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ABSTRACT
In theEuclideanbipartitematchingproblem,we aregivena setR
of “red” pointsanda setB of “blue” points in

� d wherejRj =
jB j = n, andwe want to pair up eachred point with a distinct
bluepoint sothatthesumof distancesbetweenthepairedpointsis
minimized.We presentanapproximationalgorithmthatgivenany
parameter0 < " < 1 runsin O(n1+ " ) expectedtime andreturns
a matchingwhoseexpectedcost is within a multiplicative factor
O(log(1=")) of theoptimal.Thedimensiond is consideredto bea
�x edconstant.

Categoriesand SubjectDescriptors: F.2.2[Theoryof Computa-
tion]: NonnumericalAlgorithmsandProblems—geometricalprob-
lemsand computations; G.2.1[DiscreteMathematics]:Combina-
torics—combinatorialcomplexity

GeneralTerms: Theory, CombinatorialOptimization

Keywords: Matching,approximationalgorithms

1. Intr oduction
In theEuclideanbipartitematchingproblem,we aregivena setR
of “red” pointsanda setB of “blue” points in

� d wherejRj =
jB j = n, andwewantto pairupeachredpointwith adistinctblue
pointsothatthesumof distancesbetweenthepairedpointsis min-
imized. This is a well known geometricoptimizationproblemthat
hasapplicationsin operationsresearch,patternrecognition,shape
matching,statistics,andVLSI.

Related work. Euclideanbipartite matchingproblem is a spe-
cial caseof the classicalbipartite matchingproblemin a graph.
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The �rst polynomialtime algorithmin the graphsettingis the fa-
mous“Hungarian”algorithmdueto Kuhn [9]. The fastestknown
implementationof this algorithmruns in O(jV j3) time on dense
graphs(seeLawler [10]) and roughly O(jE jjV j) time on sparse
graphs[8], wherejV j andjE j arerespectively thenumberof ver-
ticesandedgesin the graph. Thereis a scalingalgorithmdueto
Gabow andTarjan[7] that runsin O(

�

jV jjE j log(jV jN )) time,
whereN is the largestweight of an edgein the graph(weights
are assumedto be integers). For the two-dimensionalEuclidean
version of this problem, Vaidya [13] showed that geometrycan
beexploitedto getalgorithmsrunningin O(n5=2 logO (1) n) time.
Agarwal et al. [1] improvedtherunningtime for thebipartitecase
to O(n2+ � ), for any � > 0. Agarwal andVaradarajan[2] gave an
(1 + " )-approximationalgorithmfor this problemthat returns,for
any 0 < " < 1, a perfectmatchingwhosecostis at most(1 + " )
timestheoptimal in O((n3=2="2) log5(n=")) time. This is a geo-
metric implementationof the scalingalgorithmmentionedabove.
No algorithmwith a betterrunningtime is known for computing
evena constantfactorapproximationto theoptimalmatching.We
restrictour attentionto surveying the two-dimensionalEuclidean
casebecausethis is a goodindicationof the stateof the art. The
bestalgorithmsin any �x eddimensionareobtainedby a straight-
forwardtranslationof thetwo-dimensionalalgorithms.

A generalizationof the Euclideanbipartitematchingis the so-
calledtransportationproblem,in which we aregiven two setsof
pointsU andV in

� 2 andapositive integraldemand� (p) for each
p 2 U [ V sothat �

u 2 U

� (u) =

�

v 2 V

� (v):

A feasiblesolution to this problemis a subsetM � U � V of
edgesandpositive integral weightsw(u; v) for each(u; v) 2 M
suchthat

� (p) =

�

( p;q ) 2 M

w(p;q) 8p 2 U

� (q) =

�

( p;q ) 2 M

w(p;q) 8q 2 V

Thegoalis to �nd a feasiblesolutionM ; w thatminimizes
�

( u;v ) 2 M

w(u; v)d(u; v):

Hered(u; v) is the Euclideandistancebetweenu andv. The bi-
partite matchingproblem is a specialcaseof the transportation
problem in which all demandsare 1. Atkinson and Vaidya [4]
presentedanalgorithmto solve thetransportationproblemin time
O(k2:5 log k log N ) wherek = jUj + jV j andN is themaximum
demand.



The nonbipartiteversionof Euclideanmatching,wherewe are
givena setP of 2n pointsin

� d andwe want to pair up thepoints
into n pairsso as to minimize the sum of the distancesbetween
pairedpoints,is alsowidely studied.The�rst polynomial-timeal-
gorithm for the graphversionof this problemis the classicalal-
gorithm due to Edmonds[6]. The best implementationsof this
algorithmandthe bestscalingalgorithmhave runningtimessim-
ilar to the bipartite case. Vaidya [13] gave an algorithm for the
two-dimensionalEuclideanversion of this problem that runs in
O(n5=2 logO (1) n) time. Varadarajan[14] latergave a divide-and-
conqueralgorithmthatrunsin O(n3=2 logO (1) n) time. For theap-
proximateversionof this problem,Vaidya[12] gave analgorithm
that, for any " > 0, runsin roughlyO(n3=2="3) time andreturns
a (1 + " )-approximateperfectmatching. In a seminalpaperthat
gave improved algorithmsfor many geometricoptimizationprob-
lemsliketheTSP,Arora[3] gaveaMonte-Carloalgorithmthatruns
in O(n logO (1 =" ) n) timeandreturnsa(1+ " )-approximatematch-
ing with highprobability. Building onhisapproach,RaoandSmith
[11] give a Monte-Carloalgorithm that runs in O(n log n) time
andproduces(with probabilityatleast1=2) a matchingwhosecost
is within a constantfactorof theoptimal. Agarwal andVaradara-
jan [2], also building on Arora's approach,gave a Monte Carlo
algorithmthatreturnsa(1 + " )-approximatematchingwith proba-
bility at least1=2 in O((n=" 3) log6 n) time.

Fromthediscussionof thestateof theart, it appearsthatbipar-
tite matchingis harderthannonbipartitematchingin thegeometric
setting.This seemscounterintuitive at �rst but a little re�ection re-
vealsthatthebipartitecasecanbemore“non-local” thanthenonbi-
partitecase.Indeedthenear-linearapproximationalgorithmdueto
Arora[3], whichis basedonahierarchicaldecompositionof apoint
setby a randomlyshiftedquadtree,doesnotextendto thebipartite
case.Onesourceof dif�culty is that whena cell of the quadtree
is dividedinto four cells,thenumberof edgesof evenanapproxi-
matematchingthatcrossthesubdividing linesmaybemuchlarger
thanaconstantor log n. Thismakesthenumberof subproblemsin
thenaturaldynamicprogrammingapproachtoo large,andit is not
clearhow to getaroundthisdif�culty .

Neverthelessthegeneralfeelingamongresearchershasbeenthat
a near-lineartimealgorithmthatgivesat leastaconstant-factorap-
proximationmustexist, andthatthesubdivision dueto arandomly
shiftedquadtreeshouldbea usefultool.
Our results. In this paper, we make substantialprogresstowards
realizingtheabove intuition: we give a MonteCarloalgorithmfor
the two-dimensionalbipartitematchingproblemthat, for any 0 <
" < 1, runs in O(n1+ " ) expectedtime and returnsa matching
whoseexpectedcost is within O(log(1=")) of the optimal. Thus
thecloserour asymptoticrunningtime getsto O(n), the larger is
theconstantin theconstant-factorapproximationwe get.

Our algorithmusesa variantof theideaof therandomlyshifted
quadtree.Whenacell of thequadtreeis subdividedinto “subcells”,
we computea matchingin which thenumberof edgesthat“cross”
a subcell is the minimum numberthat needsto in any matching
(dueto an imbalancebetweenthe numberof red andblue points
in the subcell). We resolve the questionof which points of the
subcellareto bematchedoutsidethesubcellbypickinganarbitrary
subsetof the right size from the pointsof the predominantcolor.
Weboundtheexpectedincreasein thecostof thematchingthatwe
computeusingthe fact that we areusinga probabilisticpartition.
To ensurethattheoverall increasein costis not toomuchwemake
surethat thenumberof levels in thequadtreeis O(log(1=")) . To
do this weallow acell of thequadtreeto bepartitionedinto a large
numberof subcells,not just 4. Thesizeof thesubproblemsin the
“merge” stepmay be quite large but we reducethis problemto a

small-sizedtransportationproblem.Our analysisof thecostof the
matchingcomputedby our algorithmhassomenew ideaswhich
maybeusefulelsewhere.

Organization. In Section2 we de�ne theproblemmorecarefully
andstatesomepreliminarylemmasandresultsthatwe will subse-
quentlyuse. To simplify the presentationwe �rst presentin Sec-
tion 3 analgorithmthatrunsin O(n1+ " ) expectedtimeandreturns
amatchingwhoseexpectedcostiswithin O(1=") of theoptimal.In
Section4 wedescribeourimprovedalgorithmthatreturnsamatch-
ing whoseexpectedcostis within O(log 1

" ) of theoptimal.Wewill
restrictour expositionto the two-dimensionalversion. Our algo-
rithmsandtheiranalysisreadilygeneralizeto any �x eddimension.

2. Preliminaries

Let R be a setof n “red” pointsandB a setof n “blue” points
in

� 2 . A perfectbipartite matching of P = R [ B is a subset
M � R � B of red-bluepairssuchthateachpoint in P is present
in exactly onepair of M ; we refer to a perfectbipartitematching
assimply a matching.Obviously, jM j = n. We de�ne thecostof
a matchingM of P to be

� (P; M ) =

�

( u;v ) 2 M

d(u; v);

whered(u; v) is theEuclideandistancebetweenu andv. If theset
P is �x edor obviousfrom thecontext, wewill use� (M ) to denote
� (P; M ). Let

� (P ) = min
M

� (P; M )

denotethecostof themin-costmatchingof P , andlet �

� (P ) bea
min-costmatchingof P .

Webegin with thefollowing simpleobservations.

LEMMA 2.1. Let P = R [ B , let P 0 be the point set ob-
tainedby “moving” each point p 2 P to a point p0, and let � =

�

p2 P d(p;p0).

(i) LetM beanyperfectmatching of P , andlet

M 0 = f (p0; q0) j (p;q) 2 M g

bethecorrespondingperfectmatching of P 0. Then

j� (M 0) � � (M )j � � :

(ii) Let M be the matching in P correspondingto the optimal
perfectmatching of P 0. Then

� (M ) � � (P ) + 2� :

Thefollowing lemmasuggestshow to computea roughapprox-
imationof � (P ).

LEMMA 2.2. Let R be a setof n red pointsand B a setof n
bluepointsin

� 2 ; setP = R [ B . We cancomputein O(n log n)
timea number� such that

� � � (P ) � 2n2 �: (1)
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Figure 1. A recursive stepof thematchingalgorithm: (i) An input setandits min-costmatching. (ii) The transportationproblemcorrespondingto Q; the
numbersnearthepointsaretheir demands,andthenumbersnearthearcsaretheedgeweightsin thesolutionof thetransportationproblem.(iii) A recursive
solutionfor eachcell in thegrid. (iv) Theoutputmatching.
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Figure2. Computinga roughapproximationof � (P ).

PROOF. Wecomputein O(n log n) timetheminimumspanning
treeT of P (ignoring thecolors),undertheL 1 -metric,usingthe
algorithmby CallahanandKosaraju[5]. Let e1 ; : : : ; e2n � 1 bethe
edgesof T in increasingorderof their lengths.For 0 � i � 2n � 1,
let Gi denotethe subgraphinducedby the edgese1 ; : : : ; ei , and
let i � bethesmallestintegerfor whicheachcomponentof Gi � has
equalnumberof red and blue points. Given the orderingof the
edges,i � canbecomputedin O(n) time. The lengthof ei � is the
desiredvalueof � . SeeFigure2.

Indeed,thegraphGi � � 1 hasat leastoneconnectedcomponent
C in which thenumberof redandbluepointsis not thesame.So
any perfectmatchingM of P hasanedgee thathasoneendpointin
C andanotherendpointin acomponentof Gi � � 1 differentfrom C.
By a well known propertyof MSTs,kek1 � kei � k1 . Moreover,
kek2 � kek1 , weconcludethat� (P ) � � .

Every connectedcomponentof Gi � hasthesamenumberof red
andbluepoints.WeconstructaperfectmatchingM 0 of P by �nd-
ing anarbitraryperfectmatchingfor thepointswithin eachcompo-
nent.Notethatfor eachedge(u; v) 2 M 0 thereis a pathbetween
u andv in Gi � . Sinceeachedgeof Gi � haslengthat most� , we
concludefrom the triangle inequality that kuvk1 � n� . Thus
d(u; v) � 2n� and� (M 0) � 2n2 � .

For a parameter� > 0, let � � be the squaregrid formed by
the horizontallines y = i� andthe vertical lines x = j � , where
i; j 2 � . We de�ne a randomshift of � � to be the grid formed
by thelinesy = i� + ax andx = j � + ay , whereax ; ay aretwo
independentlychosenrandomnumbersin theinterval [0; � ).

3. The Algorithm
In this section,we describean algorithmthat, given the input set
P = R [ B of 2n pointsanda parameter" > 0, runsin O(n1+ " )

expectedtime andreturnsa matchingof P whoseexpectedcostis
at mostO(1=") timestheoptimal. We assumethatthepoint setP
is enclosedin a boundingsquareE . Thealgorithmis a call to the
following procedureM atch with parametersP andE . Thealgo-
rithm is describedin a way that will make it easyto describethe
modi�cations neededto obtainthe improvedalgorithm. Through-
out thealgorithm,n will denotejRj = jB j.

ProcedureM atch(S;D ).

1. If m = jSj=2 is smallerthansomeconstant,thencompute
anoptimalmatchingof S usingtheHungarianalgorithmand
andreturnthismatching.

2. Using thealgorithmof Lemma2.2,we �rst computeanap-
proximation� to � (S) suchthat� � � (S) � 2m2 � .

3. If 2m5 � is greaterthan1=8 timestheside-lengthof D , we
computea matchingof S by making a call to the proce-
dure SubM atch with parametersS, D , � , m and return
this matching. Otherwise,we take a randomshift of the
grid � 2m 5 � . Let � denotethe set of grid cells that inter-
sectD . For eachgrid cell C 2 � , let SC = S \ C, let
� (C) = jjSC \ Rj � jSC \ B jj . If SC containsmorered
points than blue points (resp. blue points than red points)
we arbitrarily pick � (C) red points(resp. blue points)and
denotethe set by QC . Let Q = [ C 2 �

QC . Note that Q
containsan equalnumberof red andblue points. We com-
putea perfectmatchingof the points in Q asfollows. For
eachcell C, we“move” eachpoint in QC to thecenterof the
grid cell C. Wecomputeanoptimalperfectmatchingfor the
moved pointsusingtheHungarianalgorithm; let M denote
thecorrespondingmatchingof Q.

4. For eachcell C 2 � for which SC � QC is nonempty, we
computea perfectmatchingM C of the points SC � QC

usinga call to the subroutineSubM atch with parameters
SC � QC ; C; �; m. WereturnthematchingM [ 	 C 2 �

M C .

The subroutineSubM atch is a recursive procedurethat takes
as input a point set S consistingof an equalnumberof red and
bluepoints,a box D containingS, andparameters� andm. Note
that m herewill be set to the sizeof the point set in the original
M atch routinethat invoked SubM atch; and� will be thecrude
approximationcomputedby this M atch routine. The subroutine
SubM atch will computea perfectmatchingof S.

ProcedureSubM atch(S; D ; �; m)

1. Let L denotethesidelengthof D . If L � �=m 2 , we com-
puteanarbitraryperfectmatchingof S andreturnit.



2. Let � = "=12. If jSj=2 � n6� , we computeaperfectmatch-
ing of S usingtheHungarianalgorithmandandreturnit.

3. We take a randomshift of the grid � L= max f 8;m � g . Let �

denotethesetof grid cellsthatintersectD . For eachgrid cell
C 2 � , let SC = S \ C, let � (C) = jjSC \ Rj � jSC \ B jj .
If SC containsmoreredpointsthanbluepoints(resp. blue
pointsthanredpoints)we arbitararilypick � (C) redpoints
(resp. blue points) and denotethe set by QC . Let Q =
[ C 2 �

QC . NotethatQ containsanequalnumberof redand
blue points. We computea perfectmatchingof the points
in Q asfollows. For eachcell C, we “move” eachpoint in
QC to thecenterof thegrid cell C. We computeanoptimal
perfectmatchingfor themovedpointsusinganalgorithmfor
the transportationproblem;let M denotethecorresponding
matchingof Q.

4. For eachcell C 2 � for which SC � QC is nonempty, we
computea perfectmatchingM C of the points SC � QC

using a call to the subroutineSubM atch with parameters
SC � QC ; C; �; m. WereturnthematchingM [ 	 C 2 �

M C .

Running time analysis
Step2 of procedureM atch takesO(m log m) time. Theexpected
runningtime of Step3 is O(m), becausejQj =

�

C 2 �

� (C) is
boundedby thenumberof edgesof theoptimalperfectmatchingof
S thatcrossthegrid lines,andtheprobabilitythatthelatternumber
is greaterthan0 is atmost1=m3 dueto thelargegrid size.Thusthe
runningtimeis O(m3) (for runningtheHungarianalgorithm)with
probability at most1=m3 andis O(m) otherwise. The expected
time is thuslinear. Theoverall expectedrunningtimeof M atch is
thusO(m log m).

Therunningtimeof Step2 of procedureSubM atch is O(jSj3 ),
wherejSj � n6� . Thusthe contribution of Step2 to the overall
overall runningtime is

�

i O(n3
i ) giventhat

�

i n i � n andeach
n i � n6� . Thusthecostof Step2 overall is O(n1+12 � ). In step3,
thesizeof Q maybequitelargebut thesizeof themovedpointset,
notcountingmultiplicities,isonly O(m2� ) = O(n2� ) (becausethe
numberof grid cells in � is O(m2� )). Thussolvingthis matching
problemby running the algorithmfor the transportationproblem
dueto AtkinsonandVaidya[4] takesO(n5� log2 n) time which is
O(n6� ). This is boundedby thesizeof thepoint setS. Thusthe
runningtime of SubM atch is linearin jSj if we ignoreStep2.

Thenumberof levelsin therecursionis O(1=� ) becausethesize
of the boundingbox whenSubM atch is �rst invoked is at most
16m5 � , theboundingbox sizefalls by a factorof at leastm � with
eachlevel of the recursion,andthe smallestboundingbox sizeis
�=m 2 . So the overall expectedrunning time of the algorithm is
O(m log m + m=� + n1+12 � ). Note that the third term comes
from Step2 of SubM atch. With our choiceof � = "=12 the
overall expectedrunningtime is O(n1+ " ).

Remark 3.1 The proceduresM atch andSubM atch arequite
similar. Thepurposeof M atch is to handlethescenariowhenthe
initial boundingbox of theinputpoint setis too large.

Quality of the matching produced
In analyzingthequality of thematchingproduced,it will becon-
venientto speakof thehierarchicalsubdivision or thegeneralized
quadtreethattheproceduresM atch andSubM atch togetherpro-
duce.Therootnodeof thissubdivision is associatedwith theinput

pointsetP andits boundingsquare.In general,anodeof thesubdi-
visionis associatedwith apointsetS � P andasquareD contain-
ing S. If this is aleafof thesubdivision(correspondingto Step1 of
M atch andSteps1 and2 of SubM atch), the algorithmdirectly
computesa matchingof thepoint setS. If this is an internalnode
of the subdivision, the algorithmusesa randomlyshiftedgrid of
anappropriatesizeto breakup D into a setof cells � , computesa
matchingof a subsetQ � S of pointsthatarethendiscarded,and
recursively computesa matchingfor the pointsSC � QC within
eachcell C 2 � . Thusthereis a nodeof thesubdivision for each
cell C for which SC � QC is non-empty, andeachsuchnodebe-
comesa child of thecurrentnode.

For any nodev of thesubdivision � that is producedby theal-
gorithm,let Sv betheassociatedsetof pointsandD v thebounding
square.If v is aninternalnodeof � , let Qv � Sv denotethesetof
“discarded”points,let Zv = Sv � Qv , let 
 v denotethematching
of Qv computedby ouralgorithm,let � v denotethesetof cellsinto
which D v is subdivided, andlet � v denotethe side-lengthof any
cell in � v. Let � 0 denotethesetof leavesof � and � 1 thesetof
internalnodes.

Let � denotethe optimal perfectmatchingof the input setof
pointsP . For thesake of analysis,we describea schemefor con-
structinga perfectmatching
 v for the pointsSv associatedwith
eachleaf v 2 � 0 . Let M l = 	 v 2 � 0


 v . Let M d = 	 v 2 � 1

 v .

Clearly, M l [ M d is a perfectmatchingof P . Theconstructionis
bestviewedasa schemethatconverts � into M l [ M d .

The conversion scheme.We visit � in a top down manner(in a
post-orderfashion).At eachnodev we have a matching� v of Sv .
For theroot u of � , � u = � . If v is an internalnode,we process

� v in two stages,eachof which involves performinga sequence
of edgeswaps. Let �

E
v � � v denotethe subsetof edgesthat are

“cut” by thesubdivision of D v into � v, that is, thoseedgeswhose
endpointslie in differentcellsof � v.

Stage I. Let M 0 = � v initially. Werepeatthefollowing step
till we aredone:While therearetwo edges(r 1 ; b1) and(r 2 ; b2) in
M 0 suchthatbothedgesarecut by thesubdivision of D v into � v,
r 1 andb2 arebothin thesamecell of � v andareof oppositecolor,
we replacetheseby (r 1 ; b2) and(r 2 ; b1); seeFigure3. At theend
of thisstage,exactly � (C) = jQv \ Cj edgesof M 0 from eachcell
C 2 � v arecutby thesubdivision into � v.

r 2b2

b1
r 1

r 2

b1

b2

r 1

Figure 3. Swappinganedgein StageI.

Stage II. For eachcell C 2 � v, we repeatthe following
steptill we aredone: if thereis in M 0 a cut edge(r 2 ; b2) where
r 2 2 Zv \ C and (by necessity)a non-cutedge(r 1 ; b1) where
r 1 2 Qv \ C hasthesamecolor asr 2 , we replacetheseedgesby
thecutedge(r 1 ; b2) andthenon-cutedge(r 2 ; b1); seeFigure4.

Let � v be the matchingM 0 at nodev after having performed
edgeswapsin StageI andII. Clearly, � v = 


0
v [ � v , where


0
v is a

matchingof Qv and � v is amatchingof Zv . Furthermore,noedge
of � v is cut by the subdivision of D v into � v . That is, for each
C 2 � v, therestrictionof � v to Zv \ C is a matchingof Zv \ C
(andindeedconstitutestheinputmatching� w of Sw = Zv \ C for
thenodew in � correspondingto C).
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Figure 4. Swappinganedgein StageII.

LEMMA 3.2. After havingprocessedan internal nodev 2 � ,
wehavethefollowing:

(i) � ( � v ) + � ( 
 v ) � � ( � v) + c� v j �

E
v j, where c > 0 is a con-

stant.

(ii) j � v n � v j � 3j �

E
v j.

PROOF. Eachstepin StageI decreasesthenumberof cut edges
in M 0 by at leastoneandincreasesthecostof thematchingby at
most2� v . Thusthenumberof stepsis at mostj �

E
v j andthecostof

thematchinghasincreasedby atmost2� v j �

E
v j in thisstage.At the

endof thestage,exactly � (C) edgesof M 0 from eachcell C 2 � v

arecutby thesubdivision into � v.
The numberof timesthe stepin StageII is performedover all

cells in � v is at most jQv j � 2j �

E
v j, andeachstepincreasesthe

costof thematchingby at most2� v . It is thereforeclearthat

� ( � v ) + � ( 


0
v ) � � ( � v) + c0� v j �

E
v j:

for someconstantc0 > 0. Now

� ( 
 v ) � � ( 


0
v ) + 2� v jQv j � � ( 


0
v ) + 8� v j �

E
v j;

wherethe�rst inequalityfollows from Lemma2.1 (ii). This com-
pletesthe proof of (i). We introducedat mostonenew edgeinto
M 0 in eachstepof stage1 andstage2. Hencetheoverall number
of new edgesis atmost3� j �

E
v j, completingtheproofof (ii).

It is clearthatat theendof the traversal,we have thematching
M l [ M d asstated.Indeed,for any leaf v 2 � 0, 
 v is going to
be � v. Thesigni�canceof M l [ M d is that if our algorithmwere
to computeanoptimalmatchingfor thepointsSv associatedwith
eachleaf v 2 � 0, thenthecostof theoverall matchingcomputed
by ouralgorithmwould beat most� (M l [ M d ).

Wethereforewishto bound� (M l [ M d ) � � ( � ). FromLemma
3.2(i), weseethat� (M l [ M d ) � � ( � ) is atmost 	 v 2 � 1

c� v j �

E
v j.

We accountfor this by charging c� v to eachedgein �

E
v for each

internalnodev 2 � 1 .
To boundthetotal charge,we do thefollowing for eachinternal

nodev 2 � 1 : For eachedgee 2 �

E
v , we pick up to threeedges

from � v n � v andcall thesethechildrenof e. We ensurethateach
edgein � v n � v is achild of exactlyoneedgein �

E
v . This is possible

becauseof Lemma3.2(ii).
Consideranedgef in theoptimalperfectmatching� , andsup-

poseit is cut (appearsin �

E
v ) at someinternalnodev 2 � 1 andis

chargedc� v . Let S1(f ) denoteits childrenandfor 2 � i de�ne
Si (f ) to betheunionof thechildrenof theedgesin Si � 1(f ). Note
that jSi (f )j � 3i . Furthermore,eachedgein Si (f ) is chargedat
mostc� v =8i , becausethediameterof theboundingsquarefalls by
at least8 with eachlevel of thesubdivision. Thusthe total charge
accumulatedby the “descendants”of f is c� v

�

0� i 3i =8i which
is at mostc0� v for someconstantc0 > 0. Thusthecharge to the

descendentsof an edgef in � is proportionalto the charge to
the edgeitself. What is the expectedcharge to the edgef ? This
is at most the numberof levels of the subdivision times the ex-
pectedcharge to it at an internalnodev of the subdivision given
that f 2 � v. The numberof levels in the subdivision is O(1=").
Given that f 2 � v, the expectedcharge to f at v is the proba-
bility f is in �

E
v timesc� v . It is easyto seethat this probability

is at most2jj f jj=� v . We concludethat the expectedcharge to f
at v is O(jj f jj ), the expectedtotal charge to f is O(jj f jj="), and
the expectedtotal charge appliedto all the edgesin �

E
v for each

v 2 � 1 is O(1=") � � ( � ). Weconcludethattheexpectedvalueof
� (M l ) + � (M d ) is O(1=") � � ( � ).
Incr easein costat the leaves. As we have alreadyremarked, the
costof thematchingcomputedby ouralgorithmwouldbebounded
by � (M l [ M d ) if the algorithmcomputesan optimal matching
for thepointsassociatedwith eachleaf of thesubdivision. Theal-
gorithm in fact doesthis at any leaf that is handledby Step1 of
M atch or Step2 of SubM atch. The only placewherethe al-
gorithmcomputesa sub-optimalmatchingof thepointsassociated
with a leaf of thesubdivision is in Step1 of SubM atch. In sucha
situation,eachedgeof thecomputedmatchinghaslengthat mostp

2�=n 2 . Thus the costof the matchingcomputedby our algo-
rithm is at most

� (M d [ M l ) + n �
p

2�=n 2 � � (M d [ M l ) +
p

2� ( � )=n

� � (M l [ M d ) + � ( � ):

Sincetheexpectedvalueof � (M d [ M l ) is O(1=") � � ( � ), we
have establishedthefollowing result.

THEOREM 3.3. Let R be a givensetof n red pointsand B a
givensetof n bluepointsin

� 2 , and" > 0 bea parameter. We can
computein O(n1+ " ) expectedtime a perfectmatching of B [ R
whoseexpectedcostis at mostO(1=") timestheoptimal.

4. The Impr oved Algorithm

In this sectionwe presentour improved algorithm that, given a
pointsetP = R [ B of 2n pointsandaparameter0 < " < 1, runs
in O(n1+ " ) expectedtime andreturnsa matchingwhoseexpected
costis at mostO(log 1

" ) timestheoptimal. Notethat if we ignore
step2 of subroutineSubM atch, the algorithmof Section3 runs
in O(n log n + n=� ) expectedtime, has1=� levels, andreduces
the problemto subproblemsof sizeat mostn6� . The ideaof the
modi�cation is to set � = 1=12 insteadof � = "=12. Thenthe
algorithmrunsin O(n log n) expectedtime,hasaconstantnumber
of levels,andreducestheproblemto subproblemsof sizeat mostp

n. We thenapplythesamealgorithmon thesubproblemstill we
getsubproblemsof sizeat mostn1=4 . We continuein this fashion
till we are left with subproblemsof sizeat mostn "= 2 , which we
thensolve using the Hungarianalgorithm. The numberof levels
is now O(log 1="), and the analysisgoesthroughgiving an ap-
proximationof O(log 1=") timestheoptimal. Therunningtime is
O(n log n log 1=" + n1+ " ).

The speci�c modi�cation neededto our formal subroutinesis
as follows: We replaceStep2 of subroutineSubM atch by the
following steps:

2a If jSj=2 � n"= 2 wecomputeanoptimalmatchingof S using
thecubicalgorithmandreturnthis matching.

2b if jSj=2 � m1=2 , return the matchingof S computedby
M atch(S;D ).



Running time analysis. As before,the expectedrunningtime of
thesubroutinesM atch andSubM atch is O(jSj log jSj) if we ig-
noreStep2aof SubM atch. Usinganargumentverysimilar to the
previous algorithm,theoverall contribution of Step2a to the run-
ning time is O(n1+ " ). Furthermore,by construction,thereis an
integer constantk � 1 suchthat if the recursiondepthis at least
k � i for someinteger i � 0, the sizeof the associatedpoint set
is at most2n1=2i

. Sincethe sizeof the associatedpoint set is at
least2n"= 2 whena recursive call is made,we concludethatthere-
cursiondepthis O(log 1="). (Similar remarksapply to the depth
of thesubdivision producedby thenew algorithm.)Thustheover-
all expectedrunningtime is O(n log n log 1=" + n1+ " ), which is
O(n1+ " ).
Quality of the matching produced.Theanalysisof theexpected
valueof � (M l )+ � (M d ) proceedsin amanneridenticalto thepre-
viousalgorithm. Sincethedepthof thesubdivision is O(log 1=")
now, theexpectedvalueof � (M l )+ � (M d ) is O(log 1=")� ( � ). A
little morecareis neededto boundtheincreasein costat theleaves
of thesubdivision. Notethatthealgorithmcomputesa suboptimal
matchingfor thepointsassociatedwith a leaf w of thesubdivision
only usingStep1 of SubM atch. Let ussaythatan internalnode
v of the subdivision is specialif the algorithmcomputesa crude
approximationto theoptimalmatchingof thepointsSv associated
with v using Step2 of M atch. Note that becauseof Step1 of
M atch, jSv j � 2d for sucha nodev, whered is a large enough
integerconstant.Let j be thesmallestintegersuchthatd2j

� n,
andfor 1 � i � j , let � i bethesetof all specialnodesv suchthat
2d2i � 1

� jSv j < 2d2i
. The algorithmensuresthat if a point is

associatedwith two specialnodesv andv0 andjSv j < jSv 0j, then
jSv j �

�

jSv 0j. It follows that no point is associatedwith more
thanonenodefrom � i . Let M i bethematchingobtainedby tak-
ing theunionof theoptimalmatchingof Sv for eachv 2 � i . Since
thematchingM l [ M d whenrestrictedto Sv yieldsamatchingof
Sv , weconcludethat� (M i ) � � (M l [ M d ).

Considersomeleaf w of the subdivision wherethe algorithm
computesa matchingfor Sw usingStep1 of SubM atch. Corre-
spondingto w, thereis a specialnodev suchthat Sw � Sv , the
lengthof eachedgeof thematchingof Sw computedby our algo-
rithm is at most

p
2�= (jSv j=2)2 , where� � � (Sv ). We “charge”

thecostof suchanedgeto v.
A specialnodev canbe chargedby only jSv j=2 edges,so the

total charge to v is at most
p

2� (Sv )=(jSv j=2). It follows that
for any 1 � i � j , the total charge to all the nodesin � i is at
most

p
2� (M i )=d2i � 1

�
p

2� (M l [ M d )=d2i � 1
. Thusthetotal

chargeto all thespecialnodesis
p

2� (M l [ M d )
� j

i =1 1=d2i � 1
=

O(� (M l [ M d )) . Sincethecostof thematchingM outputby our
algorithmis at most� (M l [ M d ) plus the total charge to all the
specialnodes,we concludethat � (M ) = O(� (M l [ M d )) . Thus
theexpectedvalueof � (M ) is O(log 1=")� ( � ). Thuswe have:

THEOREM 4.1. Let R be a givensetof n red pointsand B a
givensetof n bluepointsin

� 2 , and" > 0 bea parameter. Wecan
computein O(n1+ " ) expectedtime a perfectmatching of B [ R
whoseexpectedcostis at mostO(log 1=") timestheoptimal.

5. Conclusions
To obtain a constant-factor approximationalgorithm that runs in
sayO(n log n) time,wemayhaveto allow aricherinteractionthan
we currentlydo betweenthechildrenof eachinternalnodeof the
subdivision. It is avery interestingopenquestionto �gure outhow
a suf�ciently rich interactioncanbe accomplishedin the allowed
time.
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