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ABSTRACT

We give a randomized bi-criteria algorithm for the prob-
lem of nding a k-dimensional subspacethat minimizes the
Lp-error for given points, i.e., p-th root of the sum of p-th
powers of distances to given points, for any p 1. Our
algorithm runs in time O mn k3(k=)P** and produces
a subset of size O k?(k=)P*' from the given points such
that, with high probabilit y, the span of these points gives
a (1 + )-approximation to the optimal k-dimensional sub-
space. We also show a dimension reduction type of result
for this problem where we cane cien tly nd a subsetof size
O kP™ + (k=)P*2 such that, with high probability, their
span contains a k-dimensional subspacethat gives (1 + )-
approximation to the optimum. We prove similar results for
the corresponding projective clustering problem where we
needto nd multiple k-dimensional subspaces.

Categoriesand Subject Descriptors

F.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems

General Terms
Algorithms, Theory

Keywords

subspaceapproximation, projective clustering

1. INTRODUCTION

Low-dimensional represertations of massive data sets are
often important in data mining, statistics, and clustering.
We consider the problem of subsmce approximation, i.e.,
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we want to nd a k-dimensional linear subspacethat min-
imizes the sum of p-th powers of distancesto given points
1. We also consider the corre-
sponding projective clustering problem where instead of one
k-dimensional subspacewe want to nd s of them such that
the p-th root of the sum of of the p-th powers of distances
from eadh a; to its nearest subspaceis minimized.

The p = 2 casefor subspaceapproximation (also known
as low-rank matrix approximation) is well studied becausea
k-dimensional subspacethat minimizes the sum of squared
distances is spanned by the top k right singular vectors of

computed in time O(minfmn?; m?ng) using Singular Value
Decomposition (SVD). Somerecert work on p = 2 case[1,
2,3,4,5,9, 12], initiated by a result due to Frieze, Kannan,
and Vempala [7], has focusedon algorithms for computing a
k-dimensional subspacethat gives(1+ )-approximation to
the optimum in time O(mn poly(k;1=)), i.e., linear in the
number of co-ordinates we store. Most of these algorithms,
with the exception of [1, 12], depend on subroutines that

guarantee that, with high probabilit y, their span contains a
k-dimensional subspacethat gives(1l + )-approximation to
the optimum.

When p 6 2 we have neither the luxury of atool like SVD,
nor any simple description of an optimal subspace(such as
the span of top fewright singular vectors). We show that one
can get around this di cult y by generalizing and modifying
some of the sampling techniques used in low-rank matrix
approximation. Our proofs are of geometric nature though,
signi cantly dierent from the linear algebraic tools usedin
low-rank matrix approximation. For a recernt review of re-
lated work on the subspaceapproximation problem, includ-
ing the casesp= 2and p= 1 (where we want a subspace
that minimizes the maximum distance to the points), we
refer the reader to [13].

2. OUR RESULTS

We state our problems once again.

Subspace Appro ximation Problem:

nd a k-dimensional linear subspaceH that minimizes the
Lp-error
!
d(ai;H)P
i=1
We denote an optimal subspaceby H, .

1
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Subspace Pro jectiv e Clustering:

that minimize the error mod(ai;H)P %, where H de-
notes H[1][ H[2] [ [ H[s]. Let H [1];:::;H [s] de-
note the optimal subspacesand let H denote their union
H Q[ [HIs]

We now state our results and relate them to other relevant
results:

1. We rst obtain a bi-criteria result: a randomized algo-
rithm that runsin O mn k3(k=)P* time and nds
a0 k?(k=)P*' -dimensional subspacewhoseerror is,
with a probabilit y of at least 1=2, at most (1+ ) times
the error of an optimal k-dimensional subspace,(Note:
We usethe notation O( ) to hide small polylog(k;1=")
factors for the convenienceof readers.) We obtain our
results in seweral steps, using techniques that we be-
lieve are of interest:

(@) In Section 3, we prove that the span of k points
picked using volume sampling has expected er-
ror (k + 1) times the optimum. Since we do not
know how to do volume sampling exactly in an ef-
cient manner, Section 3.2 describes an e cien t
procedureto implement volume sampling approx-
imately with a weaker multiplicativ e guarantee of
k! (k+ 1).

(b) In Section 4, we shov how sampling points pro-
portional to their lengths (or distances from the
span of current sample) can be usedto nd a
O k(k=)P"t -dimensional subspacethat givesan
additiv e m kak’ '™ approximation to an
optimal k-dimensional subspace.

(c) We call this method of picking new points with
probabilities proportional to their distances from
the span of current sample as adaptive sampling.
In Section 5, we show that if we start with an ini-
tial subspaceV, then using adaptive sampling we
can nd O k(k=)P* additional points so that
the span of V with these additional points gives
an additiv e mod(ai; V)P 1=p approximation
to an optimal k-dimensional subspace. Moreover,
using t rounds of this proce[gure, this additiv e
error is brought down to mod(ai; V)P =P
The ideas usedin this section are adaptations of
previous work for the p = 2 case.

(d) Using O(k log k) rounds of the above procedureon
the initial subspaceV obtained by approximate
volume sampling (from Procedure 1 above), we
get our bi-criteria result.

2. Our next result is a dimension reduction for the sub-
space approximation problem: We describe an algo-
rithm that runsin mn poly(ﬁ) time and returns a sub-
spaceC of dimension O kP*™® + (k=)P*? that, with
probability at least 1=2, is guaranteed to contain a
k-subspacewhose error is at most (1 + )H,, for any

> 0. This kind of result wasknown for the casep = 2,

but not for the casep = 1. (For the special casek = 1,
it was implicit in [13]; however, that approach does
not generalizeto larger k.) Its importance is precisely
in its being a dimension reduction result { algorithms
developed for the subspaceapproximation problem in
low or " xed' dimension, which were designedto op-
timize the dependenceon the number of points but
not the dimension, can be plugged in to obtain algo-
rithms with very good dependenceon the dimension.
Approximation algorithms for the k-subspaceapprox-
imation problem in xed dimension are near linear in
the number of points but exponertial in the dimension
[8]{ plugging thesein yields algorithms whoserunning
time is comparable to but not signi cantly better than
the O(mn2°°¥(k=)y algorithm of [13] for p= 1. Note
that the dimension reduction can be seenas reducing
to a constrained instance of the problem in dim(C)+ 1
dimensions.

The result is obtained by rst using the previous bi-
criteria result to obtain a subspaceV of dimension
O(kP*®) that givesa 2-approximation to the optimal k-
dimensional subspace. Assuming without lossof gener-
ality that V hasdimension at least k, the algorithm of
Section 6 usesadaptive sampling to pick O (k= )P*2
points so that the span of V with these new points
contains a k-dimensional subspacethat givesa (1+ )
approximation to the optimum.

The algorithm of [13], that runs in O(mn2P°W(k=1))
time for p = 1 and returns with probability at least
1=2 a nearly optimal k-subspace,works by rst nding

aline " that liesin a nearly optimal k-subspace,then a
2-subspaceB that liesin a nearly optimal k-subspace,
and so on till it nds a nearly optimal k-subspace.
The authors of [13] show that the span of a sample A1
of O(poly(k=)) points contains with high probabilit y
such a line °, provided the input points are sampled
in proportion to the norms. However, the algorithm

needs” and not just A; { this is becausethe next stage
for nding B needsto sample basedon distancesfrom
. Sothey guess’, but the guessworks with a proba-
bility that is only inversely proportional to 2P°Y (=),
This is why their sampling technique is inadequate for
obtaining our dimension reduction result.

We now illustrate how we harnessthe power of adap-
tive sampling. Consider the casewhen k = 1, and let
* denote the optimal solution, and V a subspace of
small dimension whose error is within a constant fac-
tor of that of *. Let * denote the projection of * onto
V { this can be viewed as V's proxy for *. It can be
seenthat the error of “is within a constant factor of
that of *. But supposethat “is not quite good enough,
that is, the error of “is at least (1 + ) times that of
*. We would like an input point a that is a witness to
this { it must satisfy d(a; ) > (1+ =2)d(a; ). Such a
point would enlarge V so that the resulting subspace
is closerto * than V. How canwe nd a witness given
that we know only V and not " or “2 The obsenation
is that adaptive sampling, that is, sampling according
to distancesfrom V, yields a witness with probabilit y
(). It isvia this obsenation that we combine adap-
tive sampling with the analysis techniques in [13] to
get our dimension reduction result.



3. The usefulnessof the adaptive sampling approach and
the exibilit y of our analysis are perhaps best demon-
strated by our result for dimension reduction for pro-
jectiv e clustering. In Section 7, we describe a random-
ized algorithm that runs in O(mn poly(X%)) time and
returns a subspacespanned by poly( ¥2) points that is
guaranteed, with probability at least 1=2, to contain
s k-subspaceswhose union is a (1 + )-approximation
to the optimum H . To our knowledge, such a di-
mension reduction result is not known for the projec-
tiv e clustering problem for any p, including the cases
p=2andp = 1. Previous results for the cases
p= 1,21 [10, 4, 13] only showed the existence of
such a subspacespannedby poly( ¥2) points { the algo-
rithm for nding the subspaceenumerated all subsets
of poly(X2) points. Our dimension reduction result,
combined with the recernt xed-dimensional result of
[6], yields an O(mn poly(£) + m(log m)" 7)) time
algorithm for the projective clustering problem with
k = 1. For lack of space,we do not elaborate on this
application to the k = 1 casehere.

3. VOLUME SAMPLING

In this section, we show how to nd a k-subsetof the given
points such that their span gives a crude but reasonable
approximation to the optimal k-dimensional subspaceH
that minimizes the sum of p-th powers of distances to the
given points.

For any subsetS [m], we de ne Hs to be the linear
subspace,span(fai : i 2 Sg), and s to be the simplex,
Conv (fOg[ fai : i 2 Sg). By volume sampling k-subsets
of [m], we mean sampling from the following probabilit y
distribution:

vol( s)P

Pr (picking S) = Ps = B :
(picking S) = Ps Vol TP

3.1 (k+ 1)-approximation usingk points

Theorem 1. For any ai;az;:::;am 2 R", if we pick a
random k-subsetS [m] by volume sampling then
" #
X X
Es d(ai;Hs)? (k+ 1)P d(ai;H)P:
i=1 i=1
Pr oof.
" #
X
Es d(ai;Hs)p
i=1
vol P x
- p (sz( 5 d@iHs)?
siysj=k  TiTi=k T
p+l P p
_(k+ 1)D sisj=k+1 VOI( s)

@)

" rgmvolC TP
For any (k + 1)-subset S, let Vs denote an arbitrary but
xed k-dimensional linear subspaceof Hs containing the
projection of H, onto Hs. Now for any (k + 1)-subset S,
Lemma 2 gives

vol( s) d(ai;Vs) vol  gnrig -

1
(k+1) s

Hence, taking p-th power we have

vol( )P
1 X e
K+ 1P d(ai;Vs) vol  sutig
i2S
1 p 1X p p
m (k+ 1) e d(ai;vs) V0| Snfig
|
(by Helder's inequality)
1
&+ D d(ai; Vs)P vol  sprig ©
i2s
Summing up over all subsetsS of size (k + 1) we get
X
vol( s)°
S;jSj=k+1
1 X X o o
m d(ai;VT[f ig) V0|( T)
=1 TiTj=k
1 X p p
m d(a|,Hk) V0|( T)
=1 TiTj=k
Y 1
1 xn X
= &+ D d(ai;Hy)? @ vol( T)PA; (2)
i=1 TiTi=k

where in the secondinequality, the fact that d(ai; Vrr ig)
d(ai;Hy) is becausea; 2 Hrp ig and Vrs g contains the
projection of H, onto Hrr i4. Finally, combining equations
(1) and (2|)' we get

X0 X0
Es dai;Hs)®  (k+ 1)  d(ai;Hy)":
i=1 i=1

O

Lemma 2. LetS [m] be a (k+ 1)-subsetand V be any
k-dimensional linear subsmce of Hs. Then
1

vol( s) ®+D

d(ai; V) vol( snrig):

i2s

Proof. W.l.o.g. we can identify Hs with R**! and the

fer;e;: ;e g form an orthonormal basis of R Let
As 2 R®D (K*D ha 3 matrix with rows fa; i 2 Sg
written in the above basis, and let Cj denote its submatrix
obtained by removing row i and column j. For any k-subset

T S, let 9 bethe projection of 1 onto V. Then
_ 1 . .
vol( s) = K+ Dl jdet(As)j
= 2T sy detcin)
- (k+ l)' s S)il il
1 . 1 .
kK+ 1) j(As)ia] il jdet(Ciy)j
i2S
_ 1 . 0
= m d(ai; V) vol( snrig)
i2S
1 . .
mizsd(alyv) vol( Snflg)1

sincevol( 2yig)  VOI( snrig). O



3.2 Approximate Volume Sampling

Here we describe a simple iterativ e procedureto do volume
sampling approximately .

Appro ximate Volume Sampling
1. Initialize S = ;. While jSj < k do:
(a) Pick a point from the following distribution:
Pr (picking a;) / d(ai;Hs)P:
(b) S= S| fig.
2. Output the k-subsetS.

Theorem 3. Let Ps denotethe probability with which the
alove procedure picks a k-subsetS. Then

Ps (k‘)p Ps;

where Ps is the true volume sampling probability of S. Thus,
#

xn xn
Es d(ai;Hs)P (k)P (k+ 1)P
i=1 i=1

d(ai; Hy)";

where the expectation is over the distribution Ps. This im-

plies that
2 ! !

d(ai; Hy)P

o=

.3

xn P
Es4 d(ai;Hs)* 5 k! (k+ 1)
i=1 i=1

Pr oof. W.lLo.g., let S=f1;2;:::;kg, and let ¢ bethe
set of all permutations of f1;2;:::;kg. Forany 2 ¢, we

Ps

X

_ p & pd(@ o H P Sd@ o H k 1y

- Mo kak®? T od(ai;HL)P
(k)P vol( s)°5

i d(ai;Hy)P mod(aisH, )P

(!é,!)p+1 sisj=k VOI{ s)° _
iy d(ai;Hy)P imy d(aisHy, )P’

- T, d(aHE )

i iP P
L ek

= Ps =]

im:1 kai kp
Therefore,

g P
()" " g VOIL o)

pS P m m .
iz d(ai;Hy)P iz d(@i;H, ;)P

Ps T kak’

Now we claim the following, which completes the proof.
Claim:
P
Dk! s:jsj=k Vol S)p
iz d(ai;Hy)P i d(aisH, )P

P 1
inll kai kP

Now we will prove the above claim using induction on k.
The k = 1 caseis obvious. For k > 1, we can proceedas for

equation (2) (replacing k + 1 with k) to get
P
k' gsj=k VOI( 8)"
mod(aisHp)P mod(aisHy )P
k 1) vol p P d(ai;H P
(D ) T;jgj:k 1 ( T) Di:l (h k 1)
M kaik? Nod(ai;Hy)P mod(aisH, P
m p(kD r]r;)I LII=x lV%l(m T)p
iz kaik izy d(ai;Hy)P iz d@i;Hy )P
1

P

P m
i=1 kai kp

by induction hypothesis for the (k 1) case. I

4. ADDITIVE APPROXIMA TION

We prove bounds on the subspacesthat we nd in terms
of any k-subspaceH of R", which therefore, also hold for
the optimal subspaceH,.

4.1 Finding acloseline

Given any k-dimensional subspaceH and a line I, we de-
ne H, as follows. If | is not orthogonal to H, then its
projection onto H is a line, say 1° Let H® bethe (k  1)-
dimensional subspaceof H that is orthogonal to 1° Then
wedene H; = span(H°[ I). In short, H, is a rotation of H
soasto contain line I. In casewhen | is orthogonal to H, we
dene H, = span(H Y 1), whereH %isany (k 1)-dimensional
subspaceof H .

Lemma 4. LetS be a sampleof O ((2k=)P (k=) log(k=))

tion:
Pr (picking &) / kajkP

then, with probability at least 1 (=k)**, Hs contains a
line | such that
I [ !
p p xXn
d(ai; Hi)® da;H)” ++ kai kP
i=1 i=1 k i=1
where H, is de ned as atove.
Remark: It means that there exists a k-dimensional sub-
space H;, within an additive error of the optimal, that inter-
sects Hs in at least one dimension.

I
P

Pr oof. Let I; be the line spanned by the rst point in
our sample,and let 1 beits anglewith H. In general, let ;
bethe line in the spanof the rst j samplepoints that makes
the smallest angle with H, and let ; denote this smallest
angle.

Consider the (j + 1)-th sample point for somej 1, and
assumethat
I I
p p
d(ai;Hy, )P > d(ai;H)P
i=1 i=1
1
xo 3
t kaik® (3)

i=1

Dene BAD = fi d(ai;Hy;) > 1+ 5 d(ai;H) and
GOOD = [m]nBAD . We claim that

p )(n
kai kP > X kai kP : 4

i2BAD i=1



Because,otherwise, using Mink owski's inequality, the trian-
gle inequality for the L, norm,

1=p
d(ai: Hi, )°
i=1
P X P
d(ai;Hy, )P + d(ai;Hy, )P
i2 GOOD i2 BAD
X ' X P
1+ — d(ai;H)P + ka kP
i2 GOOD i2 BAD
1=p * 1=p
kai kp

xn
+E | ka; kP :

contradicting our assumption about H,; asin equation (3).
Inequality (4) implies that with probabilit y at least ( =2k)"
we pick asour (j + 1)-th point a with i 2 BAD and by def-
inition
d(ai; Hi;) 1+E d(ai;H):
Now, by Lemma 12, there exists a line 1%in span(faig[ I;)
such that the sine of the angle that 1° makeswith H is at
most (1  =4k) sin ;. This implies that
Sin j+1 1 e sin j:

Let us call the (j + 1)-th sample a successif either (a)
the inequality (3) fails to hold, or (b) the inequality (3)
holds but sin j+1 (1 =4k)sin j. We conclude that the
probabilit y that the (j + 1)-th sampleis a succesds at least
(=2k)P.

Let N denote the number of times our algorithm sam-
ples, and supposethat there are ((k=)log(k=)) successes
among the samples2;:::;N. If inequality (3) fails to hold
for somel | N 1, then Hs contains aline, namely
that satis es the inequality claimed in the Lemma. Let us

assumethat the inequality (3) holdsforeveryl j N 1.
Clearly, we have sin 1 sin j foreach 1 j N 1
and furthermore we havesin j+1 (1 =4k)sin ; if the

(j + 1)-th sampleis a success.Therefore

(C k=) log (k=)

sin N 1 m sin o

I

Now using Mink owski's inequality we have
!

d(ai;Hi, )P

i=1

1
p

! !
d(ai;a)”

da;H)" +
i=1 i=1

ol
ol

where a; is the projection of a; onto H, and a° is the pro-
jection of a; onto H;, . But d(ai;aio) sin n kajk, which

implies
|

d(ai;Hiy )P
i=1

Ol

kai kp

1
p

d(a;H)P  + —
i=1 k i=1

1
p

Thus Hs contains the line Iy that satis es the inequality
claimed in the Lemma.

Our algorithm samples O ((2k=)P (k=) log(k=)) times,
and the probability that a sample is a successis at least
(=2k)P. Using the Cherno inequality with some care, we
concludethat with aprobability of at least1 ( =k)*= , there
are at least ((k=)log(k=)) successesamong the samples
2;:::;N. This completesthe proof. [

4.2 From line to subspace

Additiv e Appro ximation

Output: asubsetS [m]of O k (k=)P*' points.

1. Repeat the following O(klogk) times and pick
e best sample S amongst all that minimizes

imzl d(ai;Hs)P.
2. Initialize S= Sp = ;, = =logk. Fort= 1to k
do:
(@) Pick a sample St of

O ((2k= )" (k=) log(k=))
the following distribution:

Pr (picking a;) / d(ai;Hs)P:
S[ S.

points  from

(b) S

Theorem 5. The alove algorithm returns a subsetS
[m] of O(k (2k=)P(k=)log(k=)) points such that
! L1 !
p xXn p
d(ai;Hs)P d(ai;H)? + ka kP

i=1 i=1 i=1

p

with probability at least 1  1=k.

Pr oof. For a start, let us only look at step 2. From
Lemma 4, we know that there exists a k-dimensional sub-
spaceF; such that dim(Fi1\ Hs,) 1and

Y (NS !
P
d(ai;F1)P

kai kp

b g
d(ai;H)P +E
i=1 i=1 i=1

with probabilit y at least

=1

Let i bethe orthogonal projection onto (Hs,)’ . Consider
a new set of points i(a) and a new subspace i(Fi1) of
dimensionj k 1. Using Lemma 4 for the new points and
subspace,we get that there exists a j -dimensional subspace



F2in (Hs,)? such that dim(F2\ 1(Hs,)) minfj; 1g and
(]
X 3
d( 1(a);F2))°
i=1
(1 [
X 3 X 3
d( 1(a); 1(F1))®  + 1 k 1(ai)k”
i=1 i=1
(Y [N
p P
. P kP
i d(ai; F1) + K1 ka; k
i=1 i=1
[ L1
X g 11 g
. d(ai;H)p + E+ K . ka; kP
i=1 i=1
with probabilit y at least
K kol
o Vo1

Proceeding similarly for k steps, we have a subspaceFy in
the orthogonal complement of Hs,; s, , sud that (1)
dim(F«) 1, (2) dm(Fc\ « 1(Hs,)) minfdim(Fg); 1g,
where  denotes projection to the orthogonal complemert
of Hs,{ [ s, and (3)

! !
d( k 1(a);Fi)P

i 1
P p

d(ai;H)P

i=1 i=1
[N
1 1 x P
YRt vt kel

i=1

with probabilit y at least

1 1
e P k 2k

The conditions (1) and (2) imply that Fg
Therefore with S = S; [
k k(a)k d( « 1(&); « 1(Hs))
all i. Hence,

k 1(Hsy).
[ Sk, we have d(ai;Hs) =
d( « 1(&);Fk), for

d(ai;Hs)?
i=1

o=

| !
kai kp

d(ai;H)P +

i=1

1
p

ol

xn
O(log k)
! "

X X
= d(ai;H)?  + kaik®

i=1 i=1

o=
or P

with probability at least 1=2k. Repeating this O(k logk)
times boosts the successprobability to 1 1=k. [

5. ADAPTIVE SAMPLING

By adaptive sampling we mean picking a subsetS of points
and then sampling new points with probabilities propor-
tional to their distancesfrom Hs. The bene ts of doing this
were implicit in the previous sections, but here we intro duce
the most important one: additiv e error drops exponertially
with the number of rounds of adaptive sampling.

5.1 Exponential drop in additive error

Pr oposition 6. Suppse we have an initial subsmce V
of R". Then wecan nd asampleS of O k (k=)P*' rows

such that
|

d(ai;span(V [ Hs))?

i=1
!

1
P

(Y
p

dai; Vv)® :

1
P
dai;H)" +
i=1 i=1
with probability at least 1  1=k.
Pr oof. Use a new points set (a;j) and a new subspace
(H), where () is orthogonal projection onto V?. Now

using Theorem 5 we get
!

" !
d( (a); (Hs)P

i=1

ol

NG ' NG !
d( (ai); (H)? + k (ai)k”
i=1 i=1
And the proof follows by using
d(ai;span(V [ Hs)) d( (a); (Hs)); forall i

O

ol

Theorem 7. Supmse we have an initial subsmce V of
R". Then using t rounds of adaptive sampling we can nd
[m] with

iSt[ S2[ [ Sij= O tk (k=)P™

such that
|

d(ai;span(V [ Hs,i [s.))"
i=1 -
1 X R
— (a;H)?  +
i=1 i=1
1=k)".
Pr oof. using Proposition 6 in t rounds by induction. [

ol

d(ai; V)°

1
p

with probability at least (1

5.2 Combining volumeand adaptive sampling

We can combine volume sampling and adaptive sampling
to give a bi-criteria algorithm for subspaceapproximation.
The algorithm (implicit in Theorem 8 below) nds a
O k?(k=)P* -dimensional subspacewhoseerror is at most
(1 + ) times the error of the best k-dimensional subspace.

Theorem 8. Let V = span(Sp), where Sy is a k-subset
of rows picked by Approximate Volume Sampling procedure
(see Subsetion 3.2), t = O(klogk), and S1;Sz;:::;St asin
Theorem 7. Then

U

xn p
d@;Hsor 1s)”

i=1 |

1+) d(ai; H)°
i=1

1
p



with probability 1=k. Repeating O(k) times we can boost this
suaess probability to 3=4, and the subsetwe nd is of size

iSo[ Si[ :::[ Sj= O k*(k=)P*

Computation of these subsetstakes time e e ctively
O mn k3(k=)P*t .

Pr oof. Immediate from Theorem 7. [

6. DIMENSION REDUCTION FOR
SUBSRACE APPROXIMA TION

Dimension Reduction
Input: az;az;:::;am 2 R", k> 0, and a subspaceV of
dimensionat leastk.
Output: a subset S [m] of
O (k=) k2= log(k=) .

1. Initialize S = ;- While jSj <

O (20k=)P K2= log(k=) do
(a) Pickapoint a; from the following distribution:
Pr (picking ai) / d(ai;span(V [ Hs))":
(b) S SJ fag.
2. Output S.

Theorem 9. Using a subspce V of dimension at least k
with the guarantee
I
P
d(ai; V)P 2

i=1 i=1

I
p

d(ai;H)"

the above algorithm nds, with probability that is at least
1 (=2k)2k2= , S such that span(V [ Hs) contains a k-
dimensional subsmoe H ° satisfying

1 !

1 1
p p

X
d(ai; HY? 1+ ) d(ai; Hy)P
i=1 i=1
Proof. Let = 5. For simplicity, we divide the steps

of our algorithm into phases.Phasej, for0 j k, means
that for the current sample S, there exists a k-dimensional
subspaceF; such that dim(F; \ span(V [ Hs)) j and
! !
d(ai; Fj)P @+ y d(ai; Hi)P
i=1 i=1
Sooncea step is in phasej, all the steps following it must
be in phasej? for somej® j. Reading phasek implies
that we are done becausethen Fy  span(V [ Hs) and
! !

1 1
P p

1 1
P p

xn
d(ai; Fi)® 1+ ) d(ai; H)P
i=1 i=1
[
a+) d(ai; H)P

i=1
At the beginning of the algorithm, say dim(V \ H,) = j.
Then we attempt to executethe rst step of the algorithm
in phasej by taking F; = H,.

Consider the situation when we are attempting to ex-
ecute the rst step in phasej. Let uscall G = Fj\

span(V [ Hs); G will be a j-dimensional subspace. Let
Fi° and V° be the orthogonal complemerts of G in F; and
span(V [ Hs), respectively. Let | be the line in F? that
makesthe smallest angle with V°, and I° be the line in V°
that makes this angle with I. This smallest angle must be
positive becausewe are trying to execute in phasej. Let
F° be the rotation of F so as to contain I°, and F be

the k-dimensional subspacegiven by span(F°[ G). Note
that dim(F \ span(V [ Hs)) = j° for somej® > j. If

P mod(a;F)P e (1+ ) M d(a;F)P P, then we
do not executein phasej but attempt to executeit in phase
jowith Fjo= F

Now consider the situation after zero or more steps have
executedin phasej, when we may have added a few dimen-
sionsto get our new span(V [ Hs). Let | bethe line in F°
that is closestto the new V°, i.e., orthogonal complemert
of the old G in the new spanspan(V [ Hs), and JO be the
sine of its angle to the new V°, i.e., there exists a line 1° in
V° such that { is the sine of the angle between| and 1°.
There are some cases:

1. )= 0meansthat dim(F; \ span(V [ Hs)) = j° for
somej®> j and we will attempt to execute the next
step in phasej°with Fjo= Fj.

2. > 0. As before, let F° be the rotation of F{ so

asto contain 1°, and F be the k-dimensional subspace
given by span(F°[ G).

P 1=
(@) If it is the casethat m d(a;F)P ’ 1+

) i d(ai; Fy)P 1:p, then as before we con-
sider tge next step in some phasej® > j with
Fj 0=

(b) Otherwise, we consider the next step in phase]j
itself.

Once we attempt to execute a step in phasek, then all
subsequen steps will simply execute in phase k. Thus we
have completely classi ed all the stepsof our algorithm into
(k + 1) phases. Now we will show that the algorithm suc-
ceeds,i.e., it executessomestep in phasek, with high prob-
ability. To do this, we needto show that ead phasecontains
few steps. Let us call a step of the algorithm good if (i) ei-
ther the step executesin phasek, or (i) the step executes
in some phasej < k and the point a; sampled in the step
has the property that d(a®; F°) > (1+ =2)d(a’; F°), where
for any point a;, af denotes the projection of a; into the
orthogonal complemert of G.

Consider some phasej < k in which we execute one or
more steps. We bound the number of good stepsin phase
j. Let ususe ; to denote the sine of the angle between "°
and * before the execution of the rst stepin the phase,and

j° to denote the same quantity at any subsequern point in
the phase. We rst bound ;. Let a denote the projection
of a onto Fj, and a denote the projection of a; into the
orthogonal complemert of G. Focussingon the beginning of
phasej, we have



1
xn P
i kai" kP
|

d(a?;v°)?

ol

0 !
= d(ai;span(V [ Hs))"
] ]

P xo '
d(ai;a)® + d(ai;span(V [ Hs))?
i=1 i=1
(by Mink owski's inequality)
I !

d(ai;span(V [ Hs))?

1
p

ol

p

X
= d(ai; Fj)P +

ol

i=1 i=1
IS
' p
2+ 1+ ) d(ai; Hy)®
i=1
[
X 3
4 da;H)" 5

i=1

where in the penultimate inequality we use < 1=2k and
our initial assumption about V.

If a stepin phasej is good, then by Lemma 12, there is
aline in span(a?;1°) for which the sine of its angle with F°
is at most (1 =4) times the value of JO before the step.
(Here a; is the point that is sampledin the good step.) That
is, the value of JO after the step is at most (1 =4) times
its previous value.

Hence, if we encourter O(1= log 1= ) good stepsin phase
i, then after these steps we have J° ( =4) ;. Hence,

|
- !
d(ai; F)°

i=1

1
P

| |

d(ai;a)® + d(ai; F)P
i=1 i=1

(by Mink owski's inequality)

ol

] {1
NG P P
dai;F)°  + d(ai; F)°
i=1 i=1
(] I
X P X 3
= d@iF)’ o+ d@Pey
i=1 i=1
(1 ()
X P X 3
d@ai;F)* + 7 ka’kP
i=1 i=1
] {1
NG P X 3
d(ai; Fj)P + 7 kayk”
i=1 i=1
I
P
1+) d(ai; Fj)P

i=1

where in the last inequality we used equation (5). This im-
plies that the next step will be in phasej® for somej°®> j,

according to our caseanalysis of phases. We conclude that
a phasewill not seemore than O(1= log1=) good steps.

Our algorithm executesN = O ((10= )" k= log(l=))
steps. The event that it fails to reach phasek in these many
steps implies the event that it had lessthan O(k= log1=)
good stepsin its entire execution. From Lemma 10, we know
that a step is good with probabilit y at least ( =10)°. Thus
the probabilit y that the algorithm fails to reach phasek in
N stepsis bounded by *= .

Therefore, with probability at least 1 , in the end
span(V [ Hs) contains a subspaceH ° of dimension k such
that

k=

! o !
d(ai; H %P @+ ) d(ai; Hy)P

i=1 i=1

ol
ol

1+ ) d(ai; Hy)P

i=1

ol

O

Lemma 10. Suppose that the current step of our algo-
rithm is in phasej < k. Then with probability at least
( =10)°, the point a sampla in the step has the property
that d(a®; F°) > (1+ =2)d(a’;F).

Pr oof. We must have
! 1
xn xn 3
da;F)” > @1+ ) d(ai;Fj)® ; (6)

i=1 i=1

1 !
P

according to our caseanalysis of phases. We call a point a;
\witness" if

d(ai;lf)> 1+ > d(ai; Fj):

Let W  [m] correspond to the set of all \witness" points.
We claim that

d(ai;span(V [ Hs))®

i2w

1
3

I
P

o |
75 d@ispanv [ Hs)®

i=1

for the current sample S, that is, with probability at least
( =10)° our algorithm picks a \witness" point a; in the next
step. Suppose this is not the case. Then, let h; be the
projection of a; onto span(V [ Hs).

We have d(ai;F) 1+ 5 d(a;Fj) fori 2 [m]nW, and
fori 2 W, we have

d(ai;F) d(a;hi)+ d(hi;F)
d(ai; hi) + d(hi; Fy)
(becausefor any h 2 span(V [ Hs), d(h; F)
2d(ai; hi) + d(ai; Fj)

d(h; F))

1+ 5 d@iiFy)+ 2d(a; hi):



Using these with Mink owski's inequality, we get

(Y
p

- !
d(ai; F)P
i=1
NS I
P p
1+ E d(ai;Fj)p + 2 d(ai;hi)p
i=1 i2w
1
P
1+ 5 | d(ai; Fj)P
i=1
[
2 X g
+ = d(ai;span(V [ Hs))”
10 i=1
! [
p P2 p g
1+§ ~ d(ai; Fj) +§ B d(ai;Hy)

(by initial assumption on V in Theorem 9)
I

P
a+) da;Fy)®
i=1
which is a contradiction to our assumption (see equation
(6)).
Therefore, with probabilit y at least ( =10), the point a;
picked in the next step is a \witness" point. This means

d(@®; F°) = d(ai; F)

> 1+ 5 d(ai; Fy)

= 1+ d(a’; F):

NI

O

7. DIMENSION REDUCTION FOR
PROJECTIVE CLUSTERING

R" bethe setof input points, and

k;s > 0 be integer parameterﬁo We wish to nd subspaces

mod(asH)P P \where, H

denotesH[1] [ [ H[s]. Let H [1];:::;H [s] denote the

optimal set of subspaces,and H denote their union.

Dimension Reduction for Pro jectiv e Clustering

of dimensionat leastk.

p
Output: a subsetS [m] of sizeO K2 k—425
p
1. Initialize S = ;. Until jSj< O k2 k—42§ do:

(@) Pickapoint a; from the following distribution:
Pr (picking a;) / d(ai;span(V [ Hs)):
(b) S
2. Output S.

S| fag.

Theorem 11. Using a subsmce V of dimension at least

k with the guarantee

| |
" 1=p X0 " 1=p

d(ai; V)P 2 d(ai;H )P :

i=1 i=1

the atove algorithm nds, with probability at least1 1=4ks,
S such that span(V [ Hs) contains a s k-dimensional sub-

| |
P 1=p yn P 1=p

xn
d(ai;H%P @+) d(ai;H )»
i=1 i=1
where H® denotesH J1][ :::[ HYs].

Pr oof. At a high level, the proof is analogousto that of
Theorem 9 but is omitted for lack of space. [
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APPENDIX
A. ANGLE-DROP LEMMA

Lemma 12. Let F be a k-subspce in R" for somek > 0,
1° ke any line, (19 the sine of the angle that 1° makes with
F, | the projection of I° onto F (if (1% = 1 then take | to
be any line in F), E the orthogonal complement of | in F,
and F the subspce spanned by E and 1°. That is, F is the
rotation of F so as to contain |° Supmsethat a 2 R" is
suchthat d(a;F) > (1+ =2)d(a;F). Then there is a line |
in the subspmce spanned by I° and a suchthat (199, the sine
of the angle made by I®with F, is at most (1 ;) (19.

Pr oof. The proof is from [13], and is preserted here for
completeness.Let g () denote the projection onto E. Note
that e (19 is just the origin o. Let a denote the projec-
tion of a onto F, and a° the projection of a onto F. Since
d(a;F) > (1+ =2)d(a;F), we have jaa% > (1 + =2)jaaj.
Elementary geometric reasoning about the triangle 4 aa’a
(seefor example Lemma 2.1 of [13]) tells us that there is a
point s on the segmen ala such that jasj (1  =4)jaal.

leta= g(a) = e(a = e(a) We verify that the
point @°= a° 4 lies on the line 1% Considering 4 aa’’,

and recalling that s lies on ala, we seethat there is a point
g on the segmen oa such that q s is a scaling of 4. (If
A = o, q° and q degenerateto a° and s respectively.) Let
e be the point on the line fa t&jt 2 Rg closestto g. (If
a= o, then e= a.) It is easyto verify that jeq jasj since
a and s are on lines parallel to & and jeq is the distance
between these lines. Finally, let €° be the projection of e
onto F. Sincee s atranslation of a by a vector that is scale
of & and which therefore lies in F, we have jaa% = jed’.
So we have

. . . . . 0 _ . 0.
jeg jasj 1 7 jaaj= 1 2 jeej:

We take |%to be the line through g. Note that 1°indeed
lies in the span of I° and a. To bound (1%, it is enough
to bound the sine of the angle between!®®and I(e), the line
through e, sincee lieson F.

og Jed _ e _ .
%9 0§ 1z 08 2 "
where the last inequality can be seenfrom the facts that

e lies on F, € is the projection of e onto F, and F is the
rotation of F through “% O



