS, associatedvith
eachleafv 2 o, thenthe costof the overall matchingcomputed
by ouralgorithmwould beatmost (M'[ M 9).

Wethereforewishtobound (M'[ M%) (). FromLemma
3.2(i), weseethat (M'[ M)  ( )isatmost ,,  C vj vj.
We accountfor this by chaging ¢ , to eachedgein F for each
internalnodev 2 ;.

To boundthetotal chage, we do thefollowing for eachinternal
nodev 2 1: For eachedgee 2 £, we pick up to threeedges
from  n  andcall thesethe children of e. We ensurethateach
edgein  n yisachild of exactlyoneedgein £. Thisis possible
becausef Lemma3.2 (ii).

Consideranedgef in theoptimalperfectmatching , andsup-
poseit is cut (appearsn F) atsomeinternalnodev 2 ; andis
chagedc . Let S;i(f) denoteits childrenandfor 2 i de ne
Si (f ) to betheunionof thechildrenof theedgesn Si 1(f ). Note
thatjSi(f)j 3. Furthermoregachedgein Si(f) is chagedat
mostc ,=8', because¢he diameterof the boundingsquarefalls by
atleast8 with eachlevel of the subdvision. Thusthetotal chage
accumulatedy the “descendantsbf f isc v, ; 3'=8" which

is at mostc® , for someconstant® > 0. Thusthe chageto the

descendentsf an edgef in  is proportionalto the chage to
the edgeitself. Whatis the expectedchage to the edgef ? This
is at mostthe numberof levels of the subdvision times the ex-
pectedchageto it at aninternalnodev of the subdvision given
thatf 2 . The numberof levelsin the subdvision is O(1=").
Giventhatf 2 , the expectedchageto f atv is the proba-
bility f isin £ timesc . It is easyto seethatthis probability
is at most 2jjf jj= y. We concludethat the expectedchage to f
atv is O(jjf jj), the expectedtotal chageto f is O(jjf jj="), and
the expectedtotal chage appliedto all the edgesin £ for each
v2 1isO(1=") ( ). Weconcludethattheexpectedvalueof
MY+ (MYiso@a=") ().
Increasein costat the leaves. As we have alreadyremarled, the
costof thematchingcomputedy ouralgorithmwould be bounded
by (M'[ MY) if the algorithm computesan optimal matching
for the pointsassociatedavith eachleaf of the subdvision. Theal-
gorithm in fact doesthis at ary leaf thatis handledby Step1 of
M atch or Step2 of SubM atch. The only placewherethe al-
gorithm computesa sub-optimalmatchingof the pointsassociated
with aleaf of thesubdvisionis in Stepl of SubM atch. In sucha
Bityation,eachedgeof the computedmatchinghaslengthat most
2=n 2. Thusthe costof the matchingcomputedby our algo-
rithm is atmost

MO MYy+n

2=n? (Md[M')+p§( )=n

M'ITMDY+ ()

Sincetheexpectedvalueof (MY[ M')isO(1=") ( ), we
have establishedhefollowing result.

THEOREM 3.3. LetR bea givensetof n red pointsandB a
givensetof n bluepointsin 2, and" > 0 beaparameter\We can
computein O(n'* ") expectedtime a perfectmatding of B [ R
whoseexpectecdcostis at mostO(1=") timesthe optimal.

4. The Impr oved Algorithm

In this sectionwe presentour improved algorithm that, given a
pointsetP = R[ B of 2n pointsandaparameted < " < 1, runs
in O(n** ") expectedtime andreturnsa matchingwhoseexpected
costis atmostO(log %) timesthe optimal. Notethatif we ignore
step2 of subroutineSubM atch, the algorithmof Section3 runs
in O(nlogn + n=) expectedtime, has1= levels, andreduces
the problemto subproblemsf sizeat mostn® . Theideaof the
modi cation isto set = 1=12insteadof = "=12. Thenthe
algorithmrunsin O(n log n) expectedime, hasaconstannumber

f levels, andreduceghe problemto subproblem®f sizeat most

n. Wethenapplythe samealgorithmon the subproblemsill we
getsubproblem®f sizeat mostn=*. We continuein this fashion
till we areleft with subproblemsf size at mostn™=2, which we
then solve using the Hungarianalgorithm. The numberof levels
is nov O(log 1="), andthe analysisgoesthroughgiving an ap-
proximationof O(log 1=") timesthe optimal. Therunningtime is
O(nlognlog1="+ n%").

The speci ¢ modi cation neededto our formal subroutineds

asfollows: We replaceStep2 of subroutineSubM atch by the
following steps:

2a lf jSj=2  n"=? wecomputeanoptimalmatchingof S using
thecubicalgorithmandreturnthis matching.

2b if jSj=2  m'"2, returnthe matchingof S computedby
M atch(S;D).



Running time analysis. As before,the expectedrunningtime of
thesubroutinedM atch andSubM atch is O(jSj log jSj) if weig-
noreStep2aof SubM atch. Usinganargumentvery similar to the
previous algorithm, the overall contribution of Step2ato the run-
ning time is O(n'* "). Furthermore by constructionthereis an
integerconstantkk 1 suchthatif the recursiondepthis at least
k i for someintegeri 0, the size of the associateghoint set

is at most2n’=?" . Sincethe sizeof the associategboint setis at
least2n=? whenarecursve call is made we concludethatthe re-
cursiondepthis O(log 1="). (Similar remarksapply to the depth
of the subdvision producedy the new algorithm.) Thusthe over
all e>1<pectedrunningtime isO(nlognlog1="+ n**"), whichis
o).

Quality of the matching produced. The analysisof the expected
valueof (M')+ (M 9) proceedsn amanneidenticalto thepre-
vious algorithm. Sincethe depthof the subdvision is O(log 1=")
now, theexpectedvalueof (M ')+ (M%) isO(log1=") ( ). A
little morecareis neededo boundtheincreasen costattheleaves
of thesubdvision. Notethatthe algorithmcomputesa suboptimal
matchingfor the pointsassociateavith aleafw of the subdvision
only usingStep1 of SubM atch. Let ussaythataninternalnode
v of the subdvision is specialif the algorithmcomputesa crude
approximatiorto the optimal matchingof the pointsS, associated
with v using Step2 of M atch. Note that becauseof Step1 of
M atch, jSyj  2d for sucha nodev, whered is alarge enough

integer constant.Let j bethesmallesn'ntegersuchthatd21 n,
andforl i j,let ;bethesetofall speciainodesv suchthat
2d * jS,j < 2d? . Thealgorithmensureghatif a pointis
associateavith two specialnodesv andv® andjS,j < jS,oj, then
iSvi jSvoj. It follows thatno point is associatedvith more
thanonenodefrom ;. Let M; bethe matchingobtainedby tak-
ing theunionof theoptimalmatchingof S, foreachv 2 ;. Since
thematchingM ' [ M ¢ whenrestrictedto S, yieldsamatchingof
S,,weconcludethat (M;)  (M'[ M9).

Considersomeleaf w of the subdvision wherethe algorithm
computesa matchingfor Sy, usingStep1 of SubM atch. Corre-
spondingto w, thereis a specialnodev suchthatS,, Sy, the
lengthof eachegg_eof the matchingof S computedby our algo-
rithmis atmost 2 = (jSyj=2)?, where (Sv). We*“chamge”
thecostof suchanedgeto v.

A specialnodev canbe cBa_ged by only jSyj=2 edgessothe
total chageto v is at most 2 (Sy)=(jSvj=2). It follows that
forary 1 i ], thetgtal chageto all the nodesin  is at
most 2 (M;)=c® " 2 M'[ M= . Thusthetotal
chagetoall thespeciahodess' 2 (M'[ M%) 1 1=¢* ' =
o( (M'[ M%). Sincethecostof thematchingM outputby our
algorithmis atmost (M'[ M Y) plusthetotal chage to all the
specialnodeswe concludethat (M) = O( (M'[ MY)). Thus
theexpectedvalueof (M) isO(log 1=") ( ). Thuswe have:

THEOREM 4.1. LetR bea givensetof n red pointsandB a
givensetof n bluepointsin 2, and" > 0 beaparameter\We can
computein O(n'" ") expectedtime a perfectmatding of B [ R
whoseexpectecdcostis at mostO(log 1=") timestheoptimal.

5. Conclusions

To obtain a constant-fctor approximationalgorithmthat runsin
sayO(n log n) time,we mayhaveto allow aricherinteractionthan
we currentlydo betweerthe childrenof eachinternalnodeof the
subdvision. It is averyinterestingopenquestiorto gure outhow
asufciently rich interactioncanbe accomplishedn the allowed
time.
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